Downloaded 08/08/21 to 115.27.217.42. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

SIAM J. OPTIM. © 2020 Society for Industrial and Applied Mathematics
Vol. 30, No. 3, pp. 1795-1821

REVISITING EXTRA FOR SMOOTH DISTRIBUTED
OPTIMIZATION*

HUAN LI' AND ZHOUCHEN LIN#

Abstract. EXTRA is a popular method for dencentralized distributed optimization and has

broad applications. This paper revisits EXTRA. First, we give a sharp complexity analysis for
. . L 1 1 c s .

EXTRA with the improved O((ﬁ + 1—02(W)) log (=03 (W))) communication and computation

complexities for p-strongly convex and L-smooth problems, where o2(W) is the second largest
singular value of the weight matrix W. When the strong convexity is absent, we prove the O((% +

1—021(W)) log 1—021(W)) complexities. Then, we use the Catalyst framework to accelerate EXTRA

and obtain the O( u(l_f;(w)) log #(l_ff’z(w)) log %) communication and computation complexities

for strongly convex and smooth problems and the O( e(l—aLg(W)) log s(l—a12(W))) complexities

for nonstrongly convex ones. Our communication complexities of the accelerated EXTRA are only

worse by the factors of (log m) and (log m) from the lower complexity bounds

for strongly convex and nonstrongly convex problems, respectively.
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1. Introduction. In this paper, we consider the following convex problem:

(1) min F(z) = 1 > fil)

reR™ m <

in the decentralized distributed environment, where m agents form an undirected
communication network and collaboratively solve the above problem. Each agent 7
privately holds a local objective function f;(z) and can exchange information only
with its immediate neighbors. We only consider the network that does not have a
centralized agent. Distributed computation has broad applications, ranging from
machine learning [1, 2, 3, 4], to sensor networks [5], to flow and power control problems
[5, 6].

1.1. Literature review. Distributed optimization has gained significant atten-
tion in engineering applications for a long time [7, 8]. The distributed subgradient
method was first proposed in [9] with the convergence and convergence rate analysis
for the general network topology and further extended to the asynchronous variant
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in [10], the stochastic variant in [11], and a study with fixed step-size in [12]. In
[13, 14], the accelerated distributed gradient method in the sense of Nesterov has
been proposed, and the authors of [15] gave a different explanation with sharper
analysis, which builds upon the accelerated penalty method. Although the optimal
computation complexity and near optimal communication complexity are proved in
[15], the accelerated distributed gradient method employs multiple consensus after
each gradient computation and thus places more burdens in the communication-limited
environment.

A different class of distributed approaches with efficient communication is based on
the Lagrangian dual, and they work in the dual space. Classical algorithms include dual
ascent [16, 17, 18], ADMM [19, 20, 21], and the primal-dual method [22, 23, 24, 25].
Specifically, accelerated dual ascent [17] and the primal-dual method [23] attain the
optimal communication complexities for smooth and nonsmooth problems, respectively.
However, the dual-based methods require the evaluation of the Fenchel conjugate or
the proximal mapping and thus have a larger computation cost per iteration.

EXTRA [26] and the augmented distributed gradient method [27, 28] (also called
DIGing in [29]) can be seen as a trade-off between communications and computa-
tions, which need equal numbers of communications and gradient computations at
each iteration. As a comparison, the accelerated distributed gradient method needs
more communications, while the dual-based methods require more computations.
EXTRA uses the differences of gradients and guarantees the convergence to the exact
optimal solution with constant step-size. The proximal-gradient variant is studied in
[30]. Recently, researchers have established the equivalence between the primal-dual
method and EXTRA [24, 31, 25]. Specifically, the authors of [24] study the nonconvex
problem and the authors of [31] focus on the stochastic optimization, while the author
of [25] gives a unified framework for EXTRA and the augmented distributed gradient
method. The augmented distributed gradient method shares some similar features to
EXTRA, e.g., using the differences of gradients and constant step-size. The accelerated
version of the augmented distributed gradient method is studied in [32].

In this paper, we revisit EXTRA and give a sharper complexity analysis for the
original EXTRA. Then, we propose an accelerated EXTRA, which answers the open
problem proposed in [30, section V] on how to improve the rate of EXTRA with
certain acceleration techniques.

1.2. Notation and assumption. Denote x; € R™ to be the local copy of the
variable = for agent ¢ and x1.,, to be the set of vectors consisting of x1,...,x,,. We
introduce the aggregate objective function f(x) of the local variables with its argument
x € R™*™ and gradient V f(x) € R™*" as

m x] Viix)"
2)  fx)=)_ fikx), x= Sl Vi) = :

=t Xz;z Vfm (xm)T
For a given matrix, we use || - ||z and || - [|2 to denote its Frobenius norm and spectral
norm, respectively. We denote || - || as the I3 Euclidean norm for a vector. Denote

I € R™*™ as the identity matrix and 1 = (1,1,...,1)7 € R™ as the vector with all
ones. For any matrix x, we denote its average across the rows as

(3) o(x) = % > x
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Define two operators measuring the consensus violation. The first one is

1
(4) M=1-—117 ¢ R™™,
m

and ||IIx|| p measures the distance between x; and «(x) for all ¢. The second one
follows [26]:

I-wW
2

(5) U= e R™X™,

Let N; be the neighbors of agent i and Span(U) be the linear span of all the columns
of U.
We make the following assumptions for the local objectives.

Assumption 1.
1. Bach f;(z) is p-strongly convex: fi(y) > fi(z) + (Vfi(z),y — ) + 5|y — z||*.
Especially, 1 can be zero, and we say f;(z) is convex in this case.
2. Each f;(z) is L-smooth: f;(y) < fi(x) + (Vfi(x),y —z) + %”y —z|%

Then, F(z) and f(x) are also p-strongly convex and L-smooth. Assume that the
set of minimizers of problem (1) is nonempty. Denote z* as one minimizer, and let
x* = 1(z*)T.

We make the following assumptions for the weight matrix W &
to the network.

R™*™ associated

Assumption 2.
1. W, ; # 0 if and only if agents ¢ and j are neighbors or ¢ = j. Otherwise,
W, =0.
2. W=WT 1>-W > -1, and W1 =1.
3. 02(W) < 1, where o2(W) is the second largest singular value of W.

Part 2 of Assumption 2 implies that the singular values of W lie in [0, 1] and
its largest one o1(W) equals 1. Moreover, part 3 can be deduced by part 2 and the
assumption that the network is connected. Examples satisfying Assumption 2 can be
found in [26].

When minimizing a convex function, the performance of the first-order methods
is affected by the smoothness constant L and the strong convexity constant u, as
well as the target accuracy e. When we solve the problem over a network, the
connectivity of the network also directly affects the performance. Typically, #(W)
is a good indication of the network connectivity [13, 17] and it is often related to m
[33, Proposition 5]. In this paper, we study the complexity of EXTRA with explicit
dependence on L, u, 1 — 03(W), and e.

Denote x9.,, to be the initializers. Assume that ||x? — z*||* < Ry, ||2*||*> < Ry,
and ||V f;(x})||> < Ry for all i = 1,...,m. Then we can simply have

(6) Ix” = x5 <mBy, x| <mBi, and [[VF(xT)|[F < mRs.

In this paper, we only regard R; and Rs as the constants which can be dropped in
our complexities.

