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1. Introduction

Please note that the number of equations, propositions and theorems in supplemental mate-
rials are different from that in the manuscript.

The problem we are interested in is as follows:

min
x1,··· ,xn

n∑
i=1

fi(xi), s.t.

n∑
i=1

Ai(xi) = b, (1)

where xi and b could be either vectors or matrices, fi is a closed proper convex function,
and Ai : Rdi → Rm is a linear mapping. Without loss of generality, we may assume that

none of the Ai’s is a zero mapping, the solution to
n∑
i=1
Ai(xi) = b is non-unique, and the

mapping A(x1, · · · ,xn) ≡
n∑
i=1
Ai(xi) is onto1.

We propose LADMPSAP to solve (1), which consists of the following steps:

1. Update xi’s in parallel:

xk+1
i = argmin

xi
fi(xi) +

σ
(k)
i

2

∥∥∥xi − uki

∥∥∥2
, i = 1, · · · , n, (2)

2. Update λ:

λk+1 = λk + βk

(
n∑
i=1

Ai(xk+1
i )− b

)
, (3)

1. The latter two assumptions are equivalent to that the matrix A ≡ (A1 · · · An) is not full column rank
but full row rank, where Ai is the matrix representation of Ai.
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3. Update β:

βk+1 = min(βmax, ρβk), (4)

where σ
(k)
i = ηiβk,

uki = xki −A∗i (λ̂k)/σ
(k)
i , (5)

in which A∗i is the adjoint operator of Ai and

λ̂k = λk + βk

(
n∑
i=1

Ai(xki )− b

)
, (6)

and

ρ =

 ρ0, if max

({√
βkσ

(k)
i

∥∥∥xk+1
i − xki

∥∥∥ , i = 1, · · · , n
})

/ ‖b‖ < ε2,

1, otherwise,
(7)

with ρ0 > 1 being a constant and 0 < ε2 � 1 being a threshold.
The iteration terminates when the following two conditions are met:∥∥∥∥∥

n∑
i=1

Ai(xk+1
i )− b

∥∥∥∥∥ /‖b‖ < ε1, (8)

max

({√
βkσ

(k)
i

∥∥∥xk+1
i − xki

∥∥∥ , i = 1, · · · , n
})

/‖b‖ < ε2. (9)

For more details, please refer to Lin et al. (2011).

2. Some Lemmas

Lemma 1 The Kuhn-Karush-Tucker (KKT) condition of problem (1) is that there exists
(x∗1, · · · ,x∗n, λ∗), such that

n∑
i=1
Ai(x∗i ) = b, (10)

−A∗i (λ∗) ∈ ∂fi(x∗i ), i = 1, · · · , n, (11)

where ∂fi is the subgradient of fi. The first is the feasibility condition and the second is
the duality condition. Such (x∗1, · · · ,x∗n, λ∗) is called a KKT point of problem (1).

Lemma 2
− σ(k)

i (xk+1
i − uki ) ∈ ∂fi(xk+1

i ), i = 1, · · · , n. (12)

This can be easily proved by checking the optimality conditions of (2).

Lemma 3 〈
−σ(k)

i (xk+1
i − uki ) +A∗i (λ∗),xk+1

i − x∗i

〉
≥ 0, i = 1, · · · , n. (13)
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Proof We first cite a classic result on the monotonicity of subgradient mapping Rockafellar
(1970): for any convex function f ,

〈p1 − p2,x1 − x2〉 ≥ 0, ∀pi ∈ ∂f(xi), i = 1, 2. (14)

By choosing x1 = xk+1
i and x2 = x∗i and utilizing (12) and (11), we have (13).

Lemma 4

βk

n∑
i=1

σ
(k)
i

∥∥∥xk+1
i − x∗i

∥∥∥2
+
∥∥∥λk+1 − λ∗

∥∥∥2
(15)

= βk

n∑
i=1

σ
(k)
i

∥∥∥xki − x∗i

∥∥∥2
+
∥∥∥λk − λ∗∥∥∥2

(16)

−2βk

n∑
i=1

〈
xk+1
i − x∗i ,−σ

(k)
i (xk+1

i − uki ) +A∗i (λ∗)
〉

(17)

−βk
n∑
i=1

σ
(k)
i

∥∥∥xk+1
i − xki

∥∥∥2
−
∥∥∥λk+1 − λk

∥∥∥2
(18)

−2βk

n∑
i=1

σ
(k)
i

〈
xk+1
i − x∗i ,x

k
i − uki

〉
(19)

+2
〈
λk+1 − λk, λk+1

〉
. (20)

Proof This can be easily checked. First, we add (17) and (19) to have

−2βk

n∑
i=1

〈
xk+1
i − x∗i ,−σ

(k)
i (xk+1

i − uki ) +A∗i (λ∗)
〉

(21)

−2βk

n∑
i=1

σ
(k)
i

〈
xk+1
i − x∗i ,x

k
i − uki

〉
(22)

= −2βk

n∑
i=1

〈
xk+1
i − x∗i ,A∗i (λ∗)

〉
+ 2βk

n∑
i=1

σ
(k)
i

〈
xk+1
i − x∗i ,x

k+1
i − xki

〉
(23)

= −2βk

n∑
i=1

〈
Ai(xk+1

i − x∗i ), λ
∗
〉

+ 2βk

n∑
i=1

σ
(k)
i

〈
xk+1
i − x∗i ,x

k+1
i − xki

〉
(24)

= −2

〈
βk

n∑
i=1

Ai(xk+1
i − x∗i ), λ

∗

〉
+ 2βk

n∑
i=1

σ
(k)
i

〈
xk+1
i − x∗i ,x

k+1
i − xki

〉
(25)

= −2

〈
βk

(
n∑
i=1

Ai(xk+1
i )− b

)
, λ∗

〉
+ 2βk

n∑
i=1

σ
(k)
i

〈
xk+1
i − x∗i ,x

k+1
i − xki

〉
(26)

= −2
〈
λk+1 − λk, λ∗

〉
+ 2βk

n∑
i=1

σ
(k)
i

〈
xk+1
i − x∗i ,x

k+1
i − xki

〉
, (27)
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where we have used (10) in (26). Then we apply the identity

2 〈ak+1 − a∗,ak+1 − ak〉 = ‖ak+1 − a∗‖2 − ‖ak − a∗‖2 + ‖ak+1 − ak‖2 (28)

to see that (15)-(20) holds.

