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Automatic Design of Color Filter Arrays
In the Frequency Domain

Chenyan Bai, Jia Li, Zhouchen Lin, Senior Member, IEEE, and Jian Yu

Abstract— In digital color imaging, the raw image is typically
obtained through a single sensor covered by a color filter
array (CFA), which allows only one color component to be
measured at each pixel. The procedure to reconstruct a full color
image from the raw image is known as demosaicking. Since the
CFA may cause irreversible visual artifacts, the CFA and the
demosaicking algorithm are crucial to the quality of demosaicked
images. Fortunately, the design of CFAs in the frequency domain
provides a theoretical approach to handling this issue. However,
almost all the existing design methods in the frequency domain
involve considerable human effort. In this paper, we present a new
method to automatically design CFAs in the frequency domain.
Our method is based on the frequency structure representation
of mosaicked images. We utilize a multi-objective optimization
approach to propose frequency structure candidates, in which the
overlap among the frequency components of images mosaicked
with the CFA is minimized. Then, we optimize parameters for
each candidate, which is formulated as a constrained optimization
problem. We use the alternating direction method to solve it.
Our parameter optimization method is applicable to arbitrary
frequency structures, including those with conjugate replicas of
chrominance components. Experiments on benchmark images
confirm the advantage of the proposed method.

Index Terms— Color filter array (CFA), demosaicking, multi-
objective optimization, alternating direction method (ADM).

I. INTRODUCTION

OLOR images contain at least three color components
at each pixel, such as red (R), green (G), and blue (B),
or cyan (C), magenta (M), and yellow (Y). To produce a
color image, a digital camera would need one sensor for
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each color component to record its values. However, multiple
sensors are expensive and have difficulty in precise registra-
tion. So most digital cameras use a single sensor covered
by a color filter array (CFA). A CFA is a hardware which
has the same size as the sensor and alows only one color
component to be sensed at each pixel. The process to recover
a full color image from the image obtained from a single
sensor with a CFA is called demosaicking [1]-{3]. Both the
CFA and the demosaicking algorithm affect the quality of the
reconstructed full color image. As a demosaicking algorithm
takes the images mosaicked with a CFA as input, one can
design the CFA to make the subsequent demosaicking process
much more robust to visua artifacts. Note that whenever we
refer to CFA design, the CFA is periodic and defined on the
square lattice, in which the minimum periodic array is called
a CFA pattern. For other types of CFAS, e.g., random CFA [4]
or irregular CFA [5], we refer the readers to [5].

Most of the existing CFAs are designed empirically in the
spatial domain under different considerations [6], [7]. The
Bayer CFA [8] is the most popular CFA in the consumer
market (Fig. 1(1a)) and hence the majority of demosaicking
algorithms are proposed for it [1]-{3]. The Bayer CFA was
designed based on the human visual system’'s (HVS) greater
sengitivity to green light. However, spectral characteristic
analysis [9] has shown that aiasing artifacts are inherent to
the Bayer CFA. We can see from Fig. 1(2a) that there are
chrominance components of the image mosaicked with Bayer
CFA located on the horizontal and the vertical axes, where the
luminance component has a high spectral density. To overcome
the limitation of the Bayer CFA, many other CFAs have been
proposed [3], [6], [7], [10]-{12]. Recently, Fujifilm X-Trans
CFA [13] was presented to mimic the irregular and randomly
arranged particlesin silver halide film. It is claimed to be more
resistant to Moiré effects than the Bayer CFA.

Some more systematic CFA design methods have also
been proposed. Parmar and Reeves [17] developed a CFA
design method using only RGB color components. They
proposed an error criterion that incorporates the HVS effect
in evaluating the perceived quality of the reconstructed image.
They also presented a sequential backward selection (SBS)
scheme to optimize the criterion. Their designed CFA was
shown to perform better than the Bayer CFA in terms of
their error criterion. A similar method was proposed by
Lu and Vetterli [18]. The color components of their CFA
are weighted combinations of R, G, and B. They optimized
the CFA by minimizing the reconstruction error of the lin-
ear minimum mean square error demosaicking [19]. This
approach was extended in [20] to design a CFA that can
simultaneously capture visible and near-infrared image pairs.
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Fig. 1. Four existing CFA patterns and their corresponding spectra and frequency structures. The first row are the (a) Bayer CFA [8], (b) Hirakawa CFA [14],
(c) Condat CFA [15], and (d) Hao CFA [7], respectively. The sum across color channels of all the CFAs are normalized to be all-one matrices. The second
row are the average spectra of all 24 images in the Kodak dataset [16] mosaicked with the corresponding CFAs in the first row. From the second row, we
can clearly see that the luminance spectrum is concentrated in the center and on the horizontal and the vertical axes. The chrominance spectra are located on
the borders in which the dashed and solid circles refer to the replicas of the two chrominance components Cq and Cy, respectively. The third row are the
corresponding frequency structures [7] of CFAs in the first row, which record the spectra components and their positions in the second row. Note that by
convention the basebands are placed at the center in the second row, but al the Discrete Fourier Transform (DFT) spectra are periodic in both horizontal and
vertica directions. However, the frequency origin (0, 0) of frequency structures in the third row is at the top-left of the matrix. Images in this paper are

best viewed on screen!

In [21], Parmar and Reeves presented a design method for
three-color CFAs (e.g., RGB, or CMY). They first demon-
strated that the spectral sensitivity functions of the color
filter affect both the color reproduction and the quality of
demosaicked images. Then they selected spectral sensitiv-
ity functions via minimizing the reconstruction error in the
CIELAB space [22] over severa illuminants. The obtained
CFAs were shown to perform better than several existing
RGB and CMY CFAs in terms of both perceptual evalua
tion and objective image quality measure S-CIELAB [22].
Sadeghipoor et al. [23] incorporated the smoothness prior of
spectral sensitivities into the optimization to select spectral
sensitivity functions.

Since the seminal work by Alleysson et al. [9], the frequency
representation of mosaicked images has provided new insights
into demosaicking algorithm [9], [24] and CFA design [14].
The CFA design in the frequency domain [7], [14], [15]
provides a theoretical approach to producing full color images
with fewer visual artifacts. Alleysson et a. found that the
images mosaicked with the Bayer CFA consist of a lumi-
nance component (luma for short) at the baseband and mul-
tiple modulated replicas! of two independent chrominance

1in general, the replicas of a chrominance component C can be its
conjugate C* or aC, where a is area or complex scalar.

components® (chroma for short) at the high frequency bands.
We show the spectrum of Bayer CFA in Fig. 1(2a), where the
lumais denoted by the black dashed circle and the modulated
chromas are denoted by the white dashed and solid circles.
Hirakawa and Wolfe [14] extended the spectral characteristic
of Bayer CFA to arbitrary rectangular and periodic CFAs.
Then the CFA design was converted to a parameter search
problem, where the minimum distance between lumaand mod-
ulated chromas is maximized. Hirakawa and Wolfe conducted
exhaugtive search in the parameter space with several carefully
designed constraints. The optimality of each parameter was
empirically evaluated by its demosaicking performance on an
image set. So their approach is time-consuming and depends
on the demosaicking algorithm and the image set. One of the
obtained CFA is shown in Fig. 1(1b). We can see that the
chromas of images mosaicked with their CFA are modul ated
far away from the center and the horizontal and the vertical
axes (Fig. 1(2b)). Condat [15] followed this approach and
developed a constructive method to manually determine the
parameters step by step. He argued that a CFA should be robust
to noise as well as aliasing, especialy for photography in

2Note that representing all color reguires one luminance component and at
least two independent chrominance components. In order to avoid redundancy,
it is natural to use only two chrominance components.
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Fig. 2. Overview of the proposed automatic CFA design method. From left to right: (a) is the input CFA pattern size, in which ‘L’ marks the position of
luma and ‘0" marks the available chroma positions. Our method first performs multi-objective optimization (b) to obtain chroma position candidates (c), where
‘1’ marks the selected chroma positions. Then it generates frequency structures (d) according to the chroma position candidates. It next optimizes parameters
for every frequency structure to produce CFAs (e) and finaly outputs the obtained CFA (f).

low-light conditions. So he chose the parameters by simul-
taneously maximizing the minimum distance between luma
and chromas and the sensitivity of the CFA. He proposed
a2 x 3 CFA pattern using six color components (Fig. 1(1c)).
Both approaches need a considerable human effort in parame-
ter optimization. Also, an appropriate luminance/chrominance
basis should be chosen carefully.

