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In this supplementary material, we prove the Theorem 1 which shows the grouping effect of CASS.

Theorem 1 Given a data vector y ∈ Rd, data points X = [x1, · · · , xn] ∈ Rd×n and parameter λ > 0. Let w∗ =
[w∗1 , · · · , w∗n]T ∈ Rn be the optimal solution to the following problem

min
w
f(w) =

1

2
||y −Xw||22 + λ||XDiag(w)||∗. (1)

If xi → xj , then w∗i → w∗j .

Theorem 1 says that if there are two columns xi and xj of X which are sufficiently close to each other, then the corre-
sponding coefficients w∗i and w∗j are also sufficiently close to each other.

Suppose X = [X̂ X̃], where X̃ ∈ Rd×q consists of q columns that are close to each other:

max{||X̃ − x̄01T ||∗, ||X̃ − x̄01T ||2} ≤ ε, (2)

where ε > 0, 1 ∈ Rq is the all 1’s vector, x̄0 is the mean of X̃ , i.e. x̄0 = X̃1/q, and X̂ ∈ Rd×(n−q) consists of the rest
columns of X . Accordingly w∗ = [ŵ; w̃].

To prove Theorem 1, we only need to prove that if ||w̃− w̄1||2 is not small enough, then f([ŵ; w̃]) > f([ŵ; w̄1]), where
w̄ = 1T w̃/q is the average of w̃.

We first prove two lemmas:

Lemma 1 ||ADiag(v)||∗ ≤ ||A||F ||v||2, where v ∈ RN , and A ∈ RD×N .

Proof.

||ADiag(v)||∗ = ||[A1v1 A2v2 · · · ANvN ]||∗

≤
N∑
i=1

||Aivi||∗

=

N∑
i=1

||Ai||∗|vi|

=

N∑
i=1

||Ai||2|vi|

≤

√√√√ N∑
i=1

||Ai||22
N∑
i=1

|vi|2

=
√
||A||2F ||v||22

= ||A||F ||v||2.

(3)
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Lemma 2 If λi ≥ µi ≥ 0, i = 1, · · · , N , and C =
∑N
i=1(λi − µi), then

∑N
i=1

√
λi ≥

∑N
i=1

√
µi + C

2
√

max{λi}
.

Proof.

N∑
i=1

√
λi −

N∑
i=1

√
µi =

N∑
i=1

(
√
λi −

√
µi)

=

N∑
i=1

λi − µi√
λi +

√
µi

≥
N∑
i=1

λi − µi
2
√

max{λi}

=
1

2
√

max {λi}

N∑
i=1

(λi − µi)

=
C

2
√

max {λi}
.

(4)

�
Next we prove the following theorem which is equivalent to the Theorem 1:

Theorem 2 For any ε > 0, if ||w̃ − w̄1||2 > δ, where

δ =

(
2((λ+ ||y − X̂ŵ − (1T w̃)x̄0||2)||w̃||2 + λ|w̄|)||[X̂ŵ w̄x̄01

T ]||2
λ||x̄0||22

+ 1

)
ε, (5)

then f([ŵ; w̃]) > f([ŵ; w̄1]).

Proof.

f([ŵ; w̃]) =
1

2
||y − X̂ŵ − X̃w̃||22 + λ||[X̂ŵ X̃Diag(w̃)]||∗

=
1

2
||(y − X̂ŵ − x̄01T w̃) + (x̄01

T − X̃)w̃||22 + λ||[X̂ŵ x̄01
TDiag(w̃)] + [0 (X̃ − x̄01T )Diag(w̃)]||∗

≥1

2
||y − X̂ŵ − (1T w̃)x̄0||22 +

1

2
||(x̄01T − X̃)w̃||22 − ||y − X̂ŵ − (1T w̃)x̄0||2||(x̄01T − X̃)w̃||2

+ λ||[X̂ŵ x̄01
TDiag(w̃)]||∗ − λ||(X̃ − x̄01T )Diag(w̃)||∗

≥1

2
||y − X̂ŵ − (1T w̃)x̄0||22 − ||(y − X̂ŵ − (1T w̃)x̄0||2||w̃||2||x̄01T − X̃||2

+ λ||[X̂ŵ x̄0w̃
T ]||∗ − λ||w̃||2||X̃ − x̄01T ||F

≥1

2
||y − X̂ŵ − qw̄x̄0||22 + λ||[X̂ŵ x̄0w̃

T ]||∗ − (λ+ ||y − X̂ŵ − (1T w̃)x̄0||2)||w̃||2ε

=
1

2
||y − X̂ŵ − X̃(w̄1)||22 + λ||[X̂ŵ x̄0w̃

T ]||∗ − (λ+ ||y − X̂ŵ − (1T w̃)x̄0||2)||w̃||2ε,

(6)

where X̂ŵ = X̂Diag(ŵ). The last equation uses the fact that qx̄0 = X̃1.
Denote Y = X̂ŵX̂