3. Proofs of Propositions and Theorems

Proposition 5 (Proposition 1 in the manuscript)

βk

n∑
i=1

σ
(k)
i ‖x

k+1
i − x∗i ‖2 + ‖λk+1 − λ∗‖2 (29)

≤ βk

n∑
i=1

σ
(k)
i ‖x

k
i − x∗i ‖2 + ‖λk − λ∗‖2 (30)

−2βk

n∑
i=1

〈
xk+1
i − x∗i ,−σ

(k)
i (xk+1

i − uki ) +A∗i (λ∗)
〉

(31)

−βk
n∑
i=1

(
σ

(k)
i − nβk‖Ai‖

2
)
‖xk+1

i − xki ‖2 (32)

−‖λk − λ̂k‖2. (33)

Proof We continue from (19)-(20). As σ
(k)
i (xki − uki ) = A∗i (λ̂k), we have

−2βk

n∑
i=1

σ
(k)
i

〈
xk+1
i − x∗i ,x

k
i − uki

〉
+ 2

〈
λk+1 − λk, λk+1

〉
(34)

= −2βk

n∑
i=1

〈
Ai(xk+1

i − x∗i ), λ̂
k
〉

+ 2
〈
λk+1 − λk, λk+1

〉
(35)

= −2βk

〈
n∑
i=1

Ai(xk+1
i )−

n∑
i=1

Ai(x∗i ), λ̂k
〉

+ 2
〈
λk+1 − λk, λk+1

〉
(36)

= −2
〈
λk+1 − λk, λ̂k

〉
+ 2

〈
λk+1 − λk, λk+1

〉
(37)

= 2
〈
λk+1 − λk, λk+1 − λ̂k

〉
(38)

= ‖λk+1 − λk‖2 + ‖λk+1 − λ̂k‖2 − ‖λk − λ̂k‖2 (39)

= ‖λk+1 − λk‖2 + β2
k

∥∥∥∥∥
n∑
i=1

Ai(xk+1
i − xki )

∥∥∥∥∥
2

− ‖λk − λ̂k‖2 (40)

≤ ‖λk+1 − λk‖2 + β2
k

(
n∑
i=1

‖Ai‖‖xk+1
i − xki ‖

)2

− ‖λk − λ̂k‖2 (41)

≤ ‖λk+1 − λk‖2 + nβ2
k

n∑
i=1

‖Ai‖2‖xk+1
i − xki ‖2 − ‖λk − λ̂k‖2 (42)
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Plugging the above into (19)-(20), we have (29)-(33).

Proposition 6 (Proposition 3 in the manuscript) Let σ
(k)
i = ηiβk, i = 1, · · · , n. If {βk}

is non-decreasing, ηi > n‖Ai‖2, i = 1, · · · , n, and (x∗1, · · · ,x∗n, λ∗) is any KKT point of
problem (1), then:

1)

{
n∑
i=1

ηi‖xki − x∗i ‖2 + β−2
k ‖λ

k − λ∗‖2
}

is nonnegative and non-increasing.

2) ‖xk+1
i − xki ‖ → 0, i = 1, · · · , n, β−1

k ‖λ
k − λ̂k‖ → 0.

3)
+∞∑
k=1

β−1
k

〈
xk+1
i − x∗i ,−σ

(k)
i (xk+1

i − uki ) +A∗i (λ∗)
〉
< +∞, i = 1, · · · , n.

Proof We divide both sides of (29)-(33) by β2
k to have

n∑
i=1

ηi‖xk+1
i − x∗i ‖2 + β−2

k ‖λ
k+1 − λ∗‖2 (43)

≤
n∑
i=1

ηi‖xki − x∗i ‖2 + β−2
k ‖λ

k − λ∗‖2 (44)

−2β−1
k

n∑
i=1

〈
xk+1
i − x∗i ,−σ

(k)
i (xk+1

i − uki ) +A∗i (λ∗)
〉

(45)

−
n∑
i=1

(
ηi − n‖Ai‖2

)
‖xk+1

i − xki ‖2 (46)

−β−2
k ‖λ

k − λ̂k‖2. (47)

Then by (13), ηi > n‖Ai‖2 and the non-decrement of {βk}, we can easily obtain 1). Second,
we sum both sides of (43)-(47) over k to have

2
+∞∑
k=0

β−1
k

n∑
i=1

〈
xk+1
i − x∗,−σ(k)

i (xk+1
i − uki ) +A∗i (λ∗)

〉
(48)

+
n∑
i=1

(
ηi − n‖Ai‖2

) +∞∑
k=0

‖xk+1
i − xki ‖2 (49)

+

+∞∑
k=0

β−2
k ‖λ

k − λ̂k‖2 (50)

≤
n∑
i=1

ηi‖x0
i − x∗‖2 + β−2

0 ‖λ
0 − λ∗‖2. (51)

Then 2) and 3) can be easily deduced.

5



Liu Lin Su

Theorem 7 (Theorem 4 in the manuscript) If {βk} is non-decreasing and upper bound-
ed, ηi > n‖Ai‖2, i = 1, · · · , n, then the sequence {({xki }, λk)} generated by LADMPSAP
converges to a KKT point of problem (1).

The proof resembles that in Lin et al. (2011).
Proof By Proposition 6-1) and the boundedness of {βk}, {(xk1, · · · ,xkn, λk)} is bounded,

hence has an accumulation point, say (x
kj
1 , · · · ,x

kj
n , λkj )→ (x∞1 , · · · ,x∞n , λ∞). We accom-

plish the proof in two steps.
1. We first prove that (x∞1 , · · · ,x∞n , λ∞) is a KKT point of problem (1).
By Proposition 6-2),

n∑
i=1

Ai(xki )− b = β−1
k (λ̂k − λk)→ 0.

So any accumulation point of {(xk1, · · · ,xkn)} is a feasible solution.