An alternative approach for CFA design in the frequency
domain was proposed by Hao et al. [7]. Their method is based
on the frequency structure, which records all the luma and
chromas of mosaicked images at their corresponding frequen-
ciesin amatrix (see the third row of Fig. 1). They first manu-
ally specified afrequency structure with some guidelines. Then
for the given frequency structure, the parameter optimization
was formulated as a constrained optimization problem. With
certain assumptions, they used a geometric method to solve
it. The proposed CFA is shown in Fig. 1(1d). Their geometric
method is attractive for it is intuitive and visual. However,
the user has to choose the vertices of optimal triangle on the
boundary of the feasible region. Moreover, it cannot work
when the frequency structure contains conjugate replicas of
a chroma (e.g., the one shown in Fig. 1(3b)). Additionally,
the geometric method is derived from the Frobenius norm
of the inverse of color transformation matrix, which is an
approximation of its spectral norm. Details on this issue are
provided in subsection 11-B.

Inspired by Hao et a. [7], in this paper we propose an
automatic method for CFA design in the frequency domain,
which requires no human interaction. As shown in Fig. 2, our
method consists of two main steps. For a given CFA pattern
size, it first proposes frequency structure candidates (the
dashed box in Fig. 2), where the overlap between frequency
components is minimized. Then it optimizes parameters for
each candidate by maximizing the numeric stability of color
transformation (Fig. 2(e)). We summarize the comparison
of automaticity of our method with that of other methods
in Table |I. More details on the comparison are presented in
subsection 11-B.

TABLE |

COMPARISON OF THE AUTOMATICITY OF DIFFERENT METHODS
IN CFA DESIGN PROCESS. NOTE THAT THE PARAMETER
OPTIMIZATION METHOD DEVELOPED BY HAO [7]
CANNOT WORK WHEN THE FREQUENCY
STRUCTURE CONTAINS CONJUGATE
CHROMA REPLICAS, WHILE
THE PROPOSED ONE CAN
HANDLE THIS CASE

Specification of ~ Minimization of the overlap  Parameter

Method . oo
luma/chroma basis among frequency components optimization

Hirakawa [14]| nonautomatic automatic nonautomatic
Condat [15] nonautomatic automatic nonautomatic
Hao [7] automatic nonautomatic nonautomatic

Our automatic automatic automatic

The contributions of this paper are:

e Based on the frequency structure [7], we propose a new
approach for designing CFAs in the frequency domain,
which is fully automatic.

e \We use multi-objective optimization to propose frequency
structure candidates, which discards a vast majority of
unpromising frequency structures automatically.

e For a given frequency structure, we formulate parame-
ter optimization as a constrained optimization problem,
which directly works on the spectra norm. We use the
alternating direction method (ADM) to solve it. Our
formulation and solution process are both derived from
the spectral norm, and they are applicable to arbitrary fre-
guency structures, including those with conjugate chroma
replicas.

The remaining part of this paper is organized as follows.
In Section II, we introduce the existing CFA design methods
in the frequency domain. Then we introduce our CFA design
method in Section |11 and the solution processin the Appendix.
In Section 1V, we conduct experiments to show the effective-
ness of our design method. Finally, we conclude the paper in
Section V.

Il. RELATED WORK

In this section, we first introduce the freguency rep-
resentation of mosaicked images. Then we review the
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existing design methods of CFAs
domain.

in the frequency

A. Freguency Representation of Mosaicked Images

Alleysson et al. [9] showed that an image mosaicked with
the Bayer CFA can be interpreted in the frequency domain
as the sum of a luma and multiple subsampled replicas
of two independent chromas. The subsampling of chromas
is implemented by multiplying with modulation functions.
More importantly, they demonstrated that the luma and the
modulated (or subsampled) chromas have different locations
in the frequency domain, i.e., luma is at the baseband, while
the modulated chromas are at the high frequency bands
(Fig. 1(2a)). This leads to designing a frequency selection
based demosaicking algorithm to recover the luma and the
modulated chromas [9], [24]. It then demodulates the mod-
ulated chromas. If there exist multiple replicas of a chroma,
one can combine al the estimations adaptively to obtain a
more accurate one [24]. The RGB components are finally
estimated using the transformation from luma/chroma basis
to RGB basis. An example of basis transformation is shown
in (2). Frequency selection based demosaicking is linear
which provides a good compromise between the quality of
demosaicked images and computational complexity.

Although the above analysis is induced by the Bayer CFA,
the characterization of mosaicked images that luma and mod-
ulated chromas have different frequency locations can extend
to arbitrary periodic CFAs defined on the sguare lattice [14]
(see (3) in subsection 11-B). Hao et al. [7] proposed using a
matrix called frequency structure to record al the information
about the frequency representation of images mosaicked with
a CFA. The frequency structure contains the luma and all
the replicas of chromas, and with the positions of which one
can obtain all the modulated ones (see Fig. 1). Moreover,
Hao et a. [7] proved that the frequency structure can be
easily computed using a symbolic Discrete Fourier Trans-
form (DFT). The symbolic DFT isastandard DFT which treats
symbols as parameters [25]. For example, for a sequence of

N symbols 59, S1, - - - , SN—1, itS 1D symbolic DFT is defined
as a%quence of linear polynomials &, S, - - - , Sny—1, Where
=N Z suexp( 2ziku/N), ke{0,1, .-, N-1}, andi

|sthe imagi nary unit. This definition of 1D wmbolic DFT can
be generalized to the 2D case. We take the Hirakawa CFA [14]
(see Fig. 1(1b)) as an example. Since the Hirakawa CFA in
the RGB basis is

1 2 0 0 2 11
11 0 2 2 0
0 2 2 0 11
we can compute its frequency structure as follows:
FL O
Fny = DFT (CFAW) = 0 F, @
0 Fc, |’
0 Fg,

where R, G, and B are symbols, * means symbolic conjugate,
i.e., the coefficientsof R, G, and B in Féz are al conjugate to
those in Fc,, and F, Fc,, and Fc, refer to the luma and the
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two chromas used in frequency structure, respectively, which
are given as.

