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Abstract
Optimization is an indispensable part of machine learning as machine learning needs
to solve mathematical models efficiently. On the other hand, machine learning can
also provide new momenta and new ideas for optimization. This paper aims at investigating how to make the interactions between optimization and machine learning more
effective.
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1 Introduction
It is well known in the machine learning community that optimization is an indispensable part of machine learning. P. Domingos, AAAI Fellow and Professor of
University of Washington, once wrote a famous equation [1]:
Machine Learning = Representation + Optimization + Evaluation,
which clearly shows the critical role of optimization in machine learning. The recent
boom of deep learning is also partially attributed to the advance of optimization techniques [2]. On the other hand, the huge demand of machine learning on optimization
techniques also gives the optimization community huge impetus, even new ideas. For
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example, the popularity of support vector machines (SVMs) in 1990s brought back the
attention on quadratic programming. An SVM is actually the following optimization
problem:
1
min w22 s.t. yi w, xi   1, i = 1, · · · , N ,
w 2

(1.1)

N is the training set with y ∈ {1, −1} being the label of sample x .
where {(xi , yi )}i=1
i
i
The recent boom of deep learning further stimulated the interest on stochastic gradient
descent, nonconvex optimization and distributed optimization. Deep learning mainly
finds the weights of a deep neural network (DNN) such that the difference between
the outputs of the DNN and the ground truth is minimized over the training set. A
typical DNN is the fully connected feed-forward neural network (Fig. 1)

xik+1 = φ(W k xik ), k = 0, · · · , K − 1,
where xik is the response of nodes (called neurons) at layer k when the input is
the ith sample (xi0 and xiK are the input and the output, respectively), W k are the
weights between layers k and k + 1, and φ is a nonlinear non-decreasing func1 N
l(x K , yi )
tion (called the activation function). Then the average difference
N i=1 i
between the output xiK of the DNN and the ground truth yi , called loss, is miniK −1
mized w.r.t. the weights {W k }k=0
, where l(·, ·) is the loss function. Some machine
learning techniques also appear in optimization algorithms. This paper aims at investigating, in my personal and limited view, how the two communities can help each other
better.

Fig. 1 An illustration of a fully connected feed-forward DNN. The number of hidden layers can be arbitrary
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2 Diﬀerent Optimization Goals between the Machine Learning and
the Optimization Communities
To proceed, one needs to know the difference of optimization goals in the machine
learning and the pure optimization communities. In machine learning, computing a
set of parameters that control a learning model at a high numerical accuracy is not
the goal, at least not the only one. Of course, if using the same time algorithm A
achieves a higher numerical accuracy than algorithm B then algorithm A is surely
preferred over algorithm B. However, very often machine learning people would stop
algorithm A when a lower but still acceptable numerical accuracy is achieved, in order
to save time. The reason is that machine learning tasks typically emphasize on low
classification or clustering errors, which is usually measured by percentage or other
criteria. These numerical quantities typically are reported in low numerical accuracies
due to limited number of data, which are usually expensive to collect. For example,
the percentage usually uses at most two decimal digits. So computing the parameters
is just a midway, their high numerical accuracy does not matter much in the latter
evaluation of classification or clustering errors.
The classification error is further differentiated as training error and testing error.
The training error is the classification error on the training set, while the testing error
is on the testing set. The testing error is what machine learning people care the most
as it is related to the generalization ability of a learning model, i.e., how well a trained
learning model can perform on new data. If the training error is high, a learning model is
said to underfit. If the training error is low but the testing error is high, a learning mode
is deemed to overfit. Ideally we want to have a learning model that is neither underfit
nor overfit. In contrast, pure optimization people, who may not care much about the
physical meaning of learning models, may focus on minimizing the training error.
Even if one is aware that minimizing the testing error is the most important, there
is still a caveat. Very often, a learning model also has hyper-parameters which are not
included in the optimization algorithm, such as the number of layers, the number of
filters in each layer and the width of filters in DNNs (in this example the parameters
that the back-propagation algorithm optimizes are the weights of the neural network).
Then there should be a validation set, which is a subset of the training set, for tuning the
hyper-parameters. Namely, the hyper-parameters are chosen as those which together
with the parameters that the optimization algorithm computes on the remaining part
of the training set result in the lowest classification error on the validation set. Even
if there are no hyper-parameters, a validation set may also be necessary. For example,
the optimization algorithm computing on the (remaining part of) training set may be
terminated when the validation error starts to increase. This is a kind of regularization called early stopping in statistics. Such a way is a remedy of the imperfection
of the learning model whose optimal parameters do not correspond to the optimal
classification/clustering performance.
That machine learning people care the testing error rather than the training error
can add significant difficulties to optimization. A remarkable example is that when
training deep neural networks, machine learning people may prefer a local minimizer
in a relatively flat region to the global minimizer in a deep valley (Fig. 2). This is
because the objective function on the testing data, assuming that the distribution of
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Fig. 2 When training deep neural networks, pure optimization people favor the global minimizer which
may be in a deep valley, but machine learning people favor a local minimizer in a relatively flat region. This
is because a local minimizer in a relatively flat region may result in a much less increase in classification
error (indicated by the dashed segments between triangles and circles). The solid curve and the dashed
curve indicate the objective functions on the training data and the testing data, respectively