Since −σ(kj−1)
i (x

kj
i − u

kj−1
i ) ∈ ∂fi(x

kj
i ), we have

n∑
i=1

fi(x
kj
i ) ≤

n∑
i=1

fi(x
∗
i ) +

n∑
i=1

〈
x
kj
i − x∗i ,−σ

(kj−1)
i (x

kj
i − u

kj−1
i )

〉
=

n∑
i=1

fi(x
∗
i ) +

n∑
i=1

〈
x
kj
i − x∗i ,−ηiβkj−1(x

kj
i − x

kj−1
i )−A∗i (λ̂kj−1)

〉
.

Let j → +∞. By observing Proposition 6-2) and the boundedness of {βk}, we have

n∑
i=1

fi(x
∞
i ) ≤

n∑
i=1

fi(x
∗
i ) +

n∑
i=1
〈x∞i − x∗i ,−A∗i (λ∞)〉

=
n∑
i=1

fi(x
∗
i )−

n∑
i=1
〈A(x∞i − x∗i ), λ

∞〉

=
n∑
i=1

fi(x
∗
i )−

〈
n∑
i=1
A(x∞i )− b, λ∞

〉
=

n∑
i=1

fi(x
∗
i ).

So we conclude that (x∞1 , · · · ,x∞n ) is an optimal solution to (1).

Again by −σ(kj−1)
i (x

kj
i − u

kj−1
i ) ∈ ∂fi(x

kj
i ) we have

fi(x) ≥ fi(x
kj
i ) +

〈
x− x

kj
i ,−σ

(kj−1)
i (x

kj
i − u

kj−1
i )

〉
= fi(x

kj
i ) +

〈
x− x

kj
i ,−ηiβkj−1(x

kj
i − x

kj−1
i )−A∗i (λ̂kj−1)

〉
.

Fixing x and letting j → +∞, we see that

fi(x) ≥ fi(x∞i ) + 〈x− x∞i ,−A∗i (λ∞)〉 , ∀x.

So −A∗i (λ∞) ∈ ∂fi(x∞i ), i = 1, · · · , n. Thus (x∞1 , · · · ,x∞n , λ∞) is a KKT point of problem
(1).

2. We next prove that the whole sequence {(xk1, · · · ,xkn, λk)} converges to (x∞1 , · · · ,x∞n , λ∞).

6
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By choosing (x∗1, · · · ,x∗n, λ∗) = (x∞1 , · · · ,x∞n , λ∞) in Proposition 6, we have

n∑
i=1

ηi‖x
kj
i − x∞i ‖2 + β−2

kj
‖λkj − λ∞‖2 → 0.

By Proposition 6-1), we readily have

n∑
i=1

ηi‖xki − x∞i ‖2 + β−2
k ‖λ

k − λ∞‖2 → 0.

So (xk1, · · · ,xkn, λk)→ (x∞1 , · · · ,x∞n , λ∞).
As (x∞1 , · · · ,x∞n , λ∞) can be an arbitrary accumulation point of {(xk1, · · · ,xkn, λk)}, we

conclude that {(xk1, · · · ,xkn, λk)} converges to a KKT point of problem (1).

Proposition 8 (Proposition 5 in the manuscript) If {βk} is non-decreasing and unbounded,
ηi > n‖Ai‖2, ∂fi(x) is bounded, i = 1, · · · , n, then Proposition 6 holds and

β−1
k λk → 0. (52)

Proof As the conditions here are stricter than those in Proposition 6, Proposition 6 holds.
Then we have that {β−1

k ‖λ
k − λ∗‖} is bounded due to Proposition 6-1). So {β−1

k λk} is

bounded due to β−1
k ‖λ

k‖ ≤ β−1
k ‖λ

k − λ∗‖ + β−1
k ‖λ

∗‖. {β−1
k λ̂k} is also bounded thanks to

Proposition 6-2).
We rewrite Lemma 2 as

− ηi(xk+1
i − xki )−A∗i (β−1

k λ̂k) ∈ β−1
k ∂fi(x

k+1
i ), i = 1, · · · , n. (53)

Then by the boundedness of ∂fi(x), the unboundedness of {βk} and Proposition 6-2), letting
k → +∞, we have that

A∗i (λ̌∞) = 0, i = 1, · · · , n. (54)

where λ̌∞ is any accumulation points of {β−1
k λ̂k}, which is the same as that of {β−1

k λk} due
to Proposition 6-2).

Recall that we have assumed that the mapping A(x1, · · · ,xn) ≡
n∑
i=1
Ai(xi) is onto. So

∩ni=1null(A∗i ) = 0. Therefore by (54), λ̌∞ = 0.

Theorem 9 (Theorem 6 in the manuscript) If {βk} is non-decreasing and
+∞∑
k=1

β−1
k = +∞,

ηi > n‖Ai‖2, ∂fi(x) is bounded, i = 1, · · · , n, then the sequence {xki } generated by LADMP-
SAP converges to an optimal solution to (1).

Proof When {βk} is bounded, the convergence has been proven in Theorem 1. In the
following, we only focus on the case that {βk} is unbounded.
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By Proposition 6-1), {(xk1, · · · ,xkn)} is bounded, hence has at least one accumulation
point (x∞1 , · · · ,x∞n ). By Proposition 6-2), (x∞1 , · · · ,x∞n ) is a feasible solution.

Since
+∞∑
k=1

β−1
k = +∞ and Proposition 6-3), there exists a subsequence {(xkj1 , · · · ,x

kj
n )}

such that 〈
x
kj
i − x∗i ,−σ

(kj−1)
i (x

kj
i − u

kj−1
i ) +A∗i (λ∗)

〉
→ 0, i = 1, · · · , n. (55)

As p
kj
i ≡ −σ

(kj−1)
i (x

kj
i − u

kj−1
i ) ∈ ∂fi(x

kj
i ) and ∂fi is bounded, we may assume that

xki → x∞i and p
kj
i → p∞i .

It can be easily proven that
p∞i ∈ ∂fi(x∞i ).