Fo,| =1 | 2 0 2 |lc]. ©@
Fc, 1+i -2-2 1+i]\B

Thisimplies Fc, = 35 R+ =252 G+ B, and hence we have

F¢, =25 R+=%5% G+ B. Note that the rows and columns
of frequency structure are indexed by (O, 1, - —1) and
©0,1,---,nc— 1) which represent the frequency points of

2z (0 oo, =) and 27 (0 ) respectively,

b n 9 b n b
where the size of thé CFA pattern is ny x nC

B. CFA Design Methods in the Frequency Domain

The frequency representation of mosaicked images aso
allows us to understand the visual artifacts in demosaicked
images as the aliasing between luma and modulated chro-
mas [9]. Namely, if luma and modulated chromas overlap in
the frequency domain, some frequency components contain the
sum of luma and chromas instead of each of them separately.
Then the demosaicking algorithm can produce visual artifacts
when it recovers luma and chromas independently. Thus
we consider that these artifacts are inherent to the CFAs.
This motivates the design of CFAs by reducing the spectra
overlap between luma and modulated chromas. According to
the motivation, many CFA design methods in the frequency
domain have been presented [7], [14], [15], [26].

Inspired by the spectral characteristic analysis of Bayer
CFA [9], Hirakawa and Wolfe [14] proposed the first CFA
design method in the frequency domain. Instead of directly
using the RGB basis, they empiricaly chose G, R—G, and
B—G as the basis to decorrelate the image channels. Let
c(n) = (cr(n), cg(n), cg(n))' be the color pixel of the CFA
a n, where n e Z? and Z denotes the set of integers. So it
is physically realizable, i.e., it is real, non-negative and lies
in [0, 1]. They further required that it satisfies cr(n)+cg(n)+
ce(n) = y. Let x(n) = (Xr(N), xg(n), xg(n))T denote the
color pixel of the full color image a n, Xc, = Xr — XG.
and Xc, = Xg — Xg. Then the noise-free mosaicked image y
would be:

y(n) = c(n)"x(n) = c(n) " I1x(n)

11 0\7/1 -1 0
:c(n)T(O 1 o)(o 1 O)X(n)
01 1/J\o -1 1
cr(N)\' Xc,(N)
(o) (220)
cg(n)) Xc, (N)
(CR«»)T 0 %
Y S T
cg(n)) oy 1)/
ull 0 Xc, ()
x|— 1 (XG n)
b o 1y xc, (M)

XC1(n)
= (cr(N) — u1,y,cs(n) — ,UZ)(XL(”))

XCz(n)
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where x(n) = Xg (N) + (11/7 )X, (N) + (#2/7 )Xc, (N) repre-
sent the luma, Xc, and Xc, represent the two chromas, and (-)
denotes matrix transpose. So all the parametersare y, u1, u2,
and the Fourier coefficients of the Fourier transforms of
cr and cg. They next conducted parameter search, so that
the resultant CFA is physically realizable and the chromas are
modulated far away from the luma. Minimizing the overlap
between luma and chromas is achieved by enforcing a con-
straint during parameter search that chromas should be located
at the spectrum border. They aso empirically imposed that the
red-green-blue ratio in luma shouldbe 1:1:1o0r1:2: 1
The spectrum of images mosaicked with their proposed CFA
isshown in Fig. 1(2b). We can see that the modulated chromas
are far away from the center and the horizontal and the vertical
axes, where the luma has a high spectrum density. We can also
see from Fig. 1(2a) that the modulated chromas of Bayer CFA
overlap with the luma on the horizontal and the vertical axes.

Condat [15] followed the approach of
Hirakawa and Wolfe [14]. However, he argued that for modern
cameras the robustness of a CFA to noise is more important
than to aiasing, especialy in low-light conditions. So he
proposed a new CFA that is robust to both aliasing and noise
(Fig. 1(1c)). In comparison with the work of Hirakawa and
Wolfe, he used an orthonormal basis: L = (R+ G + B)/+/3,
C1 = (—R+2G — B)/v/6, and C, = (R— B)/+/2, which is
claimed to maximally decorrelate the image channels. So his
model was smplified as:

2 -1 3 V3
y(n) =cm' <2 2 0 ) diag (Jé)

2 -1 - V2
1/v3\ /1 1 1
diag{1/v6]| -1 2 —1]x(n)
1//2 1 0 -1

= (y /3, c1(n), c2(n)) (XL (M), Xc, (), X, (M) ", (4)

where ci(n) = (—cr(n) + 2cg(n) — cg(n)) /6, ca(n) =
(cr(n) — cg(n))/+/2, and diag(-) converts a vector to a
diagonal matrix whose j-th diagona element is the j-th
element of the vector. Then he used a constructive approach to
manually determine all the parameters step by step. Different
from the other design methods, he selected parameters to
simultaneously maximize the minimum distance between luma
and chromas and the sensitivity of the CFA, which can reduce
the noise level in demosaicked images. In order to maximally
reduce the overlap between luma and chromas, he imposed
that the two chromas are conjugate and each of them has only
one replica. The designed 2 x 3 CFA is shown in Fig. 1(1c).
It has six distinct color components. The spectrum of his CFA
is shown in Fig. 1(2c).

Based on the frequency structure, Hao et al. [7] designed
CFAs from a new perspective. The design of CFAs leaves
many parameters to be chosen. Since the luma and the two
chromas constitute a basis, there exists an invertible conversion
between it and the RGB basis. Formally, we have the following
relationship:

(FL, Fe,, Fe,)" =M (R, G, B)T, (5)
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where F|_, Fc,, and Fc, denote the lumaand the two chromas,
respectively, R, G, and B refer to the red, green, and blue
color components, respectively, M € C3%3 is invertible and is
called the color transformation matrix, and C denotesthe set of
complex numbers. In frequency selection based demosaicking,
the RGB full color image is recovered from the estimated Fi,
Fc,, and Fc, viasolving (5). However, the estimations of F,
Fc,, and Fc, contain errors. Accordingly, one should control
the error in demosaicked images that results from the estima-
tion errors. Formally, we denotey = (AF_, AFc,, A FCZ)T as
the estimation errors and x = (AR, AG, AB)T as the error
that results from y. Then according to (5), we have y = Mx.
Consequently, the amplification factor of estimation errors is:

Xl IM~Ly| IM~1y]| _
= < max ——>== = [M7},
lyll2 Iyli2 y20  [yl2

where M~1 isthe inverse of M, |[M~1|, is the spectral norm
of M~1 which isits largest singular value, and ||x]|2 is the |,
norm of vector x. This implies that decreasing |[M~1||> can
greatly enhance the numerica stability of color transforma-
tion. With the help of frequency structure, they formulated
parameter optimization as a constrained optimization problem
to maximize the numerical stability of the color transfor-
mation. Meanwhile, the problem of minimizing the aiasing
between luma and chromas is converted into a frequency
structure selection problem. For a selected frequency structure,
Hao et a. formulated the parameter optimization problem as
follows:

(6)

min IM~1|g
M
@)

where 1 denotes the all-one matrix, cr, cg, and cg denote the
three channels of the CFA, and |[M~1| ¢ is the Frobenius norm
of M~1 to approximate |[M~1||. They further imposed that
M should be real, which implies that the frequency structures
cannot contain conjugate replicas of the chromas. Then they
proposed a geometric method to solve (7). Although they
provided several guidelines for manual frequency structure
choice, the computation for all the candidates still requires
immense resources for a reasonably sized CFA pattern. More-
over, the proposed geometric method needs the user to specify
the optimal triangle, which contains the origin asitsinner point
and minimizes [M~1||.

st. ¢j € [0, 1],Zj ¢j=1,j (R, G,B],

I11. PROPOSED AUTOMATIC CFA DESIGN METHOD

In this section, we first outline the proposed method. Then
we describe each step in detail.