the testing data is the same as the training data, should be a perturbation of that on the
training data. So a local minimizer in a relatively flat region will result in less increase
in the classification error than the global minimizer in a deep valley does, which means
that the former solution has a better generalization ability while the latter one may
overfit.
The differences of optimization concept in the machine learning and the optimization communities are also discussed in [3], where the authors listed some desirable
properties of an optimization algorithm from the machine learning perspective:
• good generalization,
• scalability to large problems,
• good performance in practice in terms of execution times and memory requirements,
• simple and easy implementation of algorithm,
• exploitation of problem structure,
• fast convergence to an approximate solution of model,
• robustness and numerical stability for the class of machine learning models
attempted,
• theoretically known convergence and complexity.

3 How Can Optimization Help Machine Learning Better?
It is interesting to note that optimization does not just help machine learning in
computing more efficiently. It can also help in other ways. For example, the iteration
process can be unfolded into deep neural networks. So optimization can contribute
to deep neural network architecture design [4–6]. Figure 3 shows some optimization
inspired DNNs for image recognition. Nonetheless, in the following I still focus on
the computing aspect.
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Fig. 3 Four DNNs inspired by optimization algorithms, adapted from [5]. (a) is inspired by the heavy-ball
algorithm [7]. (b) and (c) are inspired by Nesterov’s accelerated gradient descent method [8], written in
different but equivalent forms. (d) is inspired by the ADMM method

3.1 Consider Characteristics of Data
Optimization people know well that an efficient algorithm should take the structure
of problem into consideration. However, examining the structure of problems may not
be enough. Similar to the celebrated “No Free Lunch” theorem for machine learning [9], which states that no learning model is universally better than other models,
there is also “No Free Lunch” theorem for optimization [10] proposed by the same
author, saying that no optimization algorithm is uniformly faster than other algorithms.
This conclusion assumes that algorithms are tested on all possible problems, which
include all possible choices of “data” even for a particular problem. For example, in
the LASSO problem:
min Ax − b2 s.t. x1  ε,
x

(3.1)

A, b and ε are all “data”. Thus, just considering the structure of the problem is not
enough to have an efficient algorithm. The characteristics of “data” should also be
considered when designing an efficient algorithm for a particular problem. Of course,
some algorithms do consider part of the characteristic of “data” in some way. For
example, strong convexity is usually assumed by many algorithms. However, using a
single strong convexity modulus in the algorithm is no doubt too rough to depict the
detailed characteristics of “data”. Take the LASSO problem (3.1) above as a concrete
example, if A is of full column rank then the objective function is strongly convex.
However, that A is of full column rank cannot depict the detailed distribution of data.
Thus, we cannot fully exploit the characteristics of data. Even worse, in most cases A
should have more columns than rows, thus the strong convexity does not hold if one
does not realize that data are normally low-dimensional.
Unfortunately, how to characterize a data set completely is still an unsolved problem. In statistics, mean and variance are typical quantities. Higher-order statistics
include skew and kurtosis. For more complex data, we may have to investigate their
manifold structure as manifold learning does [11] and even the multi-manifold structure [12,13] (Fig. 4).
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Fig. 4 Manifold data (left) and multi-manifold data (right)