Then letting j →∞ in (55), we have

〈x∞i − x∗i ,p
∞
i +A∗i (λ∗)〉 = 0, i = 1, · · · , n. (56)

Then by p
kj
i ∈ ∂fi(x

kj
i ),

n∑
i=1

fi(x
kj
i ) ≤

n∑
i=1

fi(x
∗
i ) +

n∑
i=1

〈
x
kj
i − x∗i ,p

kj
i

〉
. (57)

Letting j →∞ and making use of (56), we have

n∑
i=1

fi(x
∞
i ) ≤

n∑
i=1

fi(x
∗
i ) +

n∑
i=1
〈x∞i − x∗i ,p

∞
i 〉

=
n∑
i=1

fi(x
∗
i )−

n∑
i=1
〈x∞i − x∗i ,A∗i (λ∗)〉

=
n∑
i=1

fi(x
∗
i )−

n∑
i=1
〈Ai(x∞i − x∗i ), λ

∗〉

=
n∑
i=1

fi(x
∗
i ).

(58)

So together with the feasibility of {(x∞1 , · · · ,x∞n )} we have that {(xkj1 , · · · ,x
kj
n )} converges

to an optimal solution {(x∞1 , · · · ,x∞n )} to (1).
Finally, we set x∗i = x∞i and λ∗ be the corresponding Lagrange multiplier λ∞ in Propo-

sition 6. By Proposition 8, we have that

n∑
i=1

ηi‖x
kj
i − x∞i ‖2 + β−2

kj
‖λkj − λ∞‖2 → 0.

By Proposition 6-1), we readily have

n∑
i=1

ηi‖xki − x∞i ‖2 + β−2
k ‖λ

k − λ∞‖2 → 0.

So (xk1, · · · ,xkn)→ (x∞1 , · · · ,x∞n ).

8
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Theorem 10 (Theorem 7 in the manuscript) If {βk} is non-decreasing, ηi > n‖Ai‖2,

∂fi(x) is bounded, i = 1, · · · , n, then
+∞∑
k=1

β−1
k = +∞ is also the necessary condition for the

global convergence of {xki } generated by LADMPSAP to an optimal solution to (1).

Proof We first prove that there exist linear mappings Bi, i = 1, · · · , n, such that Bi’s are

not all zeros and
n∑
i=1
BiA∗i = 0. Indeed,

n∑
i=1
BiA∗i = 0 is equivalent to

n∑
i=1

BiA
T
i = 0, (59)

where Bi is the matrix representation of Bi. (59) can be further written as

(A1 · · · An)

 BT
1
...

BT
n

 = 0. (60)

Recall that we have assumed that the solution to
n∑
i=1
Ai(xi) = b is non-unique. So

(A1 · · · An) is not full column rank hence (60) has nonzero solutions. Thus there exist

Bi’s such that they are not all zeros and
n∑
i=1
BiA∗i = 0.

By Lemma 2,

− σ(k)
i (xk+1

i − uki ) ∈ ∂fi(xk+1
i ), i = 1, · · · , n. (61)

As ∂fi is bounded, i = 1, · · · , n, so is

n∑
i=1

Bi(σ(k)
i (xk+1

i − uki )) = βk(v
k+1 − vk), (62)

where vk = φ(xk1, · · · ,xkn) and

φ(x1, · · · ,xn) =

n∑
i=1

ηiBi(xi). (63)

In (62) we have utilized
n∑
i=1
BiA∗i = 0 to cancel λ̂k, whose boundedness is uncertain.

Then we have that there exists a constant C > 0 such that

‖vk+1 − vk‖ ≤ Cβ−1
k . (64)

9
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If
+∞∑
k=1

β−1
k < +∞, then {vk} is a Cauchy sequence, hence has a limit v∞. Define

v∗ = φ(x∗1, · · · ,x∗n), where (x∗1, · · · ,x∗n) is any optimal solution. Then

‖v∞ − v∗‖ =

∥∥∥∥∥v0 +
∞∑
k=0

(vk+1 − vk)− v∗

∥∥∥∥∥ (65)

≥ ‖v0 − v∗‖ −
∞∑
k=0

‖vk+1 − vk‖ (66)

≥ ‖v0 − v∗‖ − C
∞∑
k=0

β−1
k . (67)

So if (x0
1, · · · ,x0

n) is initialized badly such that

‖v0 − v∗‖ > C
∞∑
k=0

β−1
k , (68)

then ‖v∞−v∗‖ > 0, which implies that (xk1, · · · ,xkn) cannot converge to (x∗1, · · · ,x∗n). Note
that (68) is possible because φ is not a zero mapping given the conditions on Bi.

Proposition 11 (Proposition 8 in the manuscript) x̃ is an optimal solution to (1) if and
only if there exists α > 0, such that

f(x̃)− f(x∗) +
n∑
i=1

〈A∗i (λ∗), x̃i − x∗i 〉+ α

∥∥∥∥∥
n∑
i=1

Ai(x̃i)− b

∥∥∥∥∥
2

= 0. (69)

Proof If x̃ is optimal, it is easy to check that

f(x̃)− f(x∗) +
n∑
i=1

〈A∗i (λ∗), x̃i − x∗i 〉+ α

∥∥∥∥∥
n∑
i=1

Ai(x̃i)− b

∥∥∥∥∥
2

= 0. (70)

holds.
Since −A∗i (λ∗) ∈ ∂fi(x∗i ), we have

f(x̃)− f(x∗) +

n∑
i=1

〈A∗i (λ∗), x̃i − x∗i 〉 ≥ 0.

So if (70) holds, we have

f(x̃)− f(x∗) +
n∑
i=1
〈A∗i (λ∗), x̃i − x∗i 〉 = 0, (71)

n∑
i=1
Ai(x̃i)− b = 0. (72)
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With (72), we have

n∑
i=1

〈A∗i (λ∗), x̃i − x∗i 〉 =
n∑
i=1

〈λ∗,Ai(x̃i − x∗i )〉 =

〈
λ∗,

n∑
i=1

Ai(x̃i − x∗i )

〉
= 0. (73)

So (71) reduces to f(x̃) = f(x∗). As x̃ satisfies the feasibility condition, it is an optimal
solution to (1).