A. Method Overview

As shown in Fig. 2, our CFA design process consists
of two main steps. For a given CFA pattern size, we first
perform multi-objective optimization to propose frequency
structure candidates (the dashed box in Fig. 2), where the
minimum distances between their respective frequency points
are maximized (Fig. 2(b)-2(c)) and the replicate relations
among the chromas are specified (Fig. 2(d)). Then we optimize
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parameters for each frequency structure candidate to obtain the
corresponding CFA (Fig. 2(e)). A CFA pattern size does not
aways result in a unique frequency structure as well as CFA
(see Fig. 2(d) and 2(e)). So we finally output the CFA that
has the best demosaicking performance on a training image
set (Fig. 2(f)). Below we explain the two steps in detail.

For a given CFA pattern size, maximizing the minimum
distance between frequency components in the frequency
domain is equivaent to finding a frequency structure that
the minimum distance between its frequency points is max-
imized [7]. Exhaustive tests of all the feasible frequency
structures are computationally intractable even for a moderate
CFA pattern size. For example, for a 5 x 5 CFA pattern, if
we exclude the horizontal and the vertical axes of luma, the
number of different chroma position alocations is 255, and
the number of frequency structures further grows significantly.
One approach to compromise computation and optimality of
the produced CFA is to use a fast but approximate method
to discard a majority of unpromising ones. Since missed
frequency structures cannot be recovered in the subsequent
stage, it is aso important to contain all the possibly optimal
ones. To account for these requirements, we formulate the gen-
eration of frequency structure candidates as a multi-objective
optimization problem. We will describe it in subsection 111-B.

Similar to Hao et a. [7], for a given frequency structure
candidate, we formulate the parameter optimization as a
constrained optimization problem. However, we enhance the
computational stability of color transformation by directly
minimizing |[M~1||2, rather than its approximation [|[M~2|¢.
Also, we enforce that the CFA is physicaly realizable and
the sum across its color channelsis an all-one matrix. Besides
that, we make no assumptions on frequency structure and CFA.
We will introduce our model in subsection II1-C and the
solution process in the Appendix.

B. Propose Frequency Structure Candidates

For a given CFA pattern size, we argue that the minimum
distance between luma and chromas as well as between
chromas of the frequency structure should be as large as
possible. They are our first two objectives. If the given size
of a CFA pattern is larger than 2 x 2, all chromas should
not locate on the horizontal and the vertical axes of luma
Moreover, with redundant chroma replicas, we can estimate
each chroma more accurately by fusing all its estimations
adaptively [7], [24]. So the number of chroma replicas should
also be as large as possible [7], which is our third objective.
The three objectives are in conflict and hence we cannot find
asingle solution that is optimal for al of them. We propose a
multi-objective optimization approach to find an appropriately
balanced solution.

1) Multi-Objective Optimization: Multi-objective optimiza-
tion [27] refers to the simultaneous minimization or maxi-
mization of more than one objective functions. More formally,
it studies the problem as follows:

®)

where we have m > 2 objective functions fj and want to
maximize all the functions simultaneously, x is the decision

mxax {f1(%), f2(X), -+, fn(X)}, st.xeQ,
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Fig. 3. Pareto optimal solutions of a multi-objective optimization problem
with two objectives. The blue circles are the feasible points, while the
red crosses are the Pareto optimal solutions.

variable, and Q is the feasible region which can be formed by
various constraints. Note that we assume that all the objective
functions are to be maximized for simplicity. If an objective
function f; isto be minimized, it is equivalent to maximizing
the function — f;.

The objective functions can be incommensurable, i.e., in
different units. For example, in Fig. 3, f1 € [0,30] and
fo € [0, 3] have different value ranges. Also, there is only
partial ordering in the objective space, e.g., we cannot com-
pare (f1(x1), f20x1)T = (3,257 with (fi(x2), fa(x2))" =
(2,3)T. Furthermore, in general, there may be partial conflicts
among the objective functions, i.e., maximizing one function
can decrease the values of the others. Because of the possible
incommensurability and conflict among the objective func-
tions, it is not possible to composite a global objective function
as a weighted sum of &l the objective functions, or find a
single solution that is optimal w.r.t. every objective function.
The solutions of a multi-objective optimization problem are
caled Pareto optimal solutions. We state a more formal
definition in the following:

Definition 1: A decision variable X1 is said to be dominated
by x2if fj(x1) < fj(xp) foral j =1,2,...,mand fx(x1) <
fk(x2) for at least one index k.

For example, in Fig. 3, p1 is dominated by po, and q1 and
g2 are both dominated by qo. Since fa2(po) > f2(qo) and
f1(po) < f1(do), po and go are not dominated by each other.

Definition 2: A decision variable x* € Q is Pareto optimal
if x* cannot be dominated by any variable x € Q.

In Fig. 3, po and go cannot be dominated by any other
feasible points. So they are both Pareto optimal to the problem.
All the Pareto optimal solutions constitute the Pareto optimal
set of the problem, e.g., {po, qo} is the Pareto optimal set to
the multi-objective optimization problem illustrated in Fig. 3.

2) Obtain Chroma Position Candidates: Note that the only
luma is fixed at the top-left of frequency (0,0) in the fre-
guency structure (see Fig. 2(a)). So we only need to choose
the replicas of the two chromas and their positions in the
matrix to finally determine a frequency structure. As noted
before, the rows and columns of frequency structure are
indexed by (0,1,---,n, —1) and (0,1, ---,nc—1), which
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represent the frequency points of 2z (0
2r (0 ... ,

,n_ca'

1 ... n-d
,nr’ 9 nr )ar]d

ng—1
Nc

pattern size. In the following discussion, we omit 2z from all
frequency pointsfor simplicity. Since the designed CFA isredl,
once the position of a chroma frequency point (ny/nc, Ny/nr)
in the frequency structure is chosen, the position ((1—nx/N¢)
mod 1, (1—ny/n;) mod 1) must also be chosen [7], where
mod is the modulo operation, ny € {0,1,---,nc — 1}, and
ny € {0,1,---,n — 1}. If the two positions are different,
we cal them a conjugate position pair, otherwise we say
that the position is self-conjugate, eg., (3, 3), or (3,0).
If the matrix has mp conjugate position pairs and ms self-
conjugate positions, there are 2Mp™™s —mg— 1 feasible chroma
position alocations. Also, if the CFA pattern size is larger than
2 x 2, we first discard those alocations that contain chroma
positions on the horizontal and the vertical axes of luma
Then we perform multi-objective optimization on the rest of
alocations.

More formally, the multi-objective optimization problem is:

max { f1(x), f2(x), fa(x)}
s.t. x € the set of feasible chroma position alocations, (9)

), respectively, where n; x n¢ is the CFA

where f; denotes “the minimum distance between luma
and chroma positions’, fo denotes “the minimum distance
between chroma positions’, and f3 denotes “the number of
chroma replicas’. Since frequency structure is periodic in
both horizontal and vertical directions (please read the caption
of Fig. 1), we compute the distance between two positions
in it as follows. Suppose the two positions are (x1, y1) and
(X2, ¥2). Then the distances along the horizontal and the
vertical directions are dy = min(|xy — X2|, 1 — [X1 — X2|)
and dy = min(lys — y2[,1 — |y1 — y2|), respectively,
where |x| is the absolute value of the scalar x.
So the Euclidean distance between the two positions is
/dZ +dZ. We take the frequency structure Fy in (1)
as an example. The distance between F_ and Fg,
is  (min(1/2,1—1/2)2 + min(2/4, 1 — 2/4)2)*/?
V2/2. The distance between F_ and
(Min(1/2, 1 — 1/2)% + min(1/4, 1 — 1/4)%)"/?
The  distance between FL and ) is
. 2 : 2\1/2
(min(1/2, 1 —1/2)? + min(3/4, 1 — 3/4)?) V5/4.
So f1(Fn) is min(+/2/2, v/5/4) = +/5/4. Similarly, we can
compute the fa(Fy). Thus solving problem (9) is equivalent
to finding the Pareto optimal set from a given point set (see
Fig. 3). We use the non-dominated sorting scheme to solve
it [27]. The objective value of f1 for the Bayer CFA is 0.5.
Since f1 is more important than fo and f3, we reject the
chroma position candidates whose objective values of f1
below 0.5.