3.2 Structured Nonconvex Optimization
Although convex optimization is beautiful and is effective for many machine learning models, such as SVMs (1.1) and sparse learning (e.g., feature selection (3.1)),
nowadays nonconvex learning models are prevalent. The most prominent example is
the DNNs which have more or less revolutionized many areas of artificial intelligence.
The reason is that people build models out of their intuition and insights, rather than
focusing on their mathematical properties. Then the traditional general nonconvex
optimization theories become quite inadequate as they do not consider the structure
of the problems much, as done in convex optimization. Only superficial results can be
obtained, such as only KKT points (for constrained problems) or saddle points (for
unconstrained problems) can be achieved by subsequence. Such conclusions are not
quite helpful for machine learning people who want to know the quality of the solution,
e.g., how close is the solution to the globally optimal one, what are the distributions
of the saddle points, and how robust is the solution subject to data perturbation, etc.?
Utilizing the structure of problems definitely helps and is necessary. For example, it
can be proven that for some nonconvex low-rank problems, such as matrix sensing,
matrix completion and robust PCA
min f (U V T ) + Q(U , V ),
U ,V

where U and V both have r columns and M = U V T is the low-rank matrix to
estimate, there is no spurious local minima [14,15]. The linear convergence or even the
accelerated linear convergence in solving these problems can be proven by exploiting
the special structures such as restricted strong convexity [16]: f is restricted μ-strongly
convex on a set S if
f (y)  f (x) + ∇ f (x), y − x +

μ
y − x2 , ∀x, y ∈ S.
2

The landscape of some problems can also be analyzed [17]. In the machine learning community, there has been much work on approaching and escaping saddle
points [18]. Some convex optimization methods can be adapted for nonconvex
problems, such as nonconvex accelerated proximal gradient [19] and nonconvex alternating direction method of multipliers (ADMM) [20,21]. The recent introduction of
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Kurdyka–Łojasiewicz condition for nonconvex problems is a remarkable advance [22].
However, more machinery should be invented for analyzing nonconvex problems.
3.3 Consider Real Computing Environments
Machine learning is a practical field. When proposing a learning model, it is
expected that it can be efficiently implemented in real computing environments,
which typically have hard limitation on computing resources, such as storage, memory, communication bandwidths and even fault. Without considering the computing
environments, an ideal optimization algorithm, e.g., the interior point method, that
performs well on a single computer may be ineffective or even useless when dealing with big data. There has been regained interest on randomized, distributed and
asynchronous algorithms, which considers computing with partial data (e.g., stochastic gradient descent [23] and stochastic ADMM [24]), minimizing communication
[25], dealing with the delays in communication [26] and even handling breakdown of
some computing agents [27]. Nonetheless, more involvement in optimization people is
needed. Most of the work by optimization people still assumes ideal computing environments or investigates too much details on some parameter setting (e.g., dynamic
choice of stepsize) which is actually not quite important in reality.
3.4 Automated Machine Learning
Automated machine learning (AutoML) is the process of automating the end-to-end
process of applying machine learning to real-world problems. In a typical machine
learning application, one must do data preprocessing, feature extraction and feature
selection, etc., appropriately such that the data fit for a target machine learning task. To
achieve satisfactory results, practitioners further have to try different learning models,
tune their hyper-parameter and optimize their normal parameters. Most of these steps
are often beyond the abilities of non-experts. So AutoML was proposed as an artificial intelligence based solution to the ever-growing challenge of applying machine
learning. Automating the end-to-end process of applying machine learning offers the
advantages of producing simpler solutions, faster creation of those solutions and models that often outperform models that are manually designed. AutoML can significantly
lower the bar of applying machine learning techniques and make machine learning
much more accessible to non-experts. Thus, it represents one of the future directions
of machine learning [28].
There have been some softwares that can do part of the AutoML steps. For example,
H2O AutoML and MLR can do hyper-parameter optimization and model selection;
Auto-WEKA, Auto-SKLEARN, Firefly.ai, TPOT, TransmogrifAI and RECIPE can
do full pipeline optimization; DEVOL, Google AutoML (Fig. 5) and Auto Keras
can do deep neural network architecture search for different types of data (such as
image/video, text and natural language). However, in general AutoML is still in its
infancy and is using very naive methods. For example, in hyper-parameter optimization, grid search is often used; in pipeline optimization and deep neural network
architecture search, genetic programming is often used. For deep neural network
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Fig. 5 Google AutoML for Vision (left) and networks found by AutoML (right)