Theorem 12 (Theorem 10 in the manuscript) Define x̄K =
K∑
k=0

γkx
k+1, where γk =

β−1
k /

K∑
j=0

β−1
j . Then

f(x̄K)− f(x∗) +

n∑
i=1

〈
A∗i (λ∗), x̄Ki − x∗i

〉
+
αβ0

2

∥∥∥∥∥
n∑
i=1

Ai(x̄Ki )− b

∥∥∥∥∥
2

≤ C0/

(
2

K∑
k=0

β−1
k

)
, (74)

where α−1 = (n + 1) max

(
1,

{
‖Ai‖2

ηi − n‖Ai‖2
, i = 1, · · · , n

})
and C0 =

n∑
i=1

ηi
∥∥x0

i − x∗i
∥∥2

+β−2
0

∥∥λ0 − λ∗
∥∥2

.

Proof We first deduce∥∥∥∥ n∑
i=1
Ai(xk+1

i )− b

∥∥∥∥2

=

∥∥∥∥ n∑
i=1
Ai(xki )− b +

n∑
i=1
Ai(xk+1

i − xki )

∥∥∥∥2

≤
(∥∥∥∥ n∑

i=1
Ai(xki )− b

∥∥∥∥+
n∑
i=1

∥∥∥Ai(xk+1
i − xki )

∥∥∥)2

≤ (n+ 1)

(∥∥∥∥ n∑
i=1
Ai(xki )− b

∥∥∥∥2

+
n∑
i=1
‖Ai‖2

∥∥∥xk+1
i − xki

∥∥∥2
)

≤ (n+ 1)

(
β−2
k

∥∥∥λk − λ̂k∥∥∥2
+ max

{
‖Ai‖2

ηi − n ‖Ai‖2
}

n∑
i=1

(
ηi − n ‖Ai‖2

)∥∥∥xk+1
i − xki

∥∥∥2
)

≤ (n+ 1) max

{
1,

{
‖Ai‖2

ηi − n ‖Ai‖2
}}(

β−2
k

∥∥∥λk − λ̂k∥∥∥2
+

n∑
i=1

(
ηi − n ‖Ai‖2

)∥∥∥xk+1
i − xki

∥∥∥2
)

= α−1

(
β−2
k

∥∥∥λk − λ̂k∥∥∥2
+

n∑
i=1

(
ηi − n ‖Ai‖2

)∥∥∥xk+1
i − xki

∥∥∥2
)
.

(75)

11
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By Proposition 5, we have

β−1
k

n∑
i=1

〈
xk+1
i − x∗i ,−σ

(k)
i (xk+1

i − uki ) +A∗i (λ∗)
〉

+1
2

n∑
i=1

(
ηi − n ‖Ai‖2

)∥∥∥xk+1
i − xki

∥∥∥2
+ 1

2β
−2
k ‖λ

k − λ̂k‖2

≤ 1
2

(
n∑
i=1

ηi
∥∥xki − x∗i

∥∥2
+ β−2

k

∥∥λk − λ∗∥∥2
)

−1
2

(
n∑
i=1

ηi

∥∥∥xk+1
i − x∗i

∥∥∥2
+ β−2

k+1

∥∥λk+1 − λ∗
∥∥2
)
.

(76)

So by Lemma 2 and combining the above inequalities, we have

β−1
k

(
f(xk+1)− f(x∗) +

n∑
i=1

〈
xk+1
i − x∗i ,A∗i (λ∗)

〉
+
αβ0

2

∥∥∥∥ n∑
i=1
Ai(xk+1

i )− b

∥∥∥∥2
)

≤ β−1
k

(
n∑
i=1

〈
xk+1
i − x∗i ,−σ

(k)
i (xk+1

i − uki )
〉

+
n∑
i=1

〈
xk+1
i − x∗i ,A∗i (λ∗)

〉)
+α

2

∥∥∥∥ n∑
i=1
Ai(xk+1

i )− b

∥∥∥∥2

≤ β−1
k

n∑
i=1

〈
xk+1
i − x∗i ,−σ

(k)
i (xk+1

i − uki ) +A∗i (λ∗)
〉

+1
2β
−2
k

∥∥∥λk − λ̂k∥∥∥2
+ 1

2

n∑
i=1

(
ηi − n ‖Ai‖2

)∥∥∥xk+1
i − xki

∥∥∥2

≤ 1
2

(
n∑
i=1

ηi
∥∥xki − x∗i

∥∥2
+ β−2

k

∥∥λk − λ∗∥∥2
)

−1
2

(
n∑
i=1

ηi

∥∥∥xk+1
i − x∗i

∥∥∥2
+ β−2

k+1

∥∥λk+1 − λ∗
∥∥2
)
.

(77)

Summing the above inequalities from k = 0 to k = K, and dividing both sides with
K∑
k=0

β−1
k ,

we have

K∑
k=0

γkf(xk+1)− f(x∗) +
n∑
i=1

〈
K∑
k=0

γkx
k+1
i − x∗i ,A∗i (λ∗)

〉
(78)

+
αβ0

2

K∑
k=0

γk

∥∥∥∥∥
n∑
i=1

Ai(xk+1
i )− b

∥∥∥∥∥
2

(79)

≤ 1

2

K∑
k=0

β−1
k

(
n∑
i=1

ηi
∥∥x0

i − x∗i
∥∥2

+ β−2
0

∥∥λ0 − λ∗
∥∥2

)
. (80)
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Next, by the convexity of f and the squared F-norm ‖ · ‖2, we have

f(x̄K)− f(x∗) +
n∑
i=1

〈
x̄Ki − x∗i ,A∗i (λ∗)

〉
+
αβ0

2

∥∥∥∥∥
n∑
i=1

Ai(x̄Ki )− b

∥∥∥∥∥
2

(81)

≤
K∑
k=0

γkf(xk+1)− f(x∗) +

n∑
i=1

〈
K∑
k=0

γkx
k+1
i − x∗i ,A∗i (λ∗)

〉
(82)

+
αβ0

2

K∑
k=0

γk

∥∥∥∥∥
n∑
i=1

Ai(xk+1
i )− b

∥∥∥∥∥
2

. (83)

Combining (78)-(80) and (81)-(83), we have

f(x̄K)− f(x∗) +
n∑
i=1

〈
x̄Ki − x∗i ,A∗i (λ∗)

〉
+
αβ0

2

∥∥∥∥∥
n∑
i=1

Ai(x̄Ki )− b

∥∥∥∥∥
2

(84)

≤ 1

2

K∑
k=0

β−1
k

(
n∑
i=1

ηi
∥∥x0

i − x∗i
∥∥2

+ β−2
0

∥∥λ0 − λ∗
∥∥2

)
. (85)

In real applications, we are often faced with convex programs with convex set constraints:

min
x1,··· ,xn

n∑
i=1

fi(xi), s.t.
n∑
i=1

Ai(xi) = b,

xi ∈ Xi, i = 1, · · · , n, (86)

where Xi ⊆ Rdi is a closed convex set. In this section, we assume that the projections onto
Xi’s are all easily computable. For many convex sets used in machine learning, such an
assumption is valid, e.g., Xi’s are nonnegative cones or positive semi-definite cones. In the
following, we discuss how to solve (86) efficiently. For simplicity, we assume that Xi 6= Rdi ,
∀i.

We introduce auxiliary variables xn+i to convert xi ∈ Xi into xi = xn+i and xn+i ∈ Xi,
i = 1, · · · , n. Then (86) can be reformulated as an equivalent one:

min
x1,··· ,x2n

2n∑
i=1

fi(xi), s.t.
2n∑
i=1

Âi(xi) = b̂, (87)

where fn+i(x) ≡ χXi(x) =

{
0, if x ∈ Xi,
+∞, otherwise ,

is the characteristic function of Xi and

Âi(xi) = (Ai(xi), 0, · · · ,xi, · · · , 0)T ,

Ân+i(xn+i) = (0, 0, · · · ,−xn+i, · · · , 0)T ,
i = 1, · · · , n,

b̂ = (b, 0, · · · , 0, · · · , 0)T .

(88)
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The adjoint operator Â∗i is

Â∗i (y) = A∗i (y1) + yi+1,

Â∗n+i(y) = −yi+1,
i = 1, · · · , n, (89)

where yi is the i-th sub-vector of y, partitioned according to the sizes of b and xi, i =
1, · · · , n.

Theorem 13 (Theorem 11 in the manuscript) For problem (87), if {βk} is non-decreasing
and upper bounded and ηi’s are chosen as ηi > n‖Ai‖2 + 2 and ηn+i > 2, i = 1, · · · , n, then
the sequence {({xki }, λk)} generated by LADMPSAP converges to a KKT point of problem
(87).

We only need to prove the following proposition. Then by the same technique for proving
Theorem 7, we can prove Theorem 13.

Proposition 14

βk

2n∑
i=1

σ
(k)
i ‖x

k+1
i − x∗‖2 + ‖λk+1 − λ∗‖2 (90)

≤ βk

n∑
i=1

σ
(k)
i ‖x

k
i − x∗‖2 + ‖λk − λ∗‖2 (91)

−2βk

2n∑
i=1

〈
xk+1
i − x∗,−σ(k)

i (xk+1
i − uki ) + Â∗i (λ∗)

〉
(92)

−βk
n∑
i=1

(
σ

(k)
i − βk(n‖Ai‖

2 + 2)
)
‖xk+1

i − xki ‖2 (93)

−βk
2n∑

i=n+1

(
σ

(k)
i − 2βk

)
‖xk+1

i − xki ‖2 (94)

−‖λk − λ̂k‖2. (95)
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Proof We continue from (40):

−2βk

2n∑
i=1

σ
(k)
i

〈
xk+1
i − x∗i ,x

k
i − uki

〉
+ 2

〈
λk+1 − λk, λk+1

〉
(96)

= ‖λk+1 − λk‖2 + β2
k

∥∥∥∥∥
2n∑
i=1

Âi(xk+1
i − xki )

∥∥∥∥∥
2

− ‖λk − λ̂k‖2 (97)

= ‖λk+1 − λk‖2 + β2
k

∥∥∥∥∥
n∑
i=1

Ai(xk+1
i − xki )

∥∥∥∥∥
2

(98)

+β2
k

n∑
i=1

∥∥∥(xk+1
i − xki )− (xk+1

n+i − xkn+i)
∥∥∥2
− ‖λk − λ̂k‖2 (99)

≤ ‖λk+1 − λk‖2 + nβ2
k

n∑
i=1

‖Ai‖2‖xk+1
i − xki ‖2 (100)

+2β2
k

n∑
i=1

(
‖xk+1

i − xki ‖2 + ‖xk+1
n+i − xkn+i)‖2

)
− ‖λk − λ̂k‖2. (101)

Then we can have (90)-(95).

4. Solving Latent LRR via APG

When using APG Beck and Teboulle (2009), the latent LRR problem has to be reformulated
into an unconstrained optimization problem as follows:

min
Z,L,E

γ(‖Z‖∗ + ‖L‖∗ + µ‖E‖1) +
1

2
‖X−XZ− LX−E‖2, (102)

where γ > 0 is a parameter that controls the closeness between (102) and the original latent
LRR problem.

The updating schemes of APG are as follows:

Ēk = Ek +
tk−1 − 1

tk
(Ek −Ek−1), (103a)

Z̄k = Zk +
tk−1 − 1

tk
(Zk − Zk−1), (103b)

L̄k = Lk +
tk−1 − 1

tk
(Lk − Lk−1), (103c)

Ek+1 = arg min
E
µγ‖E‖1 +

τ

2

∥∥∥∥∥∥∥∥∥∥∥∥
E−

Ēk − 1

2τ

∂

∂E
‖X−XZ− LX−E‖2

∣∣∣∣ Ēk

Z̄k

L̄k





∥∥∥∥∥∥∥∥∥∥∥∥

2

,

(103d)
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Zk+1 = arg min
Z
γ‖Z‖∗+

τ

2

∥∥∥∥∥∥∥∥∥∥∥∥
Z−

Z̄k − 1

2τ

∂

∂Z
‖X−XZ− LX−E‖2

∣∣∣∣ Ēk

Z̄k

L̄k





∥∥∥∥∥∥∥∥∥∥∥∥

2

, (103e)