Féz is
J5/4.
Fc i
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3) Generate Frequency Sructure: We generate all the fre-
guency structures according to the chroma position candidates.
For each candidate, we divide its selected positions into two
non-overlapping groups. The two position groups are for the
replicas of Fc, and Fc,, respectively. It is important to note
that Fc, and Fc, are symmetric, i.e., swapping them does
not result in a new freguency structure. Then without loss of
generality, we only assume equal or conjugate replicas of a
chroma, i.e., the replicas of a chroma C are al in {C, C*}.
It may produce multiple frequency structures (see Fig. 2(d)).

C. Optimize Parameters

Following [7], we parameterize the complex color trans-
formation matrix M as M1 + i M3, where M; and My are
the real and imaginary parts of M, respectively, and they are
both real. Then F_, Fc,, and Fc, can be linearly parame-
terized by M. We apply the inverse symbolic DFT to the
parameterized frequency structure and obtain the vectorized
CFA pattern denoted by CM; + DM>, where C and D are
the complex coefficient matrices for M1 and My, respectively.
Let c; be the j-th channel of the RGB CFA pattern with
a size of ny x ne, where j € {R, G, B}. The vectorized
CFA pattern is (vec(cr), vec(cg), vec(cg)) with a size of
Ny Ne x 3, where vec(+) is the operator to convert a matrix into
a vector.

We take the frequency structure of Hirakawa CFA [14] as
an example. We first write the color transformation in (5) in
more detail:

FL
Fc,
Fc,

MY +iMP MDD +iME ME +iMP\ /R
=M +iMD MY +im) MG +imE |G,
[ VIR @, @ @ ;i@
Map” +1Mg7" Mg +1Mg Mgg' +1Mg3 B
(10)

where the superscripts (1) and (2) indicate that the elements
are from M1 and M, respectively. The conjugate of Fc, is
given as.

—( D _ i@ QL _ i@ QL _ i@
Fe,= <M31 —1Mgp, Mgy — 1Mz, Mgz — I Mss) P,
(11)

where P=(R, G, B)"T. Then we substitute (10) and (11) into
the frequency structure of Hirakawa CFA shown in Fig. 1(3b).
We next apply the inverse symbolic DFT to the freguency
structure and we have the expression shown at the bottom of
this page. So the vectorized CFA pattern in the RGB basis can

(1,1, 2)M1 + (i,i, O)M2)P,
(14, -1,00M1 + (i, —i, 2)M2)P,
(1,1, -2)M1 + (i, i, 0)M2)P,
((1, =1, O)M1 + (i, —i, —2)M2)P,

(14, -1, -2)Myg + (i, =i, O)M2)P
(1,1, 00M1 + (i,i, —2)M2)P
(1, -1,2)M1 + (i, —i,0)M2)P
((1,1,0M1 + (i, 1, 2)M2)P
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be denoted by CM1 + DM with a size of 8 x 3, where

1 1 2 i i 0
1 -1 0 i i 2
1 1 -2 i 00
1 -1 0 i -2
C=11 _1 2| adb=|; . o
1 1 0 i -2
1 -1 2 i —i 0
1 1 0 P02

The produced CFA pattern in the RGB basis should be
physically realizable, i.e.,, CM1+DM; isreal and liesin [0, 1].
Also, the sum across color channels of CFA pattern should be
an al-one matrix, i.e., the vectorized CFA pattern satisfies
(CM1 + DM>)(1,1,1)T = 1. Accordingly, we propose the
following parameter optimization model:

. -1
min ||[M
nin M~ 12

st. CRH(M)+DI(M) > 0, (CR(M)+DI(M))a=e, (12

whereM~1istheinverseof M,a = (1,1, 1)7, e = 1pn.x1, >
stands for componentwise greater than or equal to, 0 denotes
the zero matrix, 1 denotes the matrix whose elements are
al 1, and %(-) and I(-) are the linear operators to extract the
real and the imaginary parts of a complex vector or matrix,
eg., R"(M) = R(My +iMp) = My and I(M) = Ma.

As noted in [7], the congtraint (CR(M)+D3JI(M))a = e
in (12) is equivdlent to a simpler one: Ma = b, where
b = (1,0,00T. So we reformulate (12) into an equivalent
one:

min IM~L|2, st. CR(M)+DI(M) > 0, Ma=h. (13)

In order to improve the readability, we move the details of
solving for (13) to the Appendix.

IV. EXPERIMENTS

In this section, we carry out experiments to validate the
effectiveness of our proposed CFA design method. We first
compare our parameter optimization method with those of
other CFA design methods. Then we produce a new CFA
using our design method and compare it with other CFAs. All
the experiments are performed on the commonly used Kodak
PhotoCD dataset [16].

A. Experimental Settings

1) Compared Design Methods and CFAs: We test our CFA
design method by comparing with three existing CFA design
methods in the frequency domain. They are proposed by
Hirakawa and Wolfe [14], Condat [15], and Hao et a. [7],
respectively. Since the corresponding three CFAs have been
shown to outperform the existing CFAs, we only involve the
three CFAs and the most popular Bayer CFA for comparison.

2) Frequency Selection Based Demosaicking: We briefly
describe the main steps of frequency selection based demo-
saicking mentioned in subsection I11-A. The different frequency
locations of luma and modulated chromas allow us to estimate
them directly from the mosaicked image by selecting corre-
sponding frequencies [9], [15], [24], [28]. So these methods
can be viewed as demultiplexing. They first use appropriate
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bandpass filters to estimate the modulated chromas. Then they
demodulate the estimations. If there exist multiple estimations
of a chroma, one can fuse them properly to obtain a more
robust one. The lumais estimated by subtracting the remodu-
lated chromas from the mosaicked image. The RGB full color
image is finally recovered using the inverse transformation
of (5).

In order to be fair, when we compare the parameter opti-
mization of all design methods, we adapt the least-square
luma-chroma demultiplexing algorithm (LSLCD) [28] to all
the compared CFAs, in which the filters are learned to min-
imize the mean-squared demosaicking error over a training
set. LSLCD was first proposed for the Bayer CFA, the source
code of which is publicly available.® It was extended to
arbitrary regular and periodic CFAs in [29]. Note that if a
chroma has more than one replica, an adaptive method can
give a more accurate estimate of the chroma. For example,
Dubois[24] observed that in the Bayer CFA the two modulated
replicas of C, suffer differently from the overlap between
luma and chromas (see Fig. 1(24d)), i.e., one replica mainly
overlaps with high horizontal frequencies of luma, while the
other one mainly overlaps with the high vertical frequencies.
Thus demosaicking algorithm can exploit this characteristic
to reduce the impact of spectral overlap. However, we focus
only on evaluating the effectiveness of parameter optimization
methods instead of the CFAs. So if a chroma has multiple
replicas, we simply average al its estimations. As in [29],
frequency selection based demosaicking learns the filters to
minimize the mean-squared demosaicking error over atraining
set. So one needs to specify the filter size and the training
image set. Following [15], we use a 13x 13 filter size and learn
the filters on all 24 images in the Kodak dataset. Accordingly,
we exclude a 13-pixel border (the filter width) to eliminate the
boundary effects.