T
ŵ , and λi(M), i = 1, · · · , d, are the ordered eigenvalues of a matrix M ∈ Rd×d, i.e. λ1 ≥ λ2 ≥ · · · ≥

λd. We show that if ||w̃ − w̄1||2 > δ, then

||[X̂ŵ x̄0w̃
T ]||∗ > ||[X̂ŵ w̄x̄01

T ]||∗ + η, with η > 0. (7)



Indeed, since

d∑
i=1

λi(Y + ||w̃||22x̄0x̄T0 ) =tr(Y + ||w̃||22x̄0x̄T0 )

=tr[(Y + ||w̄1||22x̄0x̄T0 ) + (||w̃||22 − ||w̄1||22)x̄0x̄
T
0 ]

=tr(Y + ||w̄1||22x̄0x̄T0 ) + tr((||w̃||22 − ||w̄1||22)x̄0x̄
T
0 )

=tr(Y + ||w̄1||22x̄0x̄T0 ) + (||w̃||22 − ||w̄1||22)||x̄0||22

=

d∑
i=1

λi(Y + ||w̄1||22x̄0x̄T0 ) + (||w̃||22 − ||w̄1||22)||x̄0||22.

(8)

Note that ||w̄1||22 is the minimum value of ||w̃||22 under the constraint 1T w̃ = qw̄. So λi(Y + ||w̃||22x̄0x̄T0 ) ≥ λi(Y +
||w̄1||22x̄0x̄T0 ) ≥ 0. Moreover, since 1T w̃ = qw̄, we have ||w̃||22 − ||w̄1||22 = ||w̃ − w̄1||22.

So by Lemma 2, we have

||[X̂ŵ x̄0w̃
T ]||∗ =

d∑
i=1

√
λi(Y + ||w̃||22x̄0x̄T0 )

≥
d∑
i=1

√
λi(Y + ||w̄1||22x̄0x̄T0 ) +

||w̃ − w̄1||22||x̄0||22
2
√
λ1(Y + ||w̄1||22x̄0x̄T0 )

=||[X̂ŵ w̄x̄01
T ]||∗ +

||w̃ − w̄1||22||x̄0||22
2||[X̂ŵ w̄x̄01T ]||2

>||[X̂ŵ w̄x̄01
T ]||∗ +

||x̄0||22
2||[X̂ŵ w̄x̄01T ]||2

δ.

(9)

Furthermore,

||[X̂ŵ w̄x̄01
T ]||∗ =||[X̂ŵ X̃Diag(w̄1)] + [0 w̄x̄01

T − X̃Diag(w̄1)]||∗
≥||[X̂ŵ X̃Diag(w̄1)]||∗ − ||w̄x̄01T − X̃Diag(w̄1)||∗
=||[X̂ŵ X̃Diag(w̄1)]||∗ − |w̄|||x̄01T − X̃||∗
≥||[X̂ŵ X̃Diag(w̄1)]||∗ − |w̄|ε.

(10)

Combining Eqn (6)(9) and (10) together, we have

f([ŵ; w̃]) ≥1

2
||y − X̂ŵ − X̃(w̄1)||22 + λ||[X̂ŵ X̃Diag(w̄1)]||∗ − λ|w̄|ε+

λ||x̄0||22
2||[X̂ŵ w̄x̄01T ]||2

δ

− (λ+ ||y − X̂ŵ − 1T w̃x̄0||2)||w̃||2ε

=f([ŵ; w̄1]) +
λ||x̄0||22

2||[X̂ŵ w̄x̄01T ]||2
δ − ((λ+ ||y − X̂ŵ − (1T w̃)x̄0||2)||w̃||2 + λ|w̄|)ε.

(11)

Then by the choice of δ in Eqn (5), it is easy to see that

f([ŵ; w̃]) > f([ŵ; w̄1]). (12)

Thus the Theorem 2 is proved. �


