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Penrose Demosaicking

Chenyan Bai, Jia Li, Zhouchen Lin, Senior Member, IEEE, Jian Yu, and Yen-Wei Chen

Abstract— The Penrose pixel layout, an aperiodic pixel layout
in rhombus Penrose tiling, has been shown to substantially
outperform the existing square pixel layout in super-resolution.
However, it was tested only on grayscale images. To study its
performance on color images, we have to reconstruct regular
color images from Penrose raw images, i.e., images with only one
color component at each Penrose pixel, resulting in the problem
of demosaicking from Penrose pixels. Penrose demosaicking is
more difficult than regular demosaicking, because none of the
color components of the reconstructed regular color images
are available. Therefore, most of the traditional demosaicking
methods do not apply. We develop a sparse representation-based
method for Penrose demosaicking. Extensive experiments show
that Penrose pixel layout outperforms regular pixel layouts in
terms of both perceptual evaluation and S-CIELAB. The Penrose
pixel layout is unique among all irregular layouts because it is
uniformly three-colorable and it has only two pixel shapes, thick
and thin rhombi, making its manufacturing relatively easy.

Index Terms— Penrose, demosaicking, color filter array, sparse
representation, alternating direction method (ADM).

. INTRODUCTION
OST of the existing imaging sensors use the sguare
pixel layout (square layout for short), i.e., periodic
tiling of square pixels. Only a few literatures study the
non-square pixel layout, which is mostly periodic tiling of
hexagonal pixels [1]. For example, edge detection [2] and
anti-aliasing [3] on the hexagonal pixel layout (hexagonal
layout for short). Recently, a novel Penrose pixel layout
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(Penrose layout for short) [4], which uses pixels in rhombus
Penrose tiling, was proposed for super-resolution [5].

Penrose tiling is an aperiodic tiling [4]. It is a covering of
the plane by tiles with no overlaps or gaps. Rhombus Penrose
tiling uses only two kinds of rhombi, having equa
sides but different angles, which we call thick and thin
rhombi (Fig. 1(c)). Theratio of areas of thick to thin rhombi is
the golden number ¢ = HTIS which is also the ratio of their
numbers [4].

The Penrose layout has been proven to be more effective
in super-resolution than the square one, by both theory and
simulation [5]. The routing scheme of wires for reading out
Penrose pixel values has aso been discussed in detail [5].
However, the Penrose layout was only tested on grayscale
images. It is unclear whether we can obtain better color
images from Penrose layout. Note that in most image capturing
devices, every pixel is covered by a color filter. So every
pixel has only one color component, e.g., red, green, or
blue (R, G, or B) value (Fig. 1(b) and 1(d)). Such images are
called raw images. The two missing color components at every
pixel have to be estimated by the demosaicking technology
(Fig. 1(f) and 1(g)). Demosaicking a Penrose raw image,
or Penrose demosaicking for short, is more challenging
than the regular demosaicking because none of the color
components of the pixels of the reconstructed full color image
is available (Fig. 1(c) and 1(e)) and the reconstructed color
images are expected to be in square layout. As aresult, most of
the existing demosaicking methods, see [6]-{8], do not apply.

Another important issue is whether Penrose layout fits for
reconstructing high quality color images. Thisrequires Penrose
layout to be uniformly three-colorable. Namely, each of the
pixels can be assigned with one of the three color components
and no adjacent pixels, i.e., pixels sharing a side, are assigned
the same color component. Moreover, the numbers of pixels
in the three color components are roughly the same. Uniform
three-colorability ensures that al the color components
can be densely sampled and the full color image can be
recovered.! Fortunately, it is proven that Penrose layout is
three-colorable [9]. Although there is no rigorous proof of
uniform coloring yet, our empirical tests show that it is true.
In contrast, many existing square layouts are not uniformly
colored. For example, the Bayer color filter array (CFA) [10]
has twice green components as red and blue ones (Fig. 1(b)).
Finally, Penrose layout consists of only two pixel shapes [4],
making the manufacturing of sensors in Penrose layout
relatively easy (although not as easy as square and hexagonal
layouts). All the above characteristics make Penrose layout
unique among all irregular layouts.

1Recall that representing al color requires at least three color components,
such as R, G, and B, or cyan, magenta, and yellow (C, M, and Y).
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Fig. 1. Comparison of Penrose CFA and Bayer CFA. More comparisons between Penrose CFA and other regular RGB CFAs are shown in Fig. 6-8.
(& A full color image to simulate a real scene. (b) Bayer CFA. (c) Penrose CFA. (d) Bayer mosaicked image. (e) Penrose mosaicked image.
(f) Bayer demosaicked image. (g) Penrose demosaicked image. Images in this paper are best viewed on screen!.

(©)

Fig. 2. Anima retina, retina-inspired CFASs, and Voronoi tessellation. (a) Human retina layout [16]. (b) Retina layout of the African cichlid fish Astatotilapia
burtoni [13]. (c) Hexagonal CFA [3] designed according to human retina (a). (d) Burtoni CFA [12] designed according to the retina of Astatotilapia burtoni (b).

(e) A Voronoi tessdllation [14].

Our Penrose layout is also inspired by visual physiology.
Some researchers have pointed out the advantages of the
specia structure of animal retina [3], [11] and have designed
CFAs accordingly. For example, by mimicking the layout of
cone cells on human retina (Fig. 2(a)), which is close to
be hexagonal, Middleton and Sivaswamy proposed a near
hexagonal CFA (Fig. 2(c)) [1]; and Couillaud et al. proposed
the Burtoni CFA (Fig. 2(d)) [12] by mimicking the retina
of African cichlid fish Astatotilapia burtoni (Fig. 2(b)) [13].
These retina-inspired CFAs have been verified to improve
the image quality. However, they al simplify the irregular
retina to square pixels in regular layouts. So they do not
simulate the retina cell layout closely. In contrast, Penrose
layout can simulate the retina layouts better (especially the
retina of Astatotilapia burtoni). Although Voronoi tessellation
(Fig. 2(e)) can aso approximate the retina layout well [14],
it is not always three-colorable? and is difficult for hardware
manufacture due to completely different shapes of pixels.

The contributions of this paper are:

e We propose using the Penrose layout for capturing
color images. Due to the uniform three-colorability of
Penrose layout, the quality of color images can be
guaranteed. Moreover, since Penrose layout uses only
two shapes of pixels, its manufacturing is relatively easy
(although not as easy as square and hexagonal layouts).
It should be the first choice if an irregular layout is
considered for color imaging.

20One may easily check that the Voronoi tessellation shown in Fig. 2(e) is
not three-colorable.

e We propose a sparse representation [ 15] based method for
Penrose demosaicking, which is more challenging than
regular demosaicking. With the proposed demosaicking
method, we show that Penrose layout performs better than
regular layouts in terms of visual quality and S-CIELAB.
This benefits from the non-square pixels and the aperiodic
structure of Penrose layout which helps producing high
quality full color images.

The remaining part of the paper is organized as follows.
In Section IlI, we review the existing regular CFAs and
demosaicking methods. Then we introduce our Penrose
demosaicking method in Section I11. In Section IV, we conduct
experiments to show the effectiveness of Penrose layout.
Finally, we conclude the paper and present some future work
in Section V.

. RELATED WORK

To produce a color image, a digital camera needs sensors to
record at least three color components, such as R, G, and B.
To reduce the cost, most of the digital cameras cover the
sensors with CFAs so that each pixel only records one
color component. The two missing color components at
each pixel have to be estimated by demosaicking methods.
Although we mainly focus on CFA design, we cannot
show the full color images produced by Penrose CFA
without demosaicking. So in this section we review both the
existing CFAs and demosaicking methods.

A. Regular CFAs
Many CFAs have been proposed under different
considerations [8], [17], [18]. All of them use



1674

(b) ©

Fig. 3.
() Random CFA [21]. (d) X-Trans CFA [22] designed according to (a). () Hamilton CFA [25]. (f) Hirakawa CFA [26]. (g) Hao CFA [18].
(h) Chakrabarti CFA [27].

square pixels. They differ in color components used
(eg, R, G, and B, or C, M, and Y) and component
assignments (e.g., periodic or non-periodic). As images are
usually displayed and stored in RGB color format, we roughly

divide the existing CFAs into RGB CFAs and non-RGB CFASs.
1) RGB CFAs. The first and most commonly used

RGB CFA was invented by Bayer, hence caled the
Bayer CFA [10] (Fig. 1(b)). It was designed based on the
human visual system. As human eyes are more sensitive to
green light, the sampling rate of the green component is twice
as those of red and blue ones, which results in an unbalanced
assignment of R, G, and B components. From a single
blue noise mask pattern, three pseudo-random CFAs were
proposed in [19] to eliminate the aliased spectrum. Fillfactory
company also argued that the random assignments of color
components are usually more robust to Moiré effect [17].
Parmar and Reeves [20] formulated an error criterion that
reflects the error between the original image and the
reconstructed image when viewed through the human visua
system. Lukac and Plataniotis [17] provided a summary of
the requirements on CFA design and the performance analysis
on various RGB CFAs. They also presented the Lukac CFA
(Fig. 3(b)) in [17], which is not three-colored, i.e., there exists
two adjacent pixels that share a common side are assigned
the same color component. Based on the blue noise charac-
teristics of chrominance channels, Condat [21] proposed an
RGB CFA with a random, uniformly three-colorable square
layout (Fig. 3(c)), which yields less demosaicking visual
artifacts than the Bayer CFA does. Recently, by mimicking
the irregular and random arranged particles in silver
halide film (Fig. 3(a), Fujiflm company developed the
Fujifilm X-Trans (X-Trans for short) CMOS sensor [22],
which has been used in many Fujifilm X-series cameras.
The X-Trans CFA (Fig. 3(d)) is claimed to produce less

Moiré artifacts than the Bayer CFA does.
2) Non-RGB CFAs. Many non-RGB CFAs are variations of

RGB CFAs. A direct substitute for R, G, and B are the subtrac-
tive colors, i.e., C, M, and Y. For example, Kodak’'s DCS620x
used the Bayer CFA with CMY colors because CMY are more
sensitive to light than RGB [8]. Some CFAs used CMYG
colors to provide a compromise between light sensitivity
and color quality [23]. Sony company introduced a
light blue color, emerald (E), into the standard Bayer CFA
to record natural images that are closer to the natural sight
perception of human eyes [24]. Hamilton and Compton [25]
introduced one panchromatic pixel to surround every
RGB colored pixel (Fig. 3(e)).

Hirakawa and Wolfe [26] designed CFAs directly in the
Fourier domain. The CFA design was posed as a problem

e

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 24, NO. 5, MAY 2015

(@ (h)

The particles in silver hdide films and representative regular CFAs. (8) The particles in silver halide films [22]. (b) Lukac CFA [17].

of parameter selection in order to separate the chrominance
far away from the luminance. Then each pixel in raw images
by their CFAs is a linear combination of RGB components.
The CFA with the best performance in their experiments is
shown in Fig. 3(f). Hao et a. further formulated the design
in [26] as an optimization problem to find new CFAs [18],
which minimized the demosaicking error. The new CFAs were
periodic tilings of 4 x 4 patterns and used colors other than
RGB and CMY (Fig. 3(q)).

More recently, Chakrabarti et a. [27] proposed a
panchromatic predominant CFA, which samples colors with
the Bayer pattern very sparsely (Fig. 3(h)). They also presented
a two-step approach to reconstruct full color images. The new
CFA was shown to significantly reduce noise and aliasing
artifacts in low-light conditions.

B. Demosaicking Methods

A huge number of image demosaicking methods have
been proposed for regular CFAs [6]-{8]. Roughly speaking,
demosaicking algorithms can be categorized into five
categories: heuristic, directional-interpolation-based,
frequency-domain-based, wavelet-based, and reconstruction-
based. Almost all of them work with the Bayer CFA.

1) Heuristic Methods: Most of the heuristic methods
first interpolate the G channel, then interpolate the
R and B channels based on some reasonable assumptions on
the inter-channel correlations. One commonly used assumption
is that the hue (color ratios) within an area of an image is
constant [28], [29]. The color differences can also be used
to estimate the R and B channels [30]. The interpolation
can aso be adaptive, e.g., aong edges, rather than across
edges [31]-33]. Another class of methods estimated the
missing pixel values by a weighted sum of their neighboring
pixels [34].

2) Directional  Interpolation  Methods: Directional
interpolation methods first interpolate aong the horizontal
and vertica directions, respectively, generating two full color
images. Then the two estimated values for each pixel are
fused as the final recovery result. Hirakawa and Parks [35]
used the local homogeneity in the CIELAB color space [36]
to produce the recovery image. Kimmel [29] proposed a
weighted average method to decide the edge direction,
which was further improved in [37]. Paliy et al. [38] used
the local polynomia approximation and the intersection of
confidence intervals to fuse the directiona interpolation.
Menon et a. [39] presented a demosaicking method
based on directional filtering and a posteriori decision.
Li and Randhawa [40] first interpolated on four opposite
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directions and then used a weighted median filter to
produce an output image. Zhang et al. [41] first estimated
local directions by gradients and then exploited non-local
redundancy to improve the local color reproduction result.
Kiku et a. [42] proposed the residual interpolation and
incorporated it into the gradient based threshold free
algorithm [43].

3) Frequency Domain Methods: The frequency domain
methods use a frequency representation of the raw image,
i.e., CFA mosaicked image. Alleysson et al. [44] represented
a raw image as a summation of a luminance signal and two
chrominance signals. Dubois [45] proposed an adaptive
algorithm that handled the spectral overlap between
chrominance and high-frequency luminance components.
Lian et al. [46] observed two different states in the spectrum
of a raw image. Based on the spectral-spatial correlation,
Chung et al. [47] obtained an adaptive heterogeneity-
projection with proper mask size for each pixel. In [48],
Leung et a. designed a bandpass filter by the least square
approach.

4) Wavelet-Based Methods: Some literatures apply the
wavelet theory for demosaicking. Gunturk et al. [49] proposed
an algorithm which forced similar high-frequency character-
istics for the R, G, and B channels. Lu et a. [50] gave
an anaysis on this approach and presented a single-step
algorithm. A similar method was proposed by Li in [51].
Menon and Calvagno [52] exploited a wavelet-based analysis
of the luminance component to drive an adaptive interpolation
algorithm.

5) Reconstruction-Based Methods:  Reconstruction-based
methods formulate the demosaicking process as an optimiza-
tion problem that incorporatesthe inter-channel correlation and
image priors. The maximum a posteriori probability (MAP)
model [53] and the Markov random field model [54] are
popular for defining the objective function. Regularization
is aso widely used. Keren and Osadchy [55] proposed a
regularizer including a spatial smoothness and a color cor-
relation term. Saito and Komatsu [56] used the total variation
to impose smoothness on intra-channel and color differences.
Menon and Calvagno [57] proposed a regularization approach
to exploit globa and local natural color image prior.
Buades et a. [58] took into account the non-local image
geometry in the method. Mairal et a. [15] introduced the
sparsity prior in image demosaicking. This approach was
extended in [59] with an on-line dictionary learning strategy.
Moghadam et al. [60] presented a compressed sensing based
demosaicking method. Recently, Condat [61] showed a joint
demosai cking-deblurring application using total variation min-
imization.

I1l. PENROSE DEMOSAICKING

In this section, we present our method to demosaick the
Penrose CFA. We first define the mapping between Penrose
and sguare layouts. Then we describe our Penrose
demosaicking model and algorithm. We use upper and lower
case bold letters to denote matrices and vectors, respectively.
Both images and patches are represented in a column vector
in the order of R, G, and B.
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Penrose demosaicking process. (8) A Penrose raw image.

Fig. 4.
The horizontal and vertica thin lines indicate the square layout and the
white rectangle indicates the patch of image to be demosaicked.
(b) The mosaicked R, G, and B channels of the patch, respectively.
(c) The demosaicked R, G, and B channels of the patch.

A. Mapping Between Penrose and Square Layouts

As in [62], we assume that the pixels have uniform
photosensitivity. This implies that the contribution of a
Penrose pixel to a square pixel is proportiona to its areainside
the square pixel and vice versa. So the mapping between the
Penrose and the square layouts is as follows:

p=Ms-+e, D

where p and s are the column vectors of the irradiances of all
Penrose and square pixels involved, respectively, and e is the
noise, which always exists, e.g., due to graylevel quantization.

Since color images have three channels, there are three
coefficient matrices Mr, Mg, and Mg, corresponding to the
R, G, and B channels, respectively. So Equation (1) can be
written in more detail:

PR MR 0 0 SR
pc |=( 0 Mg O sc | +e. 2
pPB 0 0 Mg SB

So M is a block diagonal matrix, with the coefficient
matrices MR, Mg, and Mg of the three channels being its
diagonal blocks.

Take Mg for example, the entries of Mg are the ratios of
the areas of the intersections between the two types of pixels
to the area of sguare pixel. Namely,

. A(Pc()NSs()))

Mg i, D) A(PG(l)) s (3)
where Pg (i) and Sg(j) are the i-th Penrose pixel and the
j-th square pixel with the green component, respectively, and
A(X) represents the area of X. We take Fig. 4 as an example.
There are two green Penrose pixels, numbered with 8 and 22,
that are completely inside the window outlined by a white
rectangle. The corresponding Mg is as in Fig. 5. For
instance, if one indexes the to-be-demosaicked rectangular
patch column-wise, then the eighth Penrose pixel covers 0.30,
0.05, 0.51, and 0.14 of the second, third, sixth, and seventh
sguare pixels, respectively.
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0.00 0.30 0.05 0.00 0.00 0.51 0.14 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.50 0.15 0.00 0.00 0.30 0.05 0.00

Fig. 5. Anillustration of the coefficient matrix that maps a square layout with the green component into a Penrose one.

B. Penrose Demosaicking Model

We can see from Fig. 1 and 4 that for a Penrose raw
image none of the pixel values is equa to those of the
demosaicked image. In contrast, for a square layout raw image,
the pixel values of the raw image will be maintained after
demosaicking. So Penrose demosaicking is inherently more
challenging than regular demosaicking. Although there are
universal demosaicking methods [57], [63], [64] appropriate
for the Bayer CFA and various non-Bayer CFAs, they are
limited to square layouts and cannot be directly used for
Penrose demosaicking.

Natural image statistics suggests that image patches can be
approximated by a sparse linear combination of elements from
awell-chosen over-complete dictionary [65]. Motivated by this
assumption, Mairal et a. [15] proposed a sparse representation
based demosaicking model for regular pixel layout which
viewed the Bayer raw image as a noisy image with some pixel
values unknown. So the demosaicking problem was modeled
as adenoising process. The demaosaicking model for the square
layout is as follows:

1
min ZIM( — Dall3 + Zllallo + 5 1M©) 113, (4)

where D is a dictionary learned from clean full color patches,
a is the sparse code, ||a||o denotes the number of nonzero
elements of vector @ which is a non-convex function w.r.t. a,
|l - ll2 is the I2 norm, r is a patch of Bayer raw image, and
M is the mosaicking operator, i.e., the linear mapping that
only keeps the values of the three color components at their
sampled pixels. The demosaicked patch is the optimal s of
problem (4).

Inspired by sparse representation [65] and Mairal et a. [15],
we propose the following Penrose demosaicking model:

1 2 H 2
min>lis — Daliz + Allally + 5 11Ms — pli3, ®)

where p and s are vectors collecting Penrose and square pixel
values, respectively, || - |1 is the l1 norm which is the convex
relaxation of I pseudo norm [66], and M is the coefficient
matrix that maps square pixels into Penrose ones. The fidelity
term %HMS — p||§ results from Equation (1). The terms
|Is— Da ||§+/1||a |l1 are the image prior to encourage the patch
in square pixels to be represented by a few number of atoms
in the dictionary D. The parameter /. balances sparsity of a
and fidelity of the approximation to s, while u balances image
prior and fidelity of the mosaicking process.

However, Penrose pixels cannot fill in a rectangular region
exactly. So there must exist incomplete Penrose pixels
in the to-be-demosaicked rectangular patch, eg. the
fifth Penrose pixel in Fig. 4 successively covers 0.24, 0.74,
and 0.02 of three square pixels, which are vertically adjacent
and only the last two are inside the white rectangle. To account

for this effect, we modify (5) dightly as follows:
1 2 H 2
rQIaHEIIS—Da||2+/1||a||1+EIIMS—WDIIZ, (6)

where W = diag(w) and w records the ratios of the areas of
Penrose pixels inside the patch to the areas of Penrose pixels.
For example, in Fig. 4, let the fifth and eighth green
Penrose pixels correspond to the i-th and j-th entries of p,
respectively. Thereis 0.76 of the area of the fifth Penrose pixel
inside the patch. So the nonzero entries of the i-th row
of M are 0.74 and 0.02, and w(i) = 0.76. The eighth
Penrose pixel is completely inside the patch. So the nonzero
entries of the j-th row of M are as those of the first row of Mg
in Fig. 5, and w(j) = 1. Introducing W is consistent with the
uniform photosensitivity assumption of sensors [62].

Let x = (a',s")T in problen (6), our Penrose
demosaicking model is finally formulated as:

1
min 211 (=D XI5+ 41 (1 0)xll1 + 5110 M)x — Wpl3,
™

where | and 0 are the identity and zero matrices, respectively.
It is a convex problem w.r.t. X.

C. Alternating Direction Method (ADM)

The optimization problem (7) can be solved by the
alternating direction method (ADM). The convergence of
ADM for solving convex problems with two blocks is well
established [67]. ADM updates the blocks alternately by
minimizing the augmented Lagrangian function. For the
following model problem:

r)r(1iyn f(x) +g(y), st AKX+ B(y) =c, (8)

where x, y, and ¢ can be either vectors or matrices, f and g
are convex functions, and .4 and B are linear mappings, ADM
operates on the following augmented Lagrangian function:

‘C(Xa ya Z) = f(X) + g(y) + <Za A(X) + B(y) - C)
+ SIA) +By) — cl3, ©)
where z is the Lagrange multiplier, (-, -) is the inner product,
and y > 0 is the penalty parameter. ADM updates x and y

aternately by minimizing £ w.r.t. x and y, respectively. The
iterations go as follows:

Xk+1 = argmin L(X, Yk, Zk), (10)
X

Yk+1 = argmin L£(Xk+1, Y, Zk), (11)
y

Zky1 = Zk + 7 (A(Xkt1) + B(Yk+1) — ©). (12)

ADM is advantageous when subproblems (10)-(11) are easily
solvable, e.g., having closed form solutions. For more details
about ADM, we refer the readers to [67].
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D. Solving the Penrose Demosaicking Model by ADM

When applying ADM to (7), we first introduce an auxiliary
variable y and reformulate it as:

min 21 (=D X124+ Ayl + 1 © Myx — Wpj2
Xy 2 2 2 2

st. y=(0)x. (13)

The augmented Lagrangian function of problem (13) is:
1

£(x,Y.2) = 11 (=D DXI3+ 21yl + 511 0 M)x — Wp|3
+2y=(10X+ Sy -1 Oxi3  (14)

Then by ADM problem (13) can be solved via the following
iterations:

Xk+1 = argmin L(X, Yk, Zk)
X
_ .1 2 M 2
= argmin S| (=D Dxlz + Sl (0 M)x — Wpll5
X
+ Slyk = (1 O)x+2/7 13

—H-!L Y Yk + Zk
- #MTWp J°

Yk+1 = arg m|n £(Xk+la ya Zk)
y

(15)

= argmin Alyla+ Sy = (0 0)Xcea +2/713 (16)
y

= 85/y (1 0) X1 — ZK/7),

Zi1 = 2k + 7 Wi — (1 0) Xt 1), (17)
_ (D'D+y1  -DT _
where H = D 14+uMTM and S.(x) =

sgn(x) max(|x| — ¢, 0) is the soft thresholding operator [68].

To demosaick a large image, we may demosaick it patch
by patch, where nearby patches overlap by several pixels.
Then we average the values of overlapping pixels to get the
demosaicked image. In this way, not only the inverse of huge
matrix H is avoided, part of the components in H=1 can be
reused when demosaicking different patches. Actualy, by the

result in [69],
ol D'D+yht4+csict cs?
s-icT st )
where S = | + uMTM — DC is the Schur complement of
D'D+ylinHand C = (D'D+ y1)~!DT. So we only
have to recompute S~ for different patches, where M varies.

We can further dismiss the storage of H=1 and speed up the
computation by decomposing x into two components:

_ _ Z
sr1 = (0 Dxiga = (S7ICT s7Y) (ZK,,kaN;)

= s (CT Gy +20 +uMTWp), (19
and

ak+1 = (1 0) Xk+1

_ T -1 —1AT —1\ [V Yk + Zk
_((D D+yhl4csicT cs )(,uMTWp)

= (DD +y D) (yyk + zk) + Csiy1. (19)
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Algorithm 1 Algorithm for Solving Problem (13)

Input: Vector p of values of Penrose pixels intersecting a to-
be-demosaicked patch, pre-learned dictionary D, positive
parameters i, u, y=1,and € = 0.1, yo =0, zg = 0.

1: while the stopping conditions (22)-(23) are not met do
2 Update s by (18).
3: Update a by (19).
4 Update y by (20).
5: Update the multiplier z by (21).
6: end while
Output: Demosaicked patch s in square layout.

Then we update y and z as

Y1 = Siyy (@K1 — Zk/Y ), (20)

Zk+1 = Zk + 7 (Yk+1 — @k41)- (21)
The stopping criteria are:

lYk+1 — aks1llo <&, and (22)
max{||Yk+1—VYklloo, ll@k+1—aklloo, lISkr1—Sklloo} <&, (23)

which account for the primal residual and the dual residual,

respectively [67].
We summarize the whole solution process in Algorithm 1.

IV. EXPERIMENTS

In this section, we first test Penrose layout on bench-
mark images and compare it with regular RGB CFAs with
the proposed demosaicking method, both quantitatively and
visually. The four chosen regular RGB CFAs include: the
most commonly used Bayer CFA [10], which is not uni-
formly colored (Fig. 1 (b)), the Lukac CFA [17], which is
not three-colored (Fig. 3(b)), the X-Trans CFA [22], which
simulates the irregularity and random arrangement of pixelsin
square layout (Fig. 3(d)), and the Random CFA [21], which
is random (and hence aso non-periodic) and is uniformly
three-colored in square layout (Fig. 3(c)). A difference
between Penrose CFA and Random CFA is that the latter
uses square pixels. We do not compare with non-RGB CFAs
because the Penrose CFA uses R, G, and B colors.

When we demosaick from the raw images by regular
RGB CFAs, the Penrose demosaicking model (see (6)) can
be simplified, which we call square soft demosaicking.
Its demosaicking model is:

rgp%ﬂs — Dal3 + Zllalls + SIME) 13, (24
where the notations are the same as those described in
subsection 111-B.

For reference, we aso present the results of the

state-of-the-art demosaicking methods on the Bayer CFA.

A. Experiment Settings

1) Smulation of Penrose Raw Images. Since the
Penrose CFA has not been manufactured, we need to
generate a three-colored rhombus Penrose tiling to simulate it.
In the literature, several methods have been developed for
generating Penrose tilings [4], [70]-{73]. Also, we can color
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arhombus Penrose tiling with the coloring algorithm proposed
by Sibley and Wagon [9]. Since the pixel shapes of Penrose
and sguare layouts are different, as in [5] the two layouts
are considered to have the same resolution if they have the
same number of pixels within a given area. S0 we scae
the size of Penrose layout so that the two layouts have the
same number of pixels in the imaging area. Then for each
patch, we compute the coefficient matrix M of the mapping
between the two layouts. We regard every rhombus pixel and
square pixel as polygonal regions, whose vertex coordinates
are recorded during the generation of the two layouts. For
example, when we compute the coefficient matrix of the
green channel Mg by (3), the areas of rhombus pixels and
square pixels in Mg (see (3)) are estimated as that of the
two polygonal regions, and so is the area of the intersection
between them.

We scale Penrose layout to match the size of square layout
as follows. Let the area of sguare pixel be 1 and the size of
square layout be u x v pixels, then we have the following four
equations with four unknowns:

a/ap =9,
ny/nz = ¢,
N1 4+ N2 = uUo, (25)

niaj 4+ nzap = U,

where a; and ap are the areas of thick and thin rhombus
pixels, respectively, n1 and n, are their numbers, respectively,
and ¢ = ”Tﬁ is the golden number. (25) has a unique
solution. If the areas of thick and thin rhombus pixels in
the initial Penrose tiling are &; and &y, respectively, then the
scaling factor can be computed as \/ai/a; (or equivaently
Jaz/&). We next scale the initial Penrose tiling with the
scaling factor and crop a u x v rectangular region from the
scaled Penrose tiling as Penrose layout.

We simulate the imaging process as follows (Fig. 1). Wefirst
choose a full color image, which is also the ground truth, to
simulate the scene. Then we obtain the raw image patches
in both Penrose layout and square layout according to the
mosaicking process shown in Equation (2). For instance, the
green pixel values of the Penrose raw patch are computed
by pc = Mgsg, where the notations are the same as those
described in subsection 111-A. However, the pixel valuesin pg
are real numbers. So we aso quantize pg using MATLAB’s
default ui nt 8 function to generate the final 8-bit grayscale
Penrose raw patch. As there is always graylevel quantization,
we can only use an inexact data-fitting term in the Penrose
demosaicking model (see (6)). The imaging simulation for
square layouts with RGB CFAs can be simplified as a
sub-sampling process, i.e., keeping only one color for each
pixel as specified by each RGB CFA.

2) Dataset and Evaluation Metrics. We test on the most
commonly used Kodak PhotoCD dataset [74], which contains
24 images that are film captured. They are digitized and then
padded to a resolution of 512 x 768 pixels and encoded in
RGB with 8 bits per channel.

We directly use the dictionary D learned for SC [15],
which is publicly available.® It is also the initial dictionary

3http://l ear.inrid pes.fr/people/mairal /software.php.
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for LSSC [59]. The pre-learned dictionary has 256 atoms,
each of dimension 8 x 8 x 3 for 8 x 8 RGB patches.
We demosaick patch by patch, where the paich size is
8 x 8 pixels and the overlap between nearby patches is
seven pixels. Note that the dictionary D for SC [15] is learned
using the online procedure of [75], which is detailed in [59].
In contrast, the original dictionary for SC [15] is learned by
K-SvD [76], which is a batch learning method and unusable
with large-scale training data [59].

We sdect the first five images from the Kodak dataset
for parameter tuning. It resultsin 1 = 1 and x = 8 for
Bayer CFA [10], A = 0.5 and ¢ = 8 for Lukac CFA [17],
A = 0.8and ug = 8 for X-Trans CFA [22], 2 = 0.5 and
1 = 8 for Random CFA [21], and 4 = 0.35 and x = 3 for
Penrose CFA. They are the parameters that give the best aver-
age CPSNR values on the selected images. Following SC [15]
and LSSC [59], these parameters are fixed when testing on
al 24 images in the Kodak dataset. As the Penrose CFA has
incomplete pixels at the boundary, we aso exclude an 8-pixel
border (one patch width) to eliminate the boundary effects.
We implement Penrose demosaicking and square soft demo-
saicking in MATLAB. With our unoptimized codes, Penrose
demosai cking takes about 49.7 minutes to demosaick an image
of size 512 x 768 pixels on a 4.00 GHz Quad Core machine.

We adopt two objective image quality measures, CPSNR
and S-CIELAB AE}, [36], to evaluate the performance of all
CFAs in comparison. CPSNR is based on computing the pixel-
wise color difference between the demosaicked image and the
ground truth image. It is not very related to visual perception.
In contrast, the SSCIELAB AE}, metric uses a perceptual
model to measure the spatial color reproduction accuracy of
arecovered image as seen by a human. A larger AE;, value
may indicate larger error and poorer visual quality.

However, neither CPSNR nor S-CIELAB complies with
human vision perfectly. Namely, images with better CPSNR
or S-CIELAB values are not necessarily of higher visual
quality [77], [78]. There are often subtle artifacts in the demo-
saicked images, such as false color and zipper effect [34], [35],
which can degrade the visual quality significantly but may
only affect the values of CPSNR and S-CIELAB very
dightly. So we also compare the demosaicking results by
visual evaluation, which we deem more important than
guantitative evaluation.

B. Comparison With Regular RGB CFAs

We first quantitatively compare the Penrose CFA with
regular RGB CFAs. The upper left part of Table | gives the
individual and average CPSNR values of each CFA on the
benchmark test images, while the lower left part of Table |
gives the S-CIELAB values. The best values in the left part
of Table | are in boldface.

In terms of CPSNR, we can see that Random CFA [21]
outperforms the other CFAs on both individua image
and the whole dataset. Lukac CFA [17] has competitive
CPSNR values. With the proposed demosaicking method, the
Penrose CFA isinferior in terms of CPSNR on the test images.
One key reason is that in the Penrose CFA none of the color
components of the reconstructed regular color images is equal
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TABLE |
EVALUATION ON THE KODAK PHOTOCD DATASET. THE LEFT PART SHOWS THE COMPARISON BETWEEN THE PENROSE CFA
AND FOUR REGULAR RGB CFAS. THE RIGHT PART SHOWS THE RESULTS OF THE STATE-OF-THE-ART DEMOSAICKING
METHODS ON THE BAYER CFA, PRESENTED JUST FOR REFERENCE. “EVAL.", “DIR. INTERP.”, “HEU.”, AND “FREQ."
STAND FOR “EVALUATION”, “DIRECTIONAL INTERPOLATION”, “HEURISTIC”, AND “FREQUENCY ", RESPECTIVELY.
THE INDIVIDUAL AND AVERAGE CPSNR AND S-CIELAB A E;b VALUES ARE REPORTED

Regular RGB CFAs Dir. Interp. | Heu.| Freq.| Wavelet Reconstruction

Eval. No Bayer Lukac X-Trans Random Penrose LPA  RI| Lu|[LSLCD| WL API| SC LSSC RAD CD8
Metric “| o101 [17] [22] [21] [38] [42]| [34] [48]| [52] [501| [151 [591 [57]1 [60]
0T [3897 3943 38.60 39.77] 36.66| [40.46 39.06|36.15] 39.51[38.59 37.99[40.85 41.36 38.30 37.81
02 [39.89 41.08 4029 41.49| 40.28| [41.32 40.06|39.48| 41.55|40.39 39.50|41.75 42.21 39.85 38.61
03 | 4123 41.63 4091 41.66| 40.76| |43.50 41.71|41.09| 43.26|42.03 41.55[43.20 44.25 42.15 37.28
04 | 4027 4020 39.40 40.89| 40.12| [40.89 40.35|39.88 | 41.19|40.16 40.07 |42.24 42.48 40.81 41.05
05 | 37.53 36.85 36.61 37.57| 35.79||37.56 37.80|36.96| 38.76 (37.76 37.54|38.79 39.52 38.04 3791
06 |39.49 4043 39.73 40.80| 37.86| |40.95 40.90|36.87| 40.98|40.09 38.82|41.34 41.74 39.88 39.34
07 |41.41 4146 4083 41.91| 4098 [43.03 41.99|41.40| 43.57|41.74 41.80|43.26 44.03 42.45 41.59
08 | 3536 36.85 3630 37.63| 34.49| |37.14 36.59|34.26| 36.09 |36.37 3549|3747 37.62 36.05 35.49
09 | 41.17 4171 4149 4243 | 40.79| |43.52 42.56 |40.78 | 42.94 |42.47 41.92|43.21 43.84 42.13 42.40
10 | 41.24 4172 4144 4229 40.85| |42.67 42.47|40.87 | 42.82|42.43 42.07 |42.89 43.21 4241 42.27
11 | 3895 40.11 39.14 40.44| 38.29| |40.55 40.28|38.09| 40.46|39.70 39.39 [41.25 41.55 39.75 39.22
12 | 42.14 4256 4223 43.06| 41.87| |44.00 43.30|41.03| 43.71|43.39 42.70 |44.28 44.86 43.22 43.49
CPSNR | 13 |35.08 35.17 3424 35.11| 32770 |36.11 35.43|32.46| 36.56 |34.55 34.51|36.21 36.40 34.87 34.19
14 13629 36.65 36.19 36.95| 35.66| |37.01 36.34|36.84| 37.87|35.96 35.85(37.78 38.89 36.17 36.27
15 [39.12 3938 3887 39.96| 39.09| |40.09 38.85|38.53| 40.69|39.35 39.30[41.03 41.73 39.89 39.30
16 | 42.40 43.57 4287 44.01| 41.01| |44.01 44.30|39.65| 44.37|43.81 42.13 (4436 44.89 43.28 42.65
17 | 40.66 40.82 40.62 41.36| 39.69| |41.83 41.79|39.80| 41.97 |41.13 41.48 |41.81 42.06 41.53 41.15
18 3691 3717 3651 37.17| 35.76| |37.36 37.52|36.03| 37.83|36.94 37.32(38.13 38.17 37.40 37.05
19 | 38.81 40.68 40.20 41.38| 38.54| |41.51 41.31|38.74| 41.02|40.89 40.02 (41.86 42.28 40.04 40.15
20 | 4033 40.74 40.24 41.32| 39.57| |41.43 41.23|40.06| 41.41(40.69 40.70 |41.92 42.23 41.00 40.72
21 | 3855 39.84 3920 40.13| 37.77||39.65 39.67|37.35| 39.65|38.96 38.88|40.60 40.70 39.27 38.48
22 | 37.55 38.01 3745 38.25| 37.23||38.52 38.50|37.78| 38.92(38.14 37.77 |38.81 39.33 38.34 38.40
23 | 4098 41.77 41.02 42.26| 41.74| |43.92 42.02|41.54| 44.28 |42.08 41.92|43.47 44.34 4238 38.75
24 3529 3536 3491 3536| 33.97| (3535 35.25|33.99| 35.70 |34.65 34.82|35.53 35.82 35.55 35.37
Avg.[39.15 39.72 39.14 40.13| 38.40| [40.52 39.97|38.32] 40.63[39.68 39.31[40.92 41.40 39.78 39.12
Ul .14 1.13 1.37 I.I9] 083| [ 093 098] 143 T1.06] 1.09 125| 089 080 TI.19 T1.17
02 | 097 074 089 064 057 | 062 0.75| 1.08| 058| 0.71 0.78| 0.59 055 0.72 1.05
03 | 092 072 087 0.73| 056|| 045 049| 0.88| 048] 0.53 0.56| 047 041 055 0.80
04 | 096 088 1.19 080 058 | 072 0.70| 094| 0.65| 0.75 0.74| 0.57 0.60 0.72 0.75
05 1.23 141 1.54 1.39| 1.04 129 1.03| 123 094| 1.10 1.14| 093 082 1.11 1.01
06 | 1.03 083 1.02 097| 066| | 0.76 0.72| 120| 0.73| 0.77 094| 0.70 0.64 0.85 0.82
07 | 073 077 094 083 057|| 052 0.56| 085 048] 0.65 0.64| 0.50 045 0.58 0.58
08 1.71 140  1.82 140 1.09 123 1.26| 1.60| 144| 132 152| 1.16 1.11 1.40 143
09 | 095 082 095 076| 0.55 0.54 0.55| 0.85| 0.57| 058 0.65| 055 0.53 0.64 0.65
10 | 089 074 081 0.73] 0.52|] 056 0.55| 083 0.54| 055 0.60| 053 0.52 0.61 0.59
11 1.14  0.87 1.14  092| 0.63|| 072 0.68| 1.00| 0.72| 0.75 0.83| 0.66 0.63 0.79 0.83
12 | 068 0.60 064 072| 0.44|| 044 047| 078 047| 049 0.53| 043 040 052 046
S-CIELAB | 13 .77 171 215 1.90| 1.30 1.55 1.45| 192 1.42| 157 1.73| 136 132 1.62 1.67
14 | 125 112 135 L1701 092|| 097 095| 1.17| 091| 1.12 1.13| 086 0.76 1.07 1.13
15 1.01 084 097 084] 0.57|| 064 0.71| 089 0.58| 0.73 0.71| 056 0.52 0.68 0.74
16 | 076 0.62 078 0.63| 050|| 053 049| 096 0.50| 0.54 0.66| 0.50 0.46 0.59 0.58
17 | 073 070 086 0.64| 047|| 054 0.50| 0.75| 0.50| 0.56 0.56| 0.51 0.51 055 0.57
18 | 141 125 150 1321 093 .10 099| 1.32| 099| 1.08 1.06| 094 094 1.04 1.09
19 | 127 095 .17 0.89| 0.68|| 0.71 0.70| 1.06| 0.74| 0.75 0.83| 0.68 0.66 0.84 0.84
20 | 075 072 093  0.68| 0.52|| 054 0.68| 080 0.53| 0.66 0.66| 049 047 059 0.56
21 141 098 120 097 0.70|| 088 0.84| 1.16( 0.87| 092 0.97| 078 0.77 094 0.96
22 | 137 124 158 126 088|| 098 097| 120 088| 1.02 1.05| 0.89 083 097 0.96
23 | 083 075 097 077 0.52|| 046 0.53| 0.84| 044| 058 0.56| 046 043 053 0.75
24 | 122 119 151 1.23] 0.88 1.14 111} 132 1.00| 1.07 1.14| 098 0.96 1.06 1.00
Avg.| 1T.09 096 1.I7 097] 0.70| [ 0.78 0.78] 1.09] 0.75] 0.83 0.88] 0.7 0.67 0.84 0.87

to those of the ground truth. In contrast, for regular RGB CFAs
one third of the pixel color values are identical to the ground
truth. So regular CFAs are inherently advantageousin CPSNR.
On the other hand, although the 1.73dB gap between Random
CFA and Penrose CFA seems a bit large, the difference in
average per-pixel error is only 0.55 graylevel, which could be
compensated if smart quantization is adopted.*

It is well known that CPSNR is not a good measure for
visual quality [77]. So people often use S-CIELAB values,

4In our experiments, we simply used Matlab's default ui nt 8 function to
quantize Penrose demosaicked images.

which is closer to human perception than CPSNR, for eval-
uation as well. In terms of S-CIELAB, we can see that the
Penrose CFA outperforms regular RGB CFAs significantly on
both individual image and the whole dataset.

As the visua quality is typically the most important eval-
uation for image demosaicking, we present part of the visual
comparison® in Fig. 6-8. We can see that the visua quality
of Penrose CFA is better than that of regular RGB CFAS,

5All the 24 demosaicked images of each method on the Kodak dataset can be
found at: http://www.cis.pku.edu.cn/faculty/vision/zlin/PenroseDemosaicking.
htm.
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(1d) X-Trans CFA [22] (le) Random CFA [21]

(1h) LPA [38] - (1i) RI [42] (1j) Lu [34] (1k) LSLCD [48] (11) WL [52]

i i
L

(1p) RAD [57] (1q) CD8 [60]

(la) Scaled original image (1c) Lukac CFA [17] (1f) Penrose CFA

(1g) Ground truth

i

(1b) Bayer CFA [10]

(Im) AP1 [50] (In) SC [15] (lo) LSSC [59]

T i r i T - |
(3m) AP1 [50] (3n) SC [15] (30) LSSC [59] (3p) RAD [57] (3q) CD8 [60]

Fig. 6. Blowups of some demosaicked images in the Kodak dataset. From top to bottom, the images are from #1, #6, and #8 Images of the Kodak dataset,
respectively. In each group, (a) is the scaled original image, in which the red rectangle indicates the selected patch to blow up; (b)-(€) and (f) are the images
demosaicked from raw images by regular RGB CFAs and Penrose CFA, respectively; (g) is the ground truth; (h)-(q) are the images demosaicked by the
state-of -the-art demosaicking methods on the Bayer CFA [10]. From al the three groups of images, we can clearly see that the images demosaicked from raw
images by Bayer CFA [10], Lukac CFA [17], and X-Trans CFA [22] have severe false color artifacts at the window (false blue and yellow color artifacts),
around the mast (false blue and yellow color artifacts), and on the roof of skylight (color stripe in the snow-covered area), while those by Random CFA [21]
and Penrose CFA have better subjective quality.

especialy in removing false color at highly textured regions Fig. 7 and 8 show that Random CFA can till result in false
or along edges. Although the examples in Fig. 6 seem to color along highly contrasted edges (Please read the captions
show that Random CFA is comparable to Penrose CFA, for the descriptions on visua difference.).
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(1a) Scaled original image (1b) Bayer CFA [10] (1c) Lukac CFA [17] (1d) X-Trans CFA [22] (le) Random CFA [21] (1f) Penrose CFA

(1g) Ground truth (1h) LPA [38] (1i) RI [42] (1j) Lu [34] (1k) LSLCD [48] (11) WL [52]
(1m) AP1 [50] (In) SC [15] (1o) LSSC [59] (1p) RAD [57] (1q) CDS8 [60]
. N
i ﬁ‘w \ 1L ﬁ ﬁ
(2a) Scaled original image (2b) Bayer CFA [10] (2¢) Lukac CFA [17] (2d) X-Trans CFA [22] (2e) Random CFA [21] (2f) Penrose CFA
(2g) Ground truth (2h) LPA [38] (2i) RI [42] : (2j) Lu [34] A (2k) LSLCD [48] 2D WL [52]
L
i IE_.."- .'| -.

(2m) APl [50] (2n) SC [15] (20) LSSC [59] 2p) RAD [57] (29) CD8 [60]

| = L]
(3g) Ground truth

e
R

-

i - . I il ] Ll § - Rl e e
(3m) AP1 [50] (3n) SC [15] (30) LSSC [59] (3p) RAD [57] (3q) CDS8 [60]

Fig. 7. More blowups of demosaicked images in the Kodak dataset. From top to bottom, the images are from #1, #6, and #24 Images of the Kodak dataset,
respectively. In each group, (a) is the scaled origina image, in which the red rectangle indicates the selected patch to blow up; (b)-(€) and (f) are the images
demosaicked from raw images by regular RGB CFAs and Penrose CFA, respectively; (g) is the ground truth; (h)-(g) are the images demosaicked by the
state-of -the-art demosaicking methods on the Bayer CFA [10]. We can observe that the Penrose demosaicked images are almost perfect, while al other images
have false color.

The above comparisons validate the advantage of Penrose C. Comparison With Demosaicking on the Bayer CFA
CFA and aso testify that the irregularity of Penrose CFA is Both the CFA and the demosai cking method affect the visual
important for producing demosaicked images with high visual  quality of the reconstructed full color images. Accordingly, to
quality. further demonstrate the benefit of Penrose CFA in improving
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(b) Bayer CFA [10]

(h) LPA [38] (i) RI [42]

(m) AP1 [50] (n) SC [15]

(c) Lukac CFA [17]

(g) Ground truth
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(d) X-Trans CFA [22] (e) Random CFA [21] (f) Penrose CFA

(j) Lu [34]
"1 "

(k) LSLCD [48] (I) WL [52]

(0) LSSC [59]

(p) RAD [57]

(9) CD8 [60]

Fig. 8. One more blowup of demosaicked image in the Kodak dataset. (d) is the scaed origina image from #13 Image in the Kodak dataset, in which the
red rectangle indicates the selected patch to blow up; (b)-(€) and (f) are the images demosaicked from raw images by regular RGB CFAs and Penrose CFA,
respectively; (g) is the ground truth; (h)-(g) are the images demosaicked by the state-of-the-art demosaicking methods on the Bayer CFA [10]. We can observe
that the Penrose demosaicked image is almost perfect, while all other images have fase color.

visual quality, we aso present the results of the
state-of-the-art demosaicking methods for the Bayer CFA on
the Kodak dataset. Among these algorithms, LPA [38] and
RI [42] are directional interpolation methods, Lu and Tan [34]
is a heuristic method, LSLCD [48] is a frequency domain
method, WL [52] and APl [50] are wavelet-based
methods, SC [15], LSSC [59], RAD [57], and CD [60]
are reconstruction-based methods. For these methods, we
directly use the results of each method provided online if
they exist. Otherwise, we use the codes that are publicly
available [79], with default parameters set by their respective
authors.

From the right part of Table I, we can also see that Penrose
demosaicking does not excel in CPSNR but outperforms in
S-CIELAB, being only dightly inferior to LSSC [59]. Besides
the adverse reason discussed earlier, we have to highlight
that LSSC [59] includes an online dictionary learning strategy
during the demosaicking process, while Penrose demosaicking
uses a fixed dictionary. From the visual comparison shown
in Fig. 6-8, we can see that Penrose demosaicking has better
visual quality than other demosaicking methods.

V. CONCLUSIONS AND FUTURE WORK

In this paper, we present the Penrose CFA for color image
capturing. Since the Penrose CFA is irregular and aperiodic,
most of the existing algorithms are not applicable for demo-
saicking it. We develop a new demosaicking method based
on sparse representation. Extensive experiments on standard
test images show that the Penrose CFA is advantageous in
reconstructing full color images with high visua quality, in
particular, removing false color. Our work complements the
Penrose pixels for grayscale image super-resolution [5].

Currently, we simply choose the most commonly used
RGB color components for the Penrose CFA. We will try
other color components, such as using CMY or optimizing

the color components as Hao et al. [18] did. Although with
our first demosaicking method the Penrose CFA did not excel
in CPSNR, this aspect could be continuously improved, like
the effort on the Bayer CFA over the past three decades.
Possible strategies include adopting an adaptive dictionary
as LSSC [59] did, designing a smart graylevel quantization
strategy, and incorporating characteristics of the Penrose
CFA. We will also consider designing efficient demosaicking
methods for the Penrose CFA. Finally, we thank the reviewers
for mentioning the real hexagonal CFA with hexagonal pixels
(the one shown in Fig. 2(c) is hot areal hexagonal CFA despite
its name). To our best knowledge, it is still non-existent.
We will compare the Penrose CFA and the real hexagona
CFA thoroughly.
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