1.3. Proposed algorithm. Before presenting the proposed algorithm, we first
rewrite EXTRA in the primal-dual framework in Algorithm 1. When we set o = %,
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Algorithm 1. EXTRA.
Input F('r)7 K’ X(l)m? V?’m

for k=0,1,2,..., K do
)t =k — o (VAGE) +vE 4§ (xb = X0 Wagnt)) Vi

k1 _ _k k+1 k+1 ,

vitl = vk 8 (xi =2 jen; Wi X; ) Vi.
end for

Output x

K+1
1:m

K+1

and vy, .

Algorithm 2. Accelerated EXTRA.
Initialize x? = y?, v{ =0, ¢ = #; set 0 = /q for all k if 4 > 0; otherwise, set
6o = 1 and update 641 € (0,1) by solving the equation 67, = (1 — 0x41)03.
for k=0,1,2,...,K do
Define gf () = fi(z) + §llo — y7[|* and G*(z) = . 3212, g (2).

(XY s Vi) = EXTRA(G* (2), T, Xy, Vi)

k+1 _ k41 0, (1—01) [ k+1 k .
Yo =X T e, (x; 7 —x;) Vi.
end for

Algorithm 1 reduces to the original EXTRA.! In this paper, we specify a = 2(L71+5)
and § = L for the strongly convex problems to give a faster convergence rate than
the original EXTRA, which is crucial to obtain the near optimal communication
complexities after acceleration.

We use the Catalyst framework [34] to accelerate Algorithm 1. It has double loops
and is described in Algorithm 2. The inner loop calls Algorithm 1 to approximately
minimize a well-chosen auxiliary function of G¥(z) for T} iterations with warm-start.
Ty, and 7 are given for two cases:

1. When each f;(x) is strongly convex with 1 > 0, then 7 = L(1—03(W))—p >0
and Ty = 0(17021(W) log M(PULZ(W))), which is a constant.
2. When each f;(x) is convex with g = 0, then 7 = L(1 — 02(W)) and T} =
O(I_U;(W) log 1_U§(W)), which is nearly a constant.
Although Algorithm 2 employs the double loop, it places almost no more burdens than
the original EXTRA. A good property of Algorithms 1 and 2 in practice is that they
need equal numbers of gradient computations and communications at each iterations.

1.4. Complexities. We compare the communication and computation complex-
ities of EXTRA and its accelerated version with other methods in this paper. They
are presented as the number of communications or computations to find an e-optimal
solution x such that F(z) — F(z*) < e. We follow [15] to define one communication to
be the operation that all the agents receive information from their neighbors once, i.e.,
ZjeM W;;x; for all i =1,2,...,m. One computation is defined to be the gradient
evaluations of all the agents once, i.e., V f;(x;) for all 7.

To find an e-optimal solution, Algorithm 1 needs O((% + 170;(“,)) log 6(17012(“,)))

and O((% + koi(W)) log 17021(W)) iterations for strongly convex and nonstrongly
convex problems, respectively. The computation and communication complexities

nitialize v0 = 0, and define W = # The second step of Algorithm 1 leads to vk =

BZle(W — W)xF. Plugging it into the first step and letting o = 1/8 leads to equation (3.5) in
[26].
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are identical for EXTRA, which equal the number of iterations. For Algorithm 2,
we establish the O(1 / H(lfé(w)) log #(170L2(W)) log %) complexity for strongly convex

problems and the O(, / 5(1—UL2 ) log 6(1_012(“,))) one for nonstrongly convex problems.
Our first contribution is to give a sharp analysis for EXTRA with improved

complexity. The complexity of the original EXTRA is at least O(WZ(W)) log %)

for strongly convex problems.? For nonstrongly convex ones, although the O (%)
complexity is studied in [26], no explicit dependence on 1 — o2(W) is given.® To the
best of our knowledge, our result is the state-of-the-art one [25, Remark 5] among the
methods in the primal-dual framework. It is remarkable that the sum of ﬁ (or %) and
#(w), rather than their product, dominates our complexities. When #(W) is

L

smaller than % or £, we can see that due to parallelization, EXTRA takes almost
only % of computation time compared to nondistributed gradient descent, whose
complexities are O (% log ¢) and O (£) for strongly convex and nonstrongly convex
problems, respectively [35].

Our second contribution is to give an accelerated EXTRA with the near optimal
communication complexity and a competitive computation complexity. In Table 1,
we summarize the comparisons to the state-of-the-art decentralized optimization al-
gorithms, namely, the accelerated dual ascent method and the accelerated penalty
method with consensus. We also present the complexities of the nonaccelerated
EXTRA and the lower complexity bounds. Our communication complexities of the ac-
celerated EXTRA match the lower bounds, except the extra factors of (1og m)

and (1og m) for strongly convex and nonstrongly convex problems, respec-

tively. When high precision is required, i.e., % > m for strongly convex
=, (W)
complexities are competitive to the state-of-the-art ones in [17, 18, 15].

On the other hand, our computation complexities are better than those of [18] for
applications with large ﬁ or % and moderate #(W), but worse than those of [15].°
Our result is a significant complement to the existing works in the sense that EXTRA
and its accelerated version have equal numbers of communications and computations,
while accelerated dual ascent has more computations than communications and the

accelerated penalty method needs more communications than computations.

problems and % > for nonstrongly convex problems, our communication

2The authors of [26] did not give an explicit complexity. We try to simplify equation (3.38)
in [26] and find it to be at least O(

o(

L2 1 .
=03 (W)) log ;), The true complexity may be larger than
I lo l)

%2(1_02(“/)) B 1 1 K k kY12 1
The authors of [26] proved the O (?’)vrate in the sense of 3= >, [[UN* +V f(x )H\Tv <O(%)

and % Zkl,(:l [Uxk(2. <O (%), where W = # They omitted the dependence on 1 — o2(W) in
their analysis.

4The dependence on #(vv) is omitted in [26].

5The authors of [17] only proved the lower communication complexity bound for the strongly
convex problems. However, the analysis in [17] can be directly extended to the nonstrongly convex
case.

6 Although the authors of [17] also give the O(, / % log %) computation complexity, they define

one computation to be the cost of solving an “argmin” subproblem. We cite [18] in Table 1, where
the authors study the computation complexity with the total number of gradient computations, which
is a more reasonable measurement.
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TABLE 1

Complexity comparisons between accelerated dual ascent, the accelerated penalty method with
consensus, EXTRA, and accelerated EXTRA for smooth convex problems.

Nonstrongly convex case

Methods

Complexity of gradient computation

Complexity of communication

[26]’s result for EXTRAZ
Our result for EXTRA

Accelerated dual ascent

[Accelerated penalty method

Our accelerated EXTRA

O (2) [26]
o ((% + 1—021(W)) log 1—021(W))
L 21
O embg F) [18]

o (ﬁ) [15]
o (\/ T ogtwy o8 e(l—rrlz(wn)

0 (%) [20]
O ((£+ rohewy) 108 o3y )
0 (\/er=ssrwy los ) 18]
O (\/ er=sarwry los 1) [15]
o (\/mbg 6(1—012(\7\/)))

Lower bound®

o (ﬁ) (35]

o (/=)

Strongly convex case

Methods

Complexity of gradient computation

Complexity of communication

[26]’s result for EXTRA
Our result for EXTRA

Accelerated dual ascent

Accelerated penalty method
Our accelerated EXTRA

i
at least O (7}"2(17[;2(“,)) log %) (26]

L 1 1
o ((E + 1=e,twy ) 198 ca=s 0w

L g2l 18
Hy/1—og (W) og” <) [18]

o (\/%log %) [15]

L L 1
o (\/ =0 (W)) 198 L—ogow)) 108 E)

at least O (m log %) (26]
O (% + r=recwy) 8 crr=scwyy )
o (%mg%) (17, 18]
O (\/t=dsrwoy; los” 1) 19]

L ) L 1
(=03 (W) 108 i—agcwy 08 )

o (

Lower bound

@] (\/%log %) [35]

O (/ so=dsrwy loa 1) 17]

1.5. Paper organization. The rest of the paper is organized as follows. Section 2

gives a sharper analysis on the original EXTRA, and section 3 develops the accelerated
EXTRA. Section 4 proves the complexities, and section 5 gives some numerical
experiments. Finally, we conclude in section 6.

2. Enhanced results on EXTRA. We give a sharper analysis on EXTRA in
this section. Specifically, section 2.1 studies the strongly convex problems and section
2.2 studies the nonstrongly convex ones, respectively.

2.1. Sharper analysis on EXTRA for strongly convex problems. In this
section, we describe EXTRA in the primal-dual form. From Assumption 2 and the
definition in (5), we know that x is consensus if and only if Ux = 0. Thus, we can
reformulate problem (1) as the following linearly constrained problem:

(7) min f(x) st. Ux=0.

xERM XN

Introduce the augmented Lagrangian function
B
L(x,A) = f(x) + (A, Ux) + §||UXH%-
Problem (7) can be solved by the classical primal-dual method [24, 25]. Specifically,

it uses the Gauss—Seidel-like order to compute the saddle point of the augmented
Lagrangian function and consists of the following iterations:

B+l _ ok 1 k k 2k
(8a) x"t =x 2(L—|—ﬂ)(vf(x)+U>\ + fUx"),
(Sb) )\k-‘rl — )\k + 6UX1€+17

where we specify the step-size in the primal step as m Step (8b) involves the
operation of Ux, which is uncomputable in the distributed setting. We introduce the

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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auxiliary variable
vh = UM
Multiplying both sides of (8b) by U leads to
VL — gk 4 gUukh

From the definition of U in (5), we have Algorithm 1. Now, we establish the convergence
of Algorithm 1. Define

* 1 *
9) pr. = (L+ B)|x" —x vaJr%IIA’“*/\ 1%

where (x*, \*) is a KKT point of the saddle point problem miny maxy f(x) + (A, Ux).
We prove the exponentially diminishing of py in the following theorem. Especially,
we choose a smaller 3, i.e., a larger step-size «, in the primal step than that in [26]
to obtain a faster convergence rate. More precisely, the original EXTRA uses the
step-size of O (%) [26, Remark 4] and an open problem is proposed in [26] on how to
prove linear convergence under the larger step-size of O (%) Our analysis addresses
this open problem. We leave the proof and describe the crucial tricks in section 4.1.

THEOREM 1. Suppose that Assumptions 1 and 2 hold with u > 0. Let v° €
Span(U?), a = m, and = L. Then, for Algorithm 1, we have

Prt1 < (1 —96) pr,

1

where 6 = o7 1 —~-
39(§+71,(,;(w))

Based on Theorem 1, we can give the following corollary, which proves that
Algorithm 1 needs O((’% + 1_021(“,)) log 6(1_(7];(“,))) iterations to find an e-optimal
solution. Recall that a(x) is the average of x1,...,X,, defined in (3).

COROLLARY 2. Under the assumptions of Theorem 1 and letting v°® = 0, Algo-

rithm 1 needs
L 1 LR, +R2/L>
0 — 4+ lo
(<u = Uz(W)) bl 02(W))

iterations to achieve an e-optimal solution x such that

F(ax))— F(z*)<e and %Z x; — a(x)|]> < .

2.2. Sharper analysis on EXTRA for nonstrongly convex problems. We
study EXTRA for nonstrongly convex problems in this section. Specifically, we study
the original EXTRA in section 2.2.1 and the regularized EXTRA in section 2.2.2,
respectively.

2.2.1. Complexity for the original EXTRA. The O (%) convergence rate
of EXTRA is well studied in [26, 30]. However, the authors of [26, 30] did not establish
the explicit dependence on 1 — oo(W). In this section, we study the original EXTRA
and give the O(K L ) convergence rate in the following lemma.

\/170’2(W)
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LEMMA 3. Suppose that Assumptions 1 and 2 hold with p = 0. Let o = m

L K 1 K k 1
and B = —ct and define X* = # >, x". Assume that K > W)

Then, for Algorithm 1, we have

. . 34 Ry
Pla() - P7) < s (b4 ).
— 02
1 = .k N 16 Ry
il K _ K—mr——— | Ri+—= ).
We assume K > ——L—— in Lemma 3, and it is a reasonable assumption. Take

Vi)

the linear network as an example, where all the agents connect in a line. For this
special network, we know that #(W) = m? [33]. Algorithm 1 needs at least m
iterations to exchange messages between the two farthest nodes in the network. Thus,

any convergent method needs at least \/% iterations.
170‘2(W)

In section 2.1, we establish the O((% + 1_03(W)) log s(l—aL2 (W))) complexity for

strongly convex problems. Naturally, one may expect the O(% + #(W)) complexity

for nonstrongly convex ones. However, Lemma 3 only proves the O(*)
ey/1—02(W)

complexity. We describe the technical challenges in section 4.2. It is currently unclear
how to establish the faster rate for the original EXTRA, and we leave it as an open
problem. In the following section, we improve the complexity via solving a regularized
problem.

2.2.2. Complexity for the regularized EXTRA. When the complexity for
the strongly convex problems is well studied, the regularization technique is a common
way to solve the nonstrongly convex ones [36]. Namely, we add a small strongly convex
regularizer to the objective and solve the regularized problem instead. Define the
regularized version of F'(x) as

m

(10) Fa)= = 3" fila) + Slal?,

i=1

and denote ¥ = argmin, F,(z). It can be easily checked that the precision between
problems (1) and (10) satisfies

(11) Fa) = F(z") < Fe(z) *Fe(w*)+§llfﬂ*||2-

€

Thus, to attain an e-optimal solution of problem (1), we only need to find an e-optimal
solution of problem (10). Denote L, = L + e. Define

felx) = £() + 5 3.

and that is L.-smooth and e-strongly convex. Problem (10) can be reformulated as
the following constrained problem:

(12) chin fe(x) st. Ux=0.

Denote (x}, \¥) to be a pair of KKT points of problem (12). We use Algorithm 1 to
L 1 L : :
solve problem (12), and Corollary 2 needs O((£ + 1_02(W)) log 6(1_02(\,\,))) iterations

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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to find an e-optimal solution of problem (10), which is also an e-optimal solution of
problem (1).

When € < 1 — o, the complexity of the above regularized EXTRA is dominated
by O (% log %) We want to further reduce the complexity by the log% factor. As
discussed in section 4.2, the main reason for the slow rate of the original EXTRA
discussed in section 2.2.1 is that (L + 8)|[x° — x*[|% + 55 A\® = A*[|3 has the same order
of magnitude as O(1), rather than O(1—o2(W)). Our motivation is that we may find a
good enough initializer in a reasonable time such that (L+8)|x° —x*||%+ ﬁ A0 —X*]|%
is of the order O(1 — 02(W)). With this inspiration, our algorithm consists of two
stages. In the first stage, we run Algorithm 1 for K iterations to solve problem (10)
and use its output (x%0, \K0) as the initializer of the second stage. In the second
stage, we run Algorithm 1 on problem (10) again for K iterations and output the
averaged solution x*. Although we analyze the method in two stages, we implement
it in a single loop and only average over the last K iterations.

The complexity of our two-stage regularized EXTRA is described in the next
lemma. We see that the complexity is improved from O ((£ + 1_021(“,)) log 6(1_0L2 (W)))

to O((£ + 1_05(W)) log 1_03(“,)) via the two-stage strategy.

€

LEMMA 4. Suppose that Assumptions 1 and 2 hold with u = 0. Let v° € Span(U?),

o= m, and 8 = L.. Run Algorithm 1 on problem (10). Then, we only need

o (% Tomw) = Tow))

LR1+R2/L)
€

iterations for the first stage and O( iterations for the second stage such that

m

Fa(®) - R <e and -3
=1

2
<é?

% —ax)| <€,

K1 K k-
where X™ = 32 >, X" in the second stage.

3. Accelerated EXTRA. We first review Catalyst and then use it to accelerate
EXTRA.

3.1. Catalyst. Catalyst [34] is a general scheme for accelerating gradient-based
optimization methods in the sense of Nesterov. It builds upon the inexact accelerated
proximal point algorithm, which consists of the following iterations:

(13a) 2F 1 ~ argmin F(z) + z||:U —*?,
SER™ 2
0 (1 — 0)
13b k+1 — xk+l + xk:+1 _ xk: ,

where 6, is defined in Algorithm 2. Catalyst employs double loop and approximately
solves a sequence of well-chosen auxiliary problems in step (13a) in the inner loop.
The following theorem describes the convergence rate for the outer loop.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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THEOREM 5 (see [37, 34]). Suppose that F(x) is convex and the following criterion
holds for all k < K with e < 1&%26

(14) F($k+1) + g”ZEkJrl _ ka2 < min (F(J?) + %Hx _ yk||2) T e,

where € can be any small positive constant. Then, Catalyst generates iterates (a:k)f:*bl

such that
1 48 12
K+1\ *) < 0 k|2 =
F(x ) F(a:)_i(K+2)2 <67'||x x| +£2+1+2£).

Suppose that F(x) is p-strongly convex and (14) holds for all k < K with the precision
0 *

of e, < w(l—p)kﬂ, where p < \/q and q = #iT. Then, Catalyst generates

iterates (z1)f )" such that

8
F(afH) = F(a*) < ———5 (1= p) " (F(2°) - F(2")).
(Va—p)?
Briefly, Catalyst uses some linearly convergent method to solve the subproblem in
step (13a) with warm-start, balances the outer loop and inner loop, and attains the
near optimal global complexities.

3.2. Accelerating EXTRA via Catalyst. We establish the relation between
Algorithm 2 and Catalyst. Recall the definition of G*(z) in Algorithm 2:

1 — T
GH(@) = — > gH@), where (@) = fila) + v — yFI,
=1

which is (L+7)-smooth and (p+7)-strongly convex. Denote Ly = L+7 and pg = p+7
for simplicity. We can easily check that

1 — T |
k _ . o - _ k2
G(ﬂf)—agfz(x)+2;m||x yil
1 ¢ T T T = 1
= > filw)+ Sllz = a(y®)[I” - §Ha(yk)H2 t3 > EHY?H%
=1 1=1

Recall that a(y*) is the average of y¥,...,y* defined in (3). In Algorithm 2, we call
EXTRA to minimize G*(z) approximately, i.e., to minimize F(z) + Sl — a(y®)|?.
Thus, Algorithm 2 can be interpreted as

a(x1) & argmin F(z) + 5[l — a(y")|”.
01— 60
k+1y k+1 k k k+1y k
aly**!) = () & Gl ) — al),

and it belongs to the Catalyst framework. Thus, we only need to ensure (14), i.e.,
G*(a(x**1)) < min, G*(x) + &}, for all k. Catalyst requires the liner convergence in
the form of

GF(2") — min GF(2) < (1 - 6)' (Gk(zo) ~ min G’“(m))
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when solving the subproblem in step (13a), which is not satisfied for Algorithm 1 due
to the existence of terms ||[A¥ — A\*||2 and [[A\**! — X*||2 in Theorem 1. Thus, the
conclusion in [34] cannot be directly applied to Algorithm 2. By analyzing the inner
loop carefully, we can have the following theorem, which establishes that a suitable
constant setup of T}, is sufficient to ensure (14) in the strongly convex case and thus
allows us to use the Catalyst framework for distributed optimization, where T}, is the
number of inner iterations when calling Algorithm 1.

THEOREM 6. Suppose that Assumptions 1 and 2 hold with p > 0. We only need to

set Ty, = O((% + 17021(“,)) log u(lfL:;zW))) in Algorithm 2 such that G*(a(x**1)) <

min, G¥(x) + ¢, holds for all k, where €}, is defined in Theorem 5.

Based on Theorems 5 and 6, we can establish the global complexity via finding an
optimal balance between the inner loop and outer loop. Specifically, the total number
of inner iterations is

T, = 1+T(L+T+ . >lo LEr gl
F p\p+7  1—09(W) gu(l—ag(W)) &

We obtain the minimal value with the optimal setting of 7, which is described in the
following corollary. On the other hand, when we set 7 = 0, it approximates the original
EXTRA.

COROLLARY 7. Under the settings of Theorem 6 and letting 7 = L(1—09(W))—p,
Algorithm 2 needs

1
¢ ( W= oa(W)) 5 Wl = oa(W)) 1°ge>

total inner iterations to achieve an e-optimal solution such that
* 1 - 2 2
F(ax))— F(z*) <e and Ez; Ix; — a(x)]” < €.
=

When the strong convexity is absent, we can have the following conclusion, which
is the counterpart of Theorem 6 and Corollary 7.

THEOREM 8. Suppose that Assumptions 1 and 2 hold with u = 0. We only need
to set T, = O((EET + l—azl(W)) log 1—a§(W)) in Algorithm 2 such that G*(a(x**1)) <

T

min, G*(z) + ¢, holds for all k.

COROLLARY 9. Under the settings of Theorem 8 and letting T = L(1 — 09(W)),
Algorithm 2 needs

log

L 1
0 ( e(1 — 02(W)) e(1— UQ(W)))

total inner iterations to achieve an e-optimal solution such that

F(a(x)) — F(z*) < e and %Z lx; — a(x)|]> < .
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The accelerated EXTRA needs to know #(W) in advance to set Tj. Generally
speaking, #(W) relates to the global connectivity of the network. The authors of
[33, Proposition 5] give the estimation of #(w) by m for many frequently used

networks, e.g., the 2-D graph, the geometric graph, the expander graph, and the
Erdds-Rényi random graph. See [33] for the details.

4. Proofs of theorems. In this section, we give the proofs of the theorems,
corollaries, and lemmas in sections 2 and 3. We first present several lemmas, which
will be used in our analysis.

LEMMA 10. Assume that Assumption 2 holds, and then we have that |IIx||p <
SRS IF

1— 0'2(
The proof is similar to that of [15, Lemma 5], and we omit the details.

LEMMA 11. Suppose that x* is the optimal solution of problem (7). There ex-
ists A* € Span(U) such that (x*,\*) is a KKT point of the saddle point prob-
lem miny, maxy f(x) + (\,Ux). For A\* and any A\ € Span(U), we have |\*||r <

V2V 1—03(W) "
ﬁ and [UA = X5 = =5 A = V1%

The existence of \* € Span(U) is proved in [26, Lemma 3.1] and [|X*]|p <
IV fx)lle
U)

Omin

is proved in [22, Theorem 2], where &in (U) denotes the smallest nonzero

singular value of U and it is equal to 17%(“,) The last inequality can be obtained

from a similar induction to the proof of Lemma 10, and we omit the details. From
Lemma 11, we can see that when we study the dependence on 1 — o3(W), we should
deal with || \*|| 7 carefully. ||A*||F cannot be regarded as a constant that can be dropped
in the complexities.

LEMMA 12. Assume that f(x) is p-strongly conver and L-smooth. Then, we have
(15 H o *2 < _ * .U £ ]2
) 51X =X < f(x) = f(x7) + (A7, Ux) < S [x = x5
Assume that f(x) is convex and L-smooth. Then, we have
1 % * *
(16) 57 IVF() + ON[[E < f(x) = f(x7) + (A, Ux).

Proof. We can easily see that f(x) 4+ (\*, Ux) is p-strongly convex and L-smooth
in x. Since x* = argmin, f(x) + (\*,Ux) and Ux* = 0, we have (15). From
Vf(x*) + UM = 0 and the smoothness of f(x) + (A\*, Ux) [38, Theorem 2.1.5], we
have (16). |

LEMMA 13. Suppose that Assumptions 1 and 2 hold with up = 0. Assume that
fx) = f(x*)+ (A", Ux) < €1 and |Ux||r < €3. Then, we have

F(a(x)) — F(z*) < 1 (61 + 3|Vf(x*)|1|p_—;22(1;lv|x) — X*HFGQ t1o ai(W) e%) .

m

Proof. Recall that L117x = 1(a(x))” from (3) and x* = 1(z*)”. From the defi-
nitions of F'(z) and f(x) in (1) and (2), respectively, we have F(a(x)) = L f (1117x)
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and F(z*) = L f(x*). Thus, we only need to bound f (L117x) — f(x*):
/ (;nTx) — Jx)
=7 (2117x) = 100+ £ - 160)

A=

(V109, 117x =) 4 S0l + 160 1)

b L
< (IVFx)F + Llx —x"||p) x| F + §IIHXIIZ’F + f(x) = f(x")

c L

< (1916 e+ Ele = 1) [Ty 103 + 75 1Ol
100~ FO) + (X 0% + 37O

< (V6 e+ Llix = )\ Ty 103 + T U1
09 )+ (37 0) + S O

a b
where we use the smoothness of f(x) and (4) in < and <, Lemma 10, and — (A\*, Ux) <
c d
[[AM||#]|Ux||p in < and Lemma 11 in <. The proof is complete. d

The following lemma is the well-known coerciveness property of the proximal
operator.

LEMMA 14 (see [34, Lemma 22]). Given a convex function F(x) and a positive
constant T, define p(y) = argmin, F(z) + Z|lz — y|*>. For any y and v/, the following
inequality holds:

ly =o'l > lp(y) — p)I-

Finally, we study the regularized problem (12).

LEMMA 15. Suppose that Assumptions 1 and 2 hold with = 0. Then, we have
Ix* = x¢llp < [x*[lp and [x¢]F < 2(x*|F-

The proof is similar to that of [36, Claim 3.4]. We omit the details.

4.1. Proofs of Theorem 1 and Corollary 2. Now, we prove Theorem 1, which
is based on the following lemma. It gives a progress in one iteration of Algorithm 1.

Some techniques in the proof have already appeared in [26], and we present the proof
for the sake of completeness.

LEMMA 16. Suppose that Assumptions 1 and 2 hold with p = 0. Then, for
procedure (8a)—(8b), we have

f(xk+1) _ f(X*) + <>\*7ka+1>

<(L+B)|x" =x*|F = (L + B)Ix" —x*|1F

B+L
2

(17)

1 * 1 *
+ﬁH/\k—A II%—ﬁH/\k“—A [ e
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Proof. From the L-smoothness and convexity of f(x), we have

FOEEH) € PO (), x5 — ) 4 2+

= M) (T Fe0), = ) 4+ (V) ) o b

< FO) (V)3 ) 4 2 [

Plugging (8a) into the above inequality, adding <)\*,ka+1> to both sides, and
rearranging the terms, we have

f(xk+1) o f(X*) + </\*’ka+1>
< — (2L + B)(xM — xF) + UNF 4 pUxE xM L — x7)

L *
+ EkaJrl 7Xk||% + <)\ ’ka+1>
1
L 2L+ ) (x"H —xF XM - x) — 3 (AR — X% ARFL 3R
L
- 6 <ka7 ka+1> + §||Xk+1 - Xk”QFa

where we use Ux* = 0 and (8b) in <. Using the identity of 2 (a, b) = ||a|? + ||b||? —
|la — bl|?, we have

FEFY) — f(x*) 4+ (A%, UXM
< (L+B)|x" —x*[[7 — (L + B)[x"! — x*||%

1 1 1
- )\k O\ 2 - )\kJrl )\ 2 - )\kJrl o )\k 2
+ 55N = NIE - 55l 1%+ 351 I%
B p p L
= DUk = DUt 3+ ot - Ut - (54 8) I - xR

b ¢ * *
< (L+B)Ix" = x|F — (L + B)lIx" — x|

1 i 1 § B+L
+ %HA’“ = N% - %IIA’“+1 = N% - THX’““ —x"||%,

b

where we use (8b) and |U||2 <1 in <. 0

A crucial property in (17) is that we keep the term f%ﬂxk+1 — x*||2,, which
will be used in the following proof to eliminate the term (L — 1) WHX’CJrl -x*|%
to attain (19). In the following proof of Theorem 1, we use the strong convexity
and smoothness of f(x) to obtain two inequalities, i.e., (19) and (20). A convex
combination leads to (21). The key thing here is to design the parameters carefully.
Otherwise, we may only obtain a suboptimal result with a worse dependence on %

1
and T(VV)

Proof of Theorem 1. We use (16) to upper bound [|A**+! — X\*||2.. From procedure
(8a)—(8b), we have

2(L+ B) (x" —xF) + Vf(xF) + UNT! + pU%(xF — xF 1) = 0.
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Thus, we obtain
SV + UX

’2 LB) (xH1 ) 48U (T F(x) - (U A i

QL‘
1s) = A=)
1/1/

Do p) (- x) 4+ BUR G - 4 V) - )|

F
4 (1- V)(l —02(W)) (k1 yxp2 1 9L+ B ki
: 2 - (3 - 1) 2E O

k2
—X ||F>

where we use ||a+bl|? > (1 —v)|lal|? — (1/v —1)||b||? for some v € (0,1) in §, Lemma

d
11, and the smoothness of f(x) in >. Lemma 11 requires \¥ € Span(U). From the
initialization and (8b), we know it holds for all k.

9(8+L) 1 9(L+B)*
9(B+FL)+L° then ( —1) =57

inequality and using (16) and (17), we have
1-— UQ(W) H)‘k_H
36(3+ L) + 4L

Letting v = = LTW Plugging v into the above

NE < (L+B)|x" —x* |7 = (L+B) =" —x"[I%
(19) ] ]

7Ak—)\*2—7)\k+1—>\* 2.
+ 25” 2 25” 2

From (15) and (17), we also have

H x* x* *
§||Xk+1 17 < (L+B)IIX* —x*|[F = (L + 8)|x" —x*|%
(20)

1
7)\]6_)\*2_7)\]6-'1-1_)\*2‘
+ ol =13 - o I3

Multiplying (19) by 7, multiplying (20) by 1—n, adding them together, and rearranging
the terms, we have

(L-‘rﬁ-i- (1 _2/)7)M> ||Xk+1 _X*H2 + ( 1 + (1 _UQ(W)) > ||)\k+1 _ )\*”%

(21) 28 36(8+L)+4L

* 1 *
< (L+B)x" —x"|F + ﬁ\\/\k = X%

. - —oa (W o
Letting &Li)ﬁ/; = ﬁg((lﬁJroLZ)(Jrzp, we have n = 2%2}‘3)02(\,\,)) Plugging it into (21)

50 T ST L

and recalling the definition of py, in (9), it leads to

pB(1 — o2(W))
(1 " p(18(B+ L) +2L) +2(L + B)B(1 — 02(W))) Pr+1 < Pk

We can easily check that

pB(1 — aa(W))
n(18(8 + L) +2L) 4 2(L + B)B(1 — 02(W))
_ (1l —o2(W))
B 4 28(1 — 05(W)) +2L(1 — 02(W)) + 18y
1 (1 — 02(W))
38 L(1 — 02(W)) + 1

e
>
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by letting 8 = L in § Thus, we have the conclusion. 0
Finally, we prove Corollary 2.
Proof. From Theorem 1, A = 0, (6), 8 = L, and Lemma 11, we have

(L+B)lIx" —x"|I% + ﬁl\/\k ~ N <(1-0)" ((L +B) %" = x*|% + %HA II%)

(22) g 2m(LRy + RQ/L)

s{d-9) 1 —03(W)

On the other hand, from x* = 1(z*)T, the definition of a(x) in (3), the convexity of
|| - |2, and the smoothness of F(z), we have

(23) xt == S I =P 2 el - 7 2 7 (Flateh) - F)).
i=1

So we have
¢ LR1 + Ry/L

F(a(x*)) = F(z*) <(1 - 9) T oa(W)

On the other hand, since 3" [x; — ax)|? = L ||1Ix||%., we only need to bound
| T

a 2 b 2 X
ka 2 < ka 2 5 )\k _ )\k—l 2
|| ||F = 1*0’2(W)H HF (170’2(W))52” ||F
4

< Ak—>\*2+ )\k*l_)\*Q

= (1 — Ug(w))ﬁQ (” HF H HF)
(24) ° 16 k—1 2 Lokt 2

<————— [ (L+ Q)X —x*||% + =[N = X* )

s (LA I+ 55 I3
d 132 L?
S —s)! 32m(Ry +R2/2 )7
(1 —02(W))
where we use Lemma 10 in %, (8b) in 2 [AF — A*||2 < 2Bpr < 28pr—1 and [|AF~1 —
c d
N2 < 2Bpr_1 in <, (22), and B = L in <. The proof is complete. d
4.2. Proofs of Lemmas 3 and 4. Lemma 3 only proves the O(ﬁ)
-

convergence rate, rather than O (%) In fact, from Lemma 13, to prove the O (%)
convergence rate, we should establish [|Ux||p < O(M) However, from (27),
we know ||Ux||r has only the same order of magnitude as O(@ \/R1 + ﬁi(w)))

We find that g = ﬁ is the best choice to balance the terms in (29).
=

Proof of Lemma 3. Summing (17) over £k = 0,1,..., K — 1, dividing both sides
by K, using the convexity of f(x), and using the definition of X, we have

. . A 1 . 1 .
(25) ) = 70) 4 O URF) < (4 0 =T+ g0 = VI )
On the other hand, since f(x)— f(x*)+ (A*, Ux) > 0 for all x from (16), we also have

* * 1 *
(26) (L+B)|x" —x*[|F < (L+8)[x" —x II%JrﬁHAO—A Iz Vk=1,....K
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and
LK SN < (L B0 — X3+ o A0 — A2
26 F = F 2ﬂ F

from (17). Using (8b) and the definition of X% we further have

) 1
U5 = 62K2||AK*>\OH%
2 K * (|2 2 0 * (]2
4 (L+B, o )2 I o |2
— (A0 - ERPUSSYAR
< 1 (500 x4 I - X

Summing (26) over k = 1,2, ..., K, dividing both sides by K, using the convexity of
| - |2, and using the definition of %% we have

. . . 1 «
(28) (L4 BIEN — 'l < (L4 A~ + 551X = N Ve =1 K

From (25), (27), (28), and Lemma 13, we have

Flat) - < (U gy ) (B0 T+ 551 )

6|Vfx)r [ [L+B 1
+ XO — x* 2 + — A\* 2
(29) e R R
4L L+ ( 0 9 1 2)
+ x —x"||%+ =———|\* .
5 (Rl g
Plugging ||\*[|%. < %, (6), and the setting of 3 into the above inequality, after
some simple computations, we have the first conclusion. Similarly, from (27) and
Lemma 10, we have the second conclusion. 0

Proof of Lemma 4. For the first stage, from a modification of (22) on problem
(12), we know that Algorithm 1 needs

o :O((L;* 1012(W>>1°g1012<w>)

iterations such that

1
(30) (Le + B)Ix"0 — x5 + %H)\KO = Xl[E < m(1 = 02(W)) (LeRy + Ra/Le) -
Let (x%0 AK0) be the initialization of the second stage. From a modification of (29)

on problem (10), we have

- « 1 8L,
Fe(a(xK)) — F€<x6) < W ((1 + W)m(l — UQ(W))(LERl + RQ/LE)

6IVIexllr [2m(1 = oo(W)) (LR + Ro/Le)
\/1 —UQ(W) ﬁ

AL, Lo+ 2m(1—0o(W))(LeR1 +Ro /LE)>

Y L w\ B L+ B
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From the definition of f.(x), the smoothness of f(x), Lemma 15, and (6), we have

IVfex)Ir < IVFE)Ip+ Lllxe =x7 | r +el[xc | 7
<\/mRy+2L/mRy <+/8mL (L Ry + Ry/L¢).

From 8 = L. and after some simple calculations, we have

. . 41(LeRy + Ry /L)
F(a(x")) = Fu(al) < e

On the other hand, from Lemma 10, (27), (30), and 8 = L., we have

m (R + Ry /L2)
K2

1 8
T (1 < o3 <

—1- UQ(W)

Thus, the second stage needs K = O(M) iterations such that F,(a(x%)) —
F.(z})<eand 237 ||xK - oz(ﬁ:K)H2 <€ 0

4.3. Proofs of Theorems 6 and 8. We consider the strongly convex problems
in section 4.3.1 and the nonstrongly convex ones in section 4.3.2, respectively.

4.3.1. Strongly convex case. In this section, we prove Theorem 6. Define

2" = argmin G*(z) = argmin F(z) + ng —a(y®)

I,

and denote (x**, A¥*) to be a KKT point of saddle point problem min, maxy g*(x) +
(X, Ux), where g*(x) = f(x) + Z|lx — y*[|%. Then, we know x** = 1(z**)T. Let
(xk’t,U)\k’t)giarl be the iterates generated by Algorithm 1 at the kth iteration of
Algorithm 2. Then, x*? = x* and x¥7++1 = xk¥+1 Define

* 1 *
pre = (Lg + Bg) [ — x5 + o | = AP,
284
where we set 8, = Ly. Similar to (23), we have
. 1
GH(a(H)) — GHh) = GHale D) - GR ) < ohpi,.

Thus, we only need to prove pi 1, < 2mej. Moreover, we prove a sharper result of
Pk, < 2m(1 — 02(W))ey by induction in the following lemma. The reason is that we
want to prove ||IIxX+1||2 < O (mef), and thus we need to eliminate 1 — 02(W) in
(32).

LEMMA 17. Suppose that Assumptions 1 and 2 hold with p > 0. If p.7, <
2m(1 — a9(W))e, holds for all r < k — 1 and we initialize x*°0 = xF=LTk-1+1 gnd

B0 _ yk—1,Tx_ _ Ly 1 Lg

A0 = Ne=LTe—1t1 then we only need Ty, = O((ug + 1_02(W)) log H(l_oz(w))) such
that pr. 1, < 2m(1 — o2(W))eg.

Proof. From Theorem 1 and (24), we have

(31) pr1, < (1— 59)Tk Pk,0

16
(32) T = a0 <

—ﬁg(l — UQ(W))pk)7Tk7

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/08/21 to 115.27.217.42. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

REVISITING EXTRA FOR SMOOTH DISTRIBUTED OPTIMIZATION 1813

1

where 6, = . From the initialization and Theorem 1, we have

39054+ ok
1
pro = (Lg + Bg) "1 et — b1 4 ﬁﬂ/\k*l’T’“’lH — A%
g
1
<2(Lg+ By) 1Tt — b B*H)\k*l’n‘ﬁrl — AR
g

(33) ,
2Ly + ) I x4 X0 - X
g

% —1,% 1 * —1,%
< iy + 2Ly ) [ =X A -
9
From the fact that x** = 1(z%*)7, we have

ok — k1 = mlla — 22 € magyt) - alyt )

(34) b — _
<Y lyE =y P =y -y
=1

a b
where < uses Lemma 14 and < uses the definition of a(y) and the convexity of || - ||%.

From Lemma 11, we know

2
& <

)\k,* _ )\k—l,*

[UN* — UN17| 12

Recall that (x¥* A*) is a KKT point of min, maxy g*(x) + (A, Ux) and g*(x) =
f(x) + Z|lx — y*[|%. From the KKT condition, we have UN** + Vg*(x**) = 0. Thus,
we have

[UNE — XS

— HVf(Xk’*) + T(Xk’* _ yk) _ Vf(Xk_l’*) _ T(xk—l,* _ yk—l)Hi1

< 2L+ 7)? [ = xR 272y — R

d
<ALy|ly* - y*IE,

c d
where < uses the L-smoothness of f(x) and < uses (34) and L, = L + 7. Combining
(33), (34), (35), and (36) and using S, = Ly, we have

8L,

37 < 2pp_ 4L —_—
( ) Pko < 20k-1,1_, T ( g T 1 _UQ(W)

)nwykW%

From a similar induction to the proof of [34, Proposition 12] and the relations in
Algorithm 2, we have
Iy* =y HIE < 20ly" —x1F + 20y - x|
<A(1+05)?|Ix" — x*|1F + 907 x" ! — x| 7
A1+ D)X = xR 40 X2 - x|

< 40 max{|x" —x* |13, 1" — %I, %77 - x*|E )

(38)
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where we denote ¥, = %;(17;%’;1) and use ¥, < 1 for all k. The latter can be
k—1

obtainedbyﬁk:ﬁ;g§1foru>0&nd19k:%§9:—flglforu:0.

Since pr1. < 2me, for all r < k — 1, i.e., G"(a(x"T1)) — G"(2™*) < &, from
Theorem 5 we know the following conclusion holds for all r < k — 1:

a(x")) - F(z* _ %6
(39) PlaGe™) = F) € =2t

where we use the definition of &, in Theorem 5. Thus, we have

Ix* = x*|[F = [[1(a(x")T + x" = 1(2*) ][

< 2mlla(x®) — 27 |* + 2| 1= 7

(40) LA () — F(a)) ¢ 2T
< (F(a(x")) — F(z")) + 50— oa(W))
g 144mey, 64meg_1
~ ulva—p)? By

where we use the definitions of TIx and «(x) in =, the u-strong convexity of F(x) and

f
(32) in <, (39), and the induction condition of py_1 7,_, < 2m(1l — 02(W))eg_1 in %.
Combining (31), (37), (38), and (40) and using pr—1,7,_, < 2m(1 — 02(W))eg_1,

we have
4m 8L 40 144mey,  64mey_
prr < (1—6 Tkak<+(4L + g > < + >>
A T 1-0(W)) (1=pP \u(va—p)2 " By

99844m L, B k
n(l —o2(W))(1 = p)*(\/q - e (1= 84)™Crer,

h
< (1 - 5g)Tk

h
where we use \/q — p <1, ex <é&p_1, and By > p in <.
Thus, to attain py 7, < 2m(1 — g2(W))ek, we only need (1 — d,)7+Cy < 2m(1 —

4 c Ly Lg
02(W)), ie., Tj, = O(i log 2m(1—¢712(W))) = O((@ + 1—021(W)) log ;L(1—02(W)))- U
Based on the above lemma and Theorem 6, we can prove Corollary 7.
Proof of Corollary 7. From (32) and Lemma 17, we have

32mexc b 32m 2AF (2°) — F(a*))
ﬂg - Bg 9

x5 < (1—p)H,

b
where < uses the definition of €5 in Theorem 5. On the other hand, from Theorem 5,
we have

K41yy _ p(p* 8 ~VER2(F(20) — P2
F(a(x""1) — F( )S(\/aip)g(l p)*THEF () = F(a7)).

To make ||TIxX 1|2 < O(me?) and F(a(xE*1)) — F(z*) < O(e), we only need to run
Algorithm 2 for K = O(,/1 + T log ;) outer iterations such that

(F(2%) = F(z")(1 = p) < €.
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Thus, the total number of inner iterations is

K
T 1 L+ 1 L+T
T, =4/1+ —|log— + lo
2_Ti u( ge) <H+T laz(W)> 51— 02(W))

k=0
L 2L 1
<3 log log —
| 11 = 02(W)) ™ u(L = 02(W))
by letting 7 = L(1 — 02(W)) — p. |

4.3.2. Nonstrongly convex case. When the strong convexity is absent, we can
have the following lemma, which further leads to Theorem 8. Similar to Lemma 17,
we prove a sharper result of pg 7, < 2mey(1 — oo(W))3+5.