When comparing different CFAS, we use their respective
associated demosaicking algorithms, with default parameters
set by their respective authors. These parameters have been
optimized on the Kodak dataset. For the Bayer CFA, we
use the LSLCD specified for it, where an adaptive weighting
strategy is employed [28]. For the Hirakawa CFA and the
Condat CFA, we use the demosaicking algorithm devel oped by
Condat [15], the source code of which is publicly available.*
For the Hao CFA, we use the code provided by the authors.
They aso apply the adaptive weighting scheme [24] to com-
bine multiple estimations of a chroma. We adapt the LSLCD
to our designed CFAs. If a chroma has multiple replicas,
we simply average al its estimations. Also, we exclude
a 13-pixel border when computing CPSNR values. We want
to note that the demosaicking algorithms also highly affect
the image quality, especially the combination strategies for
CFAs that have more than one replica of a chroma [7], [24].
However, an extensive comparison of demosaicking algorithms
is out of the scope of this work.

3http://www.site. uottawa.cal~edubois/lslcd/.
4http://www.gi psa-lab.grenoble-inp.fr/~laurent.condat/publications.html .
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The proposed Diag7 CFA pattern. (1) is the proposed 7 x 7 diagona stripe CFA pattern. (2)-(4) are its spectrum, frequency structure, and color

values, respectively. The notations in (2) and (3) are the same as those in Fig. 1.

TABLE Il

EVALUATION OF THE NUMERICAL STABILITY OF COLOR
TRANSFORMATIONS. THREE EXISTING CFA DESIGN
METHODS ARE COMPARED WITH THE PROPOSED
ONE IN PARAMETER OPTIMIZATION. “ORIG.”
STANDS FOR “ORIGINAL". NOTE THAT
OUR METHOD PRODUCES THE
IDENTICAL M AS THAT OF THE
CONDAT CFA [15] AND THE
HAO CFA [7], RESPECTIVELY

Numerical | Hirakawa [14] | Condat [15] Hao [7]
Stability | Orig.  Ours | Orig. Ours | Orig.  Ours
IM~I> | 424 373 [ 300 3.00 | 566 5.66

B. Comparison of Parameter Optimization

For a given CFA, we can determine its coefficient matrices
C and D as well as color transformation matrix M. However,
for a given frequency structure, we can only compute its
C and D. We have to use a parameter optimization method to
obtain an M. Then with the C, D, and M, we can determine
the CFA. This gives us a chance to compare with other CFA
design methods in parameter optimization.

We first compute the frequency structure of a CFA
(e.g., the Hirakawa CFA [14]) produced by an existing CFA
design method in the frequency domain, and with which we
can calculate the corresponding C and D. Then we obtain a
new M with our parameter optimization method and also a
newly designed CFA. We next compare the newly designed
CFA with the original one.

We first compare the numerical stability of color trans-
formations. The values of ||[M~1||, are reported in Table II.
A smaler value may indicate more numerica stability.

TABLE Il

EVALUATION OF THE PROPOSED PARAMETER OPTIMIZATION METHOD ON
THE KODAK PHOTOCD DATASET. “AVG.” STANDS FOR “AVERAGE".
THE INDIVIDUAL AND AVERAGE CPSNR VALUES ARE REPORTED.
NOTE THAT OUR NEWLY DESIGNED CFAS ARE IDENTICAL TO
THE CONDAT CFA [15] AND THE HAO CFA [7],
RESPECTIVELY. SO THEIR CPSNR VALUES
ARE THE SAME

Image Hirakawa [14] Condat [15] Hao [7]
ID Orig. Ours Orig. Ours | Orig. Ours
01 39.78  39.89 39.69 39.69 | 40.78 40.78
02 40.69  40.83 40.41 4041 | 41.66 41.66
03 41.17  41.23 4221 4221 | 40.00 40.00
04 40.04  40.17 40.66 40.66 | 41.87 41.87
05 36.87  36.96 37.15 37.15 | 36.34 3634
06 4129 4151 40.83 40.83 | 41.15 41.15
07 41.18  41.24 42.09  42.09 | 40.20 40.20
08 37.67 37.79 37.45 3745 | 37.84 37.84
09 4194  42.06 4226 4226 | 40.85 40.85
10 4242 4253 4282  42.82 | 42.18 4217
11 40.48  40.68 4031  40.31 | 40.96 40.96
12 42.86  42.96 43.62 43.62 | 43.14 43.14
13 3558  35.79 3519  35.19 | 3572 3572
14 3594  36.14 36.07 36.07 | 35.07 35.07
15 39.38  39.56 39.75  39.75 | 40.28  40.28
16 4479  45.01 4466 44.66 | 4399 4398
17 41.69 41.86 4124 41.24 | 4170 41.70
18 37.64 37.78 3756  37.56 | 37.28 37.28
19 4159 4175 4129 4129 | 4131 4131
20 4159 4183 4124 41.24 | 40.55 4055
21 40.60  40.81 40.22  40.22 | 40.22 4022
22 38.47  38.58 38.74 38.74 | 38.11 38.11
23 4192 42.03 42.05 42.05 | 40.75 40.75
24 36.57 36.71 36.29  36.29 | 36.39  36.39
Avg. | 40.09 40.24 40.16  40.16 | 39.93 39.93

From left to right, the three group comparisons are correspond-
ing to the Hirakawa CFA [14], the Condat CFA [15], and the
Hao CFA [7], respectively. In each group, the better value is
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(4e) (46 (4g)

Fig. 5. Blowups of some demosaicked images in the Kodak dataset. From top to bottom, the images are from #1, #6, #8, and #19 images of the Kodak
dataset, respectively. In each group, (a) is the scaed original image, in which the red rectangle indicates the selected patch to blow up; (b) is the ground
truth; (c) is the image demosaicked from the image mosaicked with the Bayer CFA; (d)-(g) are the images demosaicked from the images mosaicked with the
optimized CFAs. From all the four groups of images, we can clearly see that the images demosaicked from the images mosaicked with the Bayer CFA
have severe false color artifacts, while those by the optimized CFAs have better subjective quality. (1a) Scaled originad image. (1b) Ground truth.
(1c) Bayer CFA [8]. (1d) Hirakawa CFA [14]. (1e) Condat CFA [15]. (1f) Hao CFA [7]. (1g) Diag7. (2a) Scaled original image. (2b) Ground truth.
(2c) Bayer CFA [8]. (2d) Hirakawa CFA [14]. (2e) Condat CFA [15]. (2f) Hao CFA [7]. (2g) Diag7. (3a) Scaled originad image.
(3b) Ground truth. (3c) Bayer CFA [8]. (3d) Hirakawa CFA [14]. (3e) Condat CFA [15]. (3f) Hao CFA [7]. (3g) Diag7. (4a) Scaled origind image.
(4b) Ground truth. (4c) Bayer CFA [8]. (4d) Hirakawa CFA [14]. (4e) Condat CFA [15]. (4f) Hao CFA [7]. (4g) Diagy.

in boldface. Note that the |M~1||2 cannot be directly com-  that our new color transformation system generated from the
pared across different CFAs since it increases with the size of  frequency structure of the Hirakawa CFA [14] is more stable
CFA pattern and the number of chroma replicas. We can see than that of the original one (see the first group of Table I1).
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Fig. 6. Two more blowups of demosaicked images in the Kodak dataset. From top to bottom, the images are from #6 and #8 images of the Kodak dataset,
respectively. From the two groups of images, we can see that our Diag7 CFA results in similar or better visual quality as that of other CFAs. (1a) Scaled
original image. (1b) Ground truth. (1c) Bayer CFA [8]. (1d) Hirakawa CFA [14]. (1) Condat CFA [15]. (1f) Hao CFA [7]. (1g) Diag7. (2a) Scaled origina
image. (2b) Ground truth. (2c) Bayer CFA [8]. (2d) Hirakawa CFA [14]. (2e) Condat CFA [15]. (2f) Hao CFA [7]. (2g) Diag7.