architecture search, remarkable progress has been made [29]. For example, by using
differential architecture search, a good architecture can be found in 4 GPU*days, while
the evolutionary learning based search and reinforcement learning based search need
3,150 GPU*days and 1,800 GPU*days, respectively [30]. However, more efficient
and more universal search strategies are still desired. Generally speaking, AutoML
is a highly complex optimization system (Fig. 6). It involves multiple kinds of optimization, such as discrete optimization (e.g., for searching the hyper-parameters and
topology of networks), nonconvex optimization (e.g., for optimizing the weights of
networks), bi-level optimization (e.g., for evaluating the performance on the test set)
and distributed optimization, etc. Therefore, AutoML is a great test bed for various
optimization techniques.

4 How Can Machine Learning Help Optimization Better?
While the demand from machine learning on more practical optimization techniques
itself is a propeller of the optimization community, e.g., the revival of ADMM [20,21,
24,31], machine learning can also bring up new optimization techniques. For example,
the algorithms like stochastic variance reduced gradient [32] (which is to use
M
1 
∇ f i (x̃ s ),
∇˜ f (xks ) = ∇ f ik,s (xks ) − ∇ f ik,s (x̃ s ) +
M
i=1

M
as the descent direction of the objective function M1
i=1 f i (x), where i k is uniformly
randomly chosen in {1, · · · , M}) and AdaGrad [33] (which is
xk+1 = xk − η(G k + ε I )−1/2 ∇ f (xk ),
architecture
A∈A
Search Space
A

Performance
Estimation
Strategy

Search Strategy
performance

Fig. 6 Abstract illustration of Neural Architecture Search methods, adapted from [29]
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where G k is a diagonal matrix whose diagonal entries are the sum of the squares of
the past gradients) are proposed by the machine learning people but are relatively
new to the optimization people. Other kinds of new techniques come from the datadriven nature of machine learning. Unfortunately, currently machine learning inspired
optimization algorithms still fall in the category of heuristic algorithms. Rigorous
analysis is yet to be done. This is somewhat related to the issue described in Sect. 3.1.
4.1 Optimization by Learning
For many problems with high computational complexity, such as combinatorial
problems which are NP hard and nonconvex problems with numerous stationary
points, there is no efficient way to find their globally optimal solutions. Many heuristic
approaches can apply, including machine learning methods which work directly as the
solver. The basic idea follows the traditional machine learning paradigm: first prepare
input–output training samples and then train a nonlinear mapping. Then given a new
input the mapping can predict a solution. There has been some preliminary work along
this line [34,35].
4.2 Learning Based Optimization
The other way that machine learning can contribute is to use machine learning
techniques to design traditional optimization methods whose parameters are best for
a particular type of data. For example, Li and Malik [36] noticed that most of the
gradient descent methods use linear combination of past gradients. So they utilized
reinforcement learning to learn the combination coefficients. The other independent
work by Andrychowicz et al. [37] used a special type of recurrent neural network called
long short-term memory (LSTM) to design gradient descent algorithms. Both work
showed faster convergence on give data than hand-crafted algorithms. It is not hard to
see that some critical parameters, such as step sizes, can also be learned rather than
adopting a heuristic rule. Some preliminary work includes Differentiable Linearized
ADMM [6] and Flexible Iterative Modularization Algorithm [38]. They both relax
some parameters as learnable ones and even introduce neural networks to replace
linear transforms. Notably, they both have convergence guarantees under some mild
assumptions.
4.3 Automatic Code Generation
There has been some work on automatic code generation using machine learning
techniques. For example, Google DeepMind developed a Neural ProgrammerInterpreter, a recurrent and compositional neural network that learns to represent and
execute programs [39]. Although it is still only capable of generating simple programs, it is expected that more and more complex programs can be generated by
AI in the future [40,41]. It is possible that optimization codes can also be generated
automatically, at least for some types of problems.
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5 Conclusions
By the exposition above, it is clear that optimization and machine learning will
benefit each other better if more researchers are keen on the development in the other
field. Both fields will grow stronger, if they are open to each other rather than being
defensive due to worrying of being invaded.
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