Lk+1 = arg min
L
γ‖L‖∗+

τ

2

∥∥∥∥∥∥∥∥∥∥∥∥
L−

L̄k − 1

2τ

∂

∂L
‖X−XZ− LX−E‖2

∣∣∣∣ Ēk

Z̄k

L̄k





∥∥∥∥∥∥∥∥∥∥∥∥

2

, (103f)

tk+1 =
1 +

√
4t2k + 1

2
, (103g)

where τ is a Lipschitz constant such that∥∥∥∥∥∥∥∥∥∥∥∥
1

2

 ∂
∂E‖X−XZ− LX−E‖2
∂
∂Z‖X−XZ− LX−E‖2
∂
∂L‖X−XZ− LX−E‖2

∣∣∣∣∣∣ E1

Z1

L1


− 1

2

 ∂
∂E‖X−XZ− LX−E‖2
∂
∂Z‖X−XZ− LX−E‖2
∂
∂L‖X−XZ− LX−E‖2

∣∣∣∣∣∣ E2

Z2

L2



∥∥∥∥∥∥∥∥∥∥∥∥
≤ τ

∥∥∥∥∥∥
 E1

Z1

L1

−
 E2

Z2

L2

∥∥∥∥∥∥ , ∀

 E1

Z1

L1

 and

 E2

Z2

L2

 . (104)

By the inequality ‖AB‖ ≤ ‖A‖2‖B‖, we can prove that τ ≥
√

3 max(1, ‖X‖22)(1 + 2‖X‖22)
ensures the correctness of (104), where ‖A‖2 = σmax(A) is the largest singular value of A.

The pseudo code of the APG approach for latent LRR, with the continuation technique
(step 8 in Algorithm 1, which reduces γ gradually), is provided in Algorithm 1.

For the parameters of APG, we follow the suggestions in Lin et al. (2009) to set γ0 =
0.99‖X‖2, γmin = 10−10, and θ = 0.9.

5. Solving Latent LRR via Naive ADM

Naive ADM is to introduce auxiliary variables to the original latent LRR model, such that
each subproblem can have a closed form solution. The equivalent problem to solve is:

min
J,S,E,Z,L

‖J‖∗ + ‖S‖∗ + µ‖E‖1, s.t. X = XZ + LX + E,Z = J,L = S. (105)

Naive ADM operates on the augmented Lagrangian function of problem (105):

‖J‖∗ + ‖S‖∗ + µ‖E‖1 (106)

+ 〈Y1,X−XZ− LX−E〉+ 〈Y2,Z− J〉+ 〈Y3,L− S〉 (107)

+
β

2

(
‖X−XZ− LX−E‖2 + ‖Z− J‖2 + ‖L− S‖2

)
, (108)
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Algorithm 1 APG for Latent LRR

Input: Observation matrix X and parameter µ > 0.
Set Parameter Values: ε1 > 0, ε2 > 0, γ0 � γmin > 0, θ ∈ (0, 1), and
τ =

√
3 max(1, ‖X‖22)(1 + 2‖X‖22).

Initialize: Set E0 = E−1 = 0, Z0 = Z−1 = 0, t0 = t−1 = 1, and k ← 0.
while not converged do

Step 1: Update Ēk = Ek +
tk−1−1
tk

(Ek −Ek−1).

Step 2: Update Z̄k = Zk +
tk−1−1
tk

(Zk − Zk−1).

Step 3: Update L̄k = Lk +
tk−1−1
tk

(Lk − Lk−1).

Step 4: Update Ek+1 = Sµγk
τ

(Ēk+ 1
τ (X−XZ̄k− L̄kX−Ēk)), where S is the shrinkage

operator.
Step 5: Update Zk+1 = UZS γk

τ
(ΣZ)VT

Z , where UZΣZVT
Z is the SVD of Z̄k+ 1

τXT (X−
XZ̄k − L̄kX− Ēk).
Step 6: Update Lk+1 = ULS γk

τ
(ΣL)VT

L , where ULΣLVT
L is the SVD of L̄k + 1

τ (X−
XZ̄k − L̄kX− Ēk)XT .

Step 7: Update tk+1 =
1+
√

4t2k+1

2 .
Step 8: Update γk+1 = max(γmin, θγk).
Step 9: Check the convergence conditions:
‖XZk+1+Lk+1X+Ek+1−X‖

‖X‖ ≤ ε1 and max
(
‖Zk+1−Zk‖
‖X‖ , ‖L

k+1−Lk‖
‖X‖ , ‖E

k+1−Ek‖
‖X‖

)
≤ ε2.

If they are satisfied, break.
Step 10: k ← k + 1.

end while

where Y1, Y2, and Y3 are Lagrange multipliers.
The updating schemes of naive ADM are as follows:

Jk+1 = argmin
J
‖J‖∗ +

βk
2
‖Zk − J + Yk

2/βk‖2, (109a)

Sk+1 = argmin
S
‖S‖∗ +

βk
2
‖Lk − S + Yk

3/βk‖2, (109b)

Ek+1 = argmin
E

µ‖E‖1 +
βk
2
‖X−XZk − LkX−E + Yk

1/βk‖2, (109c)

Zk+1 = argmin
Z

βk
2

(
‖X−XZ− LkX−Ek+1 + Yk

1/βk‖2 + ‖Z− Jk+1 + Yk
2/βk‖2

)
,

(109d)

Lk+1 = argmin
L

βk
2

(
‖X−XZk+1 − LX−Ek+1 + Yk

1/βk‖2 + ‖L− Sk+1 + Yk
3/βk‖2

)
,

(109e)
Yk+1

1 = Yk
1 + βk(X−XZk+1 − Lk+1X−Ek+1), (109f)

Yk+1
2 = Yk

2 + βk(Z
k+1 − Jk+1), (109g)

Yk+1
3 = Yk

3 + βk(L
k+1 − Sk+1), (109h)
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βk+1 = min(βmax, ρβk), (109i)

where ρ > 1 and βmax > 0 are constants.
The pseudo code of the naive ADM approach for latent LRR is provided in Algorithm 2.