Our method results in the identical M as that of the Condat
CFA [15] and the Hao CFA [7], respectively. So their values
of [M~1|j, are the same (see the last two groups of Table I1).
It implies that the parameters of the Condat CFA and the
Hao CFA are already optimal for their respective frequency
structures. However, we want to note that the frequency
structures of the Condat CFA and the Hao CFA do not contain
conjugate chroma replicas (see Fig. 1(3c) and (3d)), whereas
the one of the Hirakawa CFA has a conjugate chroma replica
(see Fig. 1(3b)).

Then we compare the newly designed CFAs with their
respective original ones on the Kodak dataset using the same
demosaicking algorithm. The individual and average CPSNR

values are given in Table I11. The better values in each group
are in boldface. Similar to the above anaysis of M, our
newly designed CFA according to the frequency structure of
the Hirakawa CFA performs better than the original one on
both individual image and the whole dataset (see the first
group of Table Il11). Also, our newly designed CFAs are
identical to the Condat CFA and the Hao CFA, respectively.
So they have the same CPSNR values (see the last two groups
of Table IlI).

C. Comparison of CFA Design

We first generate a new CFA using our design method
and then compare it with the others on the Kodak dataset.
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TABLE IV

EVALUATION OF THE PROPOSED CFA ON THE KODAK PHOTOCD
DATASET. FOUR EXISTING CFAs ARE COMPARED WITH THE
PROPOSED ONE. THE INDIVIDUAL AND AVERAGE
CPSNR VALUES ARE REPORTED

Image | Bayer Hirakawa Condat Hao Diag?
ID [8] [14] [15] (7] &
01 38.65 40.03 39.62 40.31 | 40.78
02 40.79 40.88 40.33 41.61 | 40.99
03 42.36 41.75 42.08 41.37 | 42.19
04 41.07 40.55 40.54 41.82 | 40.55
05 38.35 37.30 36.94 37.54 | 37.84
06 40.42 41.27 40.74 41.15 | 41.37
07 42.87 41.86 42.00 41.62 | 41.74
08 35.72 37.80 37.37 38.07 | 37.90
09 42.80 42.27 42.21 42.10 | 42.57
10 42.70 42.69 42.70 42.85 | 43.10
11 40.31 40.60 40.25 40.92 | 40.38
12 43.43 43.39 43.52 43.85 | 44.11
13 35.13 35.57 35.21 35.24 | 35.52
14 36.92 36.27 35.94 3595 | 35.68
15 40.05 39.78 39.61 40.54 | 39.72
16 44.08 44.76 44.63 44.18 | 44.59
17 41.80 41.68 41.17 41.76 | 41.47
18 37.88 37.82 37.53 3748 | 37.60
19 40.86 41.58 41.19 41.49 | 41.64
20 41.27 41.58 41.13 41.27 | 41.63
21 39.29 40.62 40.19 40.26 | 40.15
22 38.65 38.80 38.67 38.64 | 38.89
23 43.12 42.41 41.94 4232 | 42.18
24 35.61 36.62 36.23 36.40 | 36.52

Avg. 40.17 40.33 40.07 40.36 | 40.38

The whole process for a given CFA pattern size is demon-
strated in Fig. 2. It is worth noting that, if we specify the
CFA pattern size to 4 x 2, 3 x 2, and 4 x 4, respectively,
the produced frequency structure candidates by our proposal
strategy include those of the Hirakawa CFA [14], the Condat
CFA [15], and the Hao CFA [7]. Besides the three ones, we
check all pattern sizes that are equal to or smaller than 9 x 9.

The CFA pattern that performs the best in our experiments
is shown in Fig. 4. It isa 7 x 7 diagona stripe CFA pattern
using optimized color components (Fig. 4(1)), which we call
the Diag7 CFA pattern. From Fig. 4(2), we can see that all
its chroma replicas are located far away from the center and
also the horizontal and the vertical axes. The Diag7 CFA
pattern has two chromas Fc, and Fc,, each of which having
only one replica (Fig. 4(3)). Accordingly, the two chromas
are conjugate, i.e., Fc, = Féz and Fc, = Fgl. All the color
values of the Diag7 CFA pattern are shown in Fig. 4(4), and
the corresponding color transformation matrix M is, as shown
at the bottom of this page.

The CFAs with redundant chroma replicas do not achieve
the best performance. One possible reason is that we simply
use the average strategy to fuse all estimations of a chroma.
We take the 5 x 5 pattern size shown in Fig. 2 as an example.
Our method finally producestwo CFA patterns with two chro-
mas and four CFA patterns with four chromas (see Fig. 2(€)).
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The average CPSNR values of the two CFA patterns with
two chromas on the Kodak dataset are 40.00dB and 39.88dB,
respectively, while the best CFA pattern with four chromas
results in 39.15dB. On the other hand, the average CPSNR
value of the Hao CFA [7] with five chromas (see Fig. 1(3d))
is improved by 0.43dB (from 39.93dB to 40.36dB) when a
tailored combination strategy is adopted (see Table 111 and 1V).
However, developing a combination strategy that is beneficial
to all CFAs with redundant chroma replicas is non-trivial and
out of the scope of this work. We will consider the problem
in the future.

We next investigate the demosaicking performance of our
new CFA. The individual and average CPSNR values of all
tested CFAs on the Kodak dataset are shown in Table IV.
The best values are in boldface. We can see that our
Diag7 CFA yields similar individua CPSNR values as other
CFAs and dlightly outperforms the others on the whole
dataset.

We also present part of the visua comparison in Fig. 5
and 6. From Fig. 5, we can see that the visua quality
of optimized CFAs is better than that of the Bayer CFA,
especidly in removing diasing artifacts. This testifies that
reducing the spectral overlap between luma and chromas is
important for producing demosaicked images with high visual
quality. Fig. 6 further shows the perceptually superiority of
the Diag7 CFA over other three optimized CFAs.

V. CONCLUSIONS

In this paper, we present an automatic CFA design method
in the frequency domain based on the frequency structure [7].
To accomplish this, we develop a multi-objective optimization
approach to automatically rule out a majority of unpromis-
ing frequency structures. Then for each frequency structure
candidate, we present a new parameter optimization method
that is appropriate for arbitrary frequency structures, includ-
ing those with conjugate chrominance replicas. Our work
provides an automatic approach to designing CFAs that are
advantageous during the subsegquent demosaicking process in
producing fewer visua artifacts. Extensive experiments on
standard test images demonstrate the superiority of our design
method.

APPENDIX A
SOLVING THE PARAMETER OPTIMIZATION MODEL

The optimization problem (13) can be solved by the alter-
nating direction method (ADM) [30]. When applying ADM
to (13), we first let C = C1 +iCo and D = D1 + iDg,
then the constraint CR(M) + DI(M) > 0 in (13) can
be written in more detail as. CiM(M) + D1I(M) > 0
and CoR(M) + D23(M) = 0. Since C1,D;,Co, and D>
are al real, the two new constraints are linear w.rt. M,

0.31316
0.10836 + 0.13588i
0.10836 — 0.13588i

M =

0.34342
—0.17171 4 0.02579i
—0.17171 — 0.02579i

0.34342
0.06335 — 0.16167i
0.06335 + 0.16167i
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which is the requirement of ADM. So we rewrite (13)
as follows:

min M1
M
st. C1R(M) + D13I(M) > 0,

CoR(M) +Do3(M) =0, Ma=b. (14

We next introduce three auxiliary variables N1, N2, and S to
reformulate our model as follows:

min (IM” Y2+ Zg, (9)

M,Ngq,

s.t. M:N1+|N2, (N1 +1iN2)a =b,

CiN1+DiN2 =S,CoN1 +D2N2 =0, (15)

where Zr (-) is an indicator function, i.e, Zr (y) =

0, yeRy
., and Ry denotes the set of real non-
400, otherwise.

negative matrices. It should be noted that N; and N2> are not
necessarily required to be real. This is because the frequency
structure candidates satisfy the conjugate symmetry. So if al
the constraints are met, it can guarantee that N; and N» are
real.

The augmented Lagrangian function of problem (15) is:

L(M,N1,N2, 8, X,x,Y,2Z) = MYz + Zg, (S)
+(X, M — (N1 +iN2)) + (X, (N1 +iN2)a — b)
+ (Y, C1N1 + D1N2 — S) 4+ (Z, CoN1 + D2N2)

2 (IM = N1+ N2 + 10N+ iN2)a b3

+ICiNy + D1N2 — SJ + C2N1 + D2N2li ), (26)

where X, X, Y, and Z are the Lagrange multipliers, (-, -) isthe
inner product, and f > 0O is the penalty parameter which is
updated during iterations.

Then by ADM, we can solve problem (15) viathe following
iterations:

ML = argmin £(M, NX, NK, sK, XK, x¥, Yk, Z¥)
M

B

=arg'\;nin||M*1||2+§||M (N§ +iN5) + X¥/BI12

1 _ 1
= argmin — MYz + ZIM — WK|12, (17)
M B 2

{Nlj<+1}12:1

= argmin £L(MKL) Ny, Np, 8K, XK, xX, YK, ZK)
N1,N2

1 ;
= argmin = [|[M — (N1 +iN2) + X¥/81I2

N1,N2

1 .
+ 5 I(N1 +iN2)a — b +x/ 413
1
+5IC1N1 + DiN; — SK+Yk/p112

1
+51C2N1 + D2N2 + Z5/BI12, (18)
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S+ — argmin LMK NKFL NKTE s XK &K, vk, ZK)
S

B

= argminZg  (S) + EuclNﬁﬁl + DN+
S

~ S+ Yp)2
= max(0, R(CINK™ + DINET + YK/ )), (19)
xk+l _ xk + ,B(Mk+1 (Nli+1 +i N§+1)), (20)
XL = %k L (INKT NS Tha — b), (22)
YK = YK B(CINKTT 4 DyNETE — skt (22)
Zk+1 Zk+ﬁ(C2Nk+1+ D Nk+1) (23)

where WK = (NK4iNK)—X¥8 in (17).

The solution to problem (17) is given by Theorem 1.
We provide the proof of Theorem 1 in the Supplementary
Material.

Theorem 1. The solution to problem (17) is:

Mk+l — Uk2k+l(Vk)H, (24)

where UKAK(VK)H is the SVD of WK, UK and VK are unitary
matrices, AX = diag(1¥), in which diag(y) converts the vector
y into a diagonal matrix whose j-th diagona element is yj,
k=K, 2K, 2%)T isthe real vector of singular values of WK
and satisfies 2K > 25 > 1K > 0, and =K1 = diag(@tY),
in which 6¥t1 = (051, oK1, 65T is the solution to the
following problem:

min — = — /lk
01>02>03>0 IB0'3 ZJ =1
Problem (18) has a closed-form solution and we show the

solution process as follows. Let E = (Né) in (18), then the
objective function of (18) is:

(25)

k112

F(E) = ”Mk+1 (1L,iDE + %

F

K112

1 _ X
+EH(|,I|)Ea—b+E

2
1
+51(C1. DYE — 85+ Y¥/pI1E

1
+511(C2. D2)E + Z/B . (26)
It is equivalent to the following function:
f (vec(E))
1 , 1
=5 |Arvec(E) — + > | Aovec(E) —
1 1
+ 5 I Aavec(E) — bS5 + S| Asvec(E) — bI3.  (27)
where A1 = | @ (Lil),Ay = aT®(IiI)A3 =
| ® (C1,D1),As = | ® (C2,Dp),b§ = Alfvec(M<1 +
XK/B), b = Ab (b — x/p), b = AHvec(sk YX/p), bk =

Allvec(—Z*/8), ® denotes Kronecker product, I € R3*3
is the identity matrix, y' and yH denote the transpose and
conjugate transpose of vy, respectively, and vec(M) is the
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Algorithm 1 ADM Algorithm for Problem (14)

Input: C,D, a,b, 8 =1, fmax = 104, po = 1.1, e; = 1075,
and 9 = 10710,
1: for each N € () defined in (33) do
2: Initialization: Ny = N, No =N, S = %x 1, X =0,
x=0,Y=0,Z=0,k=0.

3 while the stop conditions (31) and (32) are not met do

4 fix the others and update M by (24).

5: fix the others and update N; and N5 by (28).
6: fix the others and update S by (19).
7.
8
9

update the multipliers X, x,Y, and Z by (20)-(23).
update 8 by (29) and (30).

: k<« k+1.
10: end while
1. if [M7y > M|, then
12: M + M.
13: end if
14: end for
Output: M.
vectorization of M. Set %f(li) = 0, we have the solution

to (27) as follows:

k+1

k+1y _ 1
vec(E*™) = vec(Ngle

) = G X+ Ds+b5+bY),  (28)
where G = Al A+ Al A+ A As+AL AL

To accelerate the convergence of the algorithm, we use
the following adaptive updating strategy for the penalty
parameter S [30]:

B = min(Bmax, Bp), (29)

where fimax iS an upper bound of {#X}. The value of p is
defined as

if k  k
_ | ros /306_<81, (30)
1, otherwise,
where po > 1 is a constant and ¢k = max{|M*+1 —

M¥ oo, IINFH = N oo, [IN5 ™ — Nloo, 18442 — S¥[loc). The
stopping criteria are:
Bk < &1 (31)
and
max{[[MHT — NET — iNE™ oo, (NP +iNE™)a — bl oo,
ICINKT 4+ DINE T — Sk oo, [CoNETL+DNEM o} < 2.
(32)
Problem (14) is nonconvex w.r.t. M in its entire domain.

However, it is convex in each of eight convex cones, which
are identified by the following interior point set:

Q={diag((1,1,1)"), diag((1, 1, -1)"), diag((1, -1, 1)T),
diag((1,-1, -1)7), diag((-1, 1, "), diag((-1, 1, -1)T),
diag((—1, -1, 1)7), diag((—1, -1, —1)")}. (33)

The optimization in each cone can simply be achieved by
initializing M with an interior point of the cone.
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We summarize the whole solution process of problem (14)
in Algorithm 1.
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