Algorithm 2 Naive ADM for Latent LRR

Input: Observation matrix X and parameter µ > 0.
Set Parameter Values: ε1 > 0, ε2 > 0, 0 < β0 � 1� βmax, and ρ > 1.
Initialize: Set J0 = S0 = E0 = L0 = S0 = 0 and k ← 0.
while not converged do

Step 1: Update Jk+1 = UZS 1
βk

(ΣZ)VT
Z , where UZΣZVT

Z is the SVD of Zk + Yk
2/βk

and S is the shrinkage operator.
Step 2: Update Sk+1 = ULS 1

βk

(ΣL)VT
L , where ULΣLVT

L is the SVD of Lk + Yk
3/βk.

Step 3: Update Ek+1 = S µ
βk

(X−XZk − LkX + Yk
1/βk).

Step 4: Update Zk+1 = (I+XTX)−1[XT (X−LkX−Ek+1 +Yk
1/βk)+Jk+1−Yk

2/βk].

Step 5: Update Lk+1 = [(X−XZk+1−Ek+1+Yk
1/βk)X

T+Sk+1−Yk
3/βk](I+XXT )−1.

Step 6: Update Yk+1
1 = Yk

1 + βk(X−XZk+1 − Lk+1X−Ek+1).
Step 7: Update Yk+1

2 = Yk
2 + βk(Z

k+1 − Jk+1).
Step 8: Update Yk+1

3 = Yk
3 + βk(L

k+1 − Sk+1).
Step 9: Update βk+1 = min(βmax, ρβk).
Step 10: Check the convergence conditions:
‖XZk+1+Lk+1X+Ek+1−X‖

‖X‖ ≤ ε1 and max
(
‖Zk+1−Zk‖
‖X‖ , ‖L

k+1−Lk‖
‖X‖ , ‖E

k+1−Ek‖
‖X‖

)
≤ ε2.

If they are satisfied, break.
Step 11: k ← k + 1.

end while

Naive ADM has been described in Liu and Yan (2011) and was called inexact ALM
therein. The parameters of naive ADM are the same as those in Liu and Yan (2011):
β0 = 10−6, βmax = 106, and ρ = 1.1.

6. Solving Latent LRR via LADMGB and Naive LADM

LADMGB He and Yuan (2013) consists of two steps. The first step is update the variables
by LADM (prediction step). The second step is to update the variables by Gaussian back
substitution (correction step), which updates the variables in reverse order.

The updating schemes of LADMGB are as follows:
LADM step:

Z̃k = argmin
Z
‖Z‖∗ +

βηZ
2
‖Z− Zk + XT (λk + β(XZk + LkX + Ek −X)/(βηZ)‖2, (110a)

L̃k = argmin
L
‖L‖∗ +

βηL
2
‖L− Lk + (λk + β(XZ̃k + LkX + Ek −X)XT /(βηL)‖2, (110b)
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Ẽk = argmin
E

µ‖E‖1 +
β

2
‖E−Ek + (λk + β(XZ̃k + L̃kX + Ek −X)/β)‖2, (110c)

λ̃k = λk + β(XZ̃k + L̃kX + Ẽk −X). (110d)

GB step:
λk+1 = λk + α(λ̃k − λk), (111a)

Ek+1 = Ek + α(Ẽk −Ek), (111b)

Lk+1 = Lk − (Ek+1 −Ek)XT /ηL + α(L̃k − Lk), (111c)

Zk+1 = Zk −XT (Lk+1 − Lk)X/ηZ −XT (Ek+1 −Ek)/ηZ + α(Z̃k − Zk). (111d)

The pseudo code of the LADMGB approach for latent LRR is provided in Algorithm 3.

Algorithm 3 LADMGB for Latent LRR

Input: Observation matrix X and parameter µ > 0.
Set Parameter Values: ε1 > 0, ε2 > 0, α ∈ (0, 1), ηZ = ‖X‖22, and β > 0.
Initialize: Set L0 = S0 = E0 = 0 and k ← 0.
while not converged do

Step 1: Update Z̃k = UZS 1
βkηZ

(ΣZ)VT
Z , where UZΣZVT

Z is the SVD of Zk−XT (λk+

β(XZk + LkX + Ek −X)/(βηZ) and S is the shrinkage operator.
Step 2: Update L̃k = ULS 1

βkηL

(ΣL)VT
L , where ULΣLVT

L is the SVD of Lk − (λk +

β(XZ̃k + LkX + Ek −X)XT /(βηL).
Step 3: Update Ẽk = S µ

βk

(Ek − (λk + β(XZ̃k + L̃kX + Ek −X)/β)).

Step 4: Update λ̃k = λk + β(XZ̃k + L̃kX + Ẽk −X).
Step 5: Update λk+1 = λk + α(λ̃k − λk).
Step 6: Update Ek+1 = Ek + α(Ẽk −Ek).
Step 7: Update Lk+1 = Lk − (Ek+1 −Ek)XT /ηL + α(L̃k − Lk).
Step 8: Update Zk+1 = Zk−XT (Lk+1−Lk)X/ηZ−XT (Ek+1−Ek)/ηZ +α(Z̃k−Zk).

Step 9: Check the convergence conditions:
‖XZk+1+Lk+1X+Ek+1−X‖

‖X‖ ≤ ε1 and max
(
‖Zk+1−Zk‖
‖X‖ , ‖L

k+1−Lk‖
‖X‖ , ‖E

k+1−Ek‖
‖X‖

)
≤ ε2.

If they are satisfied, break.
Step 11: k ← k + 1.

end while

The naive LADM for latent LRR is just the LADM part of LADMGB. So we omit the
details.

For LADM, we follow the suggestions in Yang and Yuan (2013) to fix its penalty pa-
rameter β at 2.5/min(d, sp), where d× sp is the size of X. For LADMGB, He et al. He and
Yuan (2013) suggested α = 0.8 but did not suggest how to choose a fixed β. So we follow
the suggestions in Yang and Yuan (2013) to fix β at 2.5/min(d, sp).
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