LEMMA 18. Suppose that F(x) is convez. If p, 7, < 2me,(1—02(W))3+¢ holds for
allr < k-1 an}c_Jl we initialize x¥0 = xF=1Te—141 gpg \k:0 = \e=1.Te1+1 then we only
need Ty, = O((;TZ + 170_;(w)) log 1705(“,)) such that pi 1, < 2meg(1 — oo(W))3+¢,

The proof is similar to that of [34, Proposition 12], and we omit the details. Simply,
when the strong convexity is absent, (37) and (38) also hold. But we need to bound
|x* — x*||% in a different way. From Theorem 5, the sequence F(a(x")) is bounded
by a constant. By the bounded level set assumption, there exists C' > 0 such that
la(x*) — 2*|| < C. From (32), we have |[Ix*||% < ka,l,n_l. Thus, we
have

Ix* — x*|[F = (|1 (a(x*)" + Ix" — 1 ()|
< 2mlla(x®) — 2*||* + 2| x| %
32meg_1(1 — oa(W))2+E
By '

Thus, py,o is bounded by constant Cy = 4m + 40(4Ly + #&V))(ZmCz +32m/B,)
and we only need (1 — §,)T*Cy <2mey (1 — g2(W))3*+¢ e,

ﬂ_0<éb%m@ufzamﬁﬁ)_O<CZ+1—QWW)”H—QOM)'

Now, we come to Corollary 9. From Theorem 5, to find an e-optimal solution such
that F(a(x®T1)) — F(2*) <€, we need K = O(4/ T—I:‘l) outer iterations. On the other
hand, from (32) and Lemma 18, we have

< 2mC? +

32m(1 — o2(W))? ek o 32m(1 - o2(W))2+e L 32me?
By - By KA+2 T B LPHERTTE

T <

TR1)7 and 7 =
€

L(1 — 02(W)). Thus, the settings of T}, and K lead to ||IIx®*1||2 < O(me?). The
total number of inner iterations is

/E
_ (Lt L Vo !
kZ:oTk_ 6( T +1—U2(W))1g€(1—02(w))‘

a b
where < uses the definition ¢, in Theorem 5, < uses K = O(

The setting of 7 = L(1—02(W)) leads to the minimal value of e(kaLg(W)) log 5(17012(W)) .
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5. Numerical experiments. Consider the decentralized least squares problem:

L e . _ LT 2, Hy2
(41) min 3o ile) with fi(x) = AT bl + el
where each agent {1, ..., m} holds its own local function f;(z). A; € R™*¢ is generated

from the uniform distribution with each entry in [0, 1], and each column of A; is
normalized to be 1. We set s = 10, n = 500, m = 100, and b; = A;TFQZ with some
unknown x. We test the performance of the proposed algorithms on both the strongly
convex problem and the nonstrongly convex one. For the strongly convex case, we test
on gt =107% and u = 1078, respectively. In general, the accelerated algorithms apply
to ill-conditioned problems with large condition numbers. For the nonstrongly convex
one, we let p = 0.

We test the performance on two kinds of networks: (1) The first is the Erdés—Rényi
random graph, where each pair of nodes has a connection with the ratio of p. We test
two different settings of p: p = 0.5 and p = 0.1, which results in — - (W) = 2.87 and

#(W) = 7.74, respectively. (2) The second is the geometric graph, where m nodes
are placed uniformly and independently in the unit square [0, 1] and two nodes are
connected if their distance is at most d. We test on d = 0.5 and d = 0.3, which leads

to 1, (W) =8.13 and 7 (W) = 30.02, respectively. We set the weight matrix as
W = ”M for both graphes, where M is the Metropolis weight matrix [39]:

1/(1 + max{d;,d;})if (i,) € €,
M, ;=10 if (4,5) ¢ € and ¢ # j, and d; is the number of the ith agent’s neighbors,
1_ZleMiwiql lflf‘]

We first compare EXTRA analyzed in this paper with the original EXTRA [26].
For the strongly convex problem, the authors of [26, Remark 4] analyzed the algorithm

with a = % = %2 and o = % =1 T being suggested in practice. In our theory, we use

B=0Land a=; L In practice, we observe that f = L and o = L performs the best.
Figures 1(a) and 1(c) plot the results. We can see that the theoretical setting in the
original EXTRA makes almost no decreasing in the objective function values due to
small step-size and that our theoretical setting works much better. On the other hand,
both the original EXTRA and our analyzed one work best for § = L and o = %
For the nonstrongly convex problems, the authors of [26] suggest o = % = 1 in both

theory and practice. In our theory, Lemma 3 suggests 8 = \/ﬁ and a = m

From Figures 1(b) and 1(d), we observe that a larger § (i.e., a smaller step-size) makes
the algorithm slow. On the other hand, our regularized EXTRA performs as well as
the original EXTRA.

Then, we compare the proposed accelerated EXTRA (Acc-EXTRA) with the
original EXTRA [26], accelerated distributed Nesterov gradient descent (Acc-DNGD)
[32], accelerated dual ascent (ADA) [18], and the accelerated penalty method with
consensus (APM—C) [15]. For the strongly convex problem, we set 7 = L(1—02(W))—u

and Ty = { for Acc-EXTRA, T}, = {%w and the
—

L
5= TW) 108 J=astw) |
step-size as % for APM-C, T}, = {\/%log 51, and the step-size as p for ADA, where

T means the number of inner iterations at the kth outer iteration and [-] is the top
integral function. We set the step-size as % for EXTRA and tune the best step-size
for Acc-DNGD with different graphs and different u. All the compared algorithms
start from x; = 0 for all 7.
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—e— original EXTRA

—=— Regularized EXTRA

o

05 T 15
# of iterations x10°

0 2

05 1 1s
# of iterations x10°

5 1 15
# of iterations

2

x10°

0 05 T 15
# of iterations

x10

(a) SC, Erdés—Rényi graph; (b) NS, Erdds-Rényi graph; (c) SC, Geometric graph; (d) NS, Geometric graph

1—

1
o2 (W) "

F1c. 1. Comparisons between different EXTRA on the Erdds—Rényi random graph (p =0.1)
and the geometric graph (p = 0.3). SC means the strongly convex problem (u = 107%), and NS
means the nonstrongly convex one.

* H —apu-c

—— Acc-DNGD
EXTRA

ADA
—— Acc-EXTRA|

05 T 15
# of gradient computations 10°

2

05 1 15
# of communications

x10°

2

05 1 15 2
# of gradient computations  y 1°

ADA
—— ACC-EXTRA)

|| —o—APM-C

——Acc-DNGD
EXTRA

—— Acc-EXTRA|

05 1 15 2
# of communications x10'

1 —
iy =287

05 1 15 2
# of gradient computations 10"

1 —
iy =287

05 1 15
# of communications

1 —
Toatwy = 774

2

x10°

[ 1 15 2
# of gradient computations  x 10"

1 —
Top (W) = (74

Fic. 2. Comparisons on the strongly convex problem with the Erd8s—Rényi random graph.
p = 0.5 for the left two plots, and p = 0.1 for the right two. pu = 105 for the top four plots, and
= 1078 for the bottom four.

The numerical results are illustrated in Figures 2 and 3. The computation cost
of ADA is high, and it has almost no visible decreasing in the first 20,000 gradient
computations [15, Figure 2]. Thus, we do not paint it in the second and fourth plots of
Figures 2-5. We can see that Acc-EXTRA performs better than the original EXTRA
on both the Erdés—Rényi random graph and the geometric graph. We also observe
that Acc-EXTRA is superior to ADA and APM-C on the graphs with small y and

The performance of Acc-EXTRA degenerates when p and #(W) become

larger. When preparing the experiments, we observe that Acc-EXTRA applies to
ill-conditioned problems with large condition numbers for strongly convex problems.
In this case, Acc-EXTRA runs with a certain number of outer iterations and the
acceleration takes effect.
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p—vTvars —APM-C
—— Acc-DNGD —— Acc-DNGD o| | —Acc-onGD 10<| [ AeonGD
10° || —— ExTRA 10° | |——ExTRA 07T ——exTrA 07T | — ExTRA
ADA —APM-C —APM-C
—— Acc-EXTRA —— Acc-EXTRA —— Acc-EXTRA) —— Acc-EXTRA
107! 107 10 10°
0 05 1 15 2 o 05 1 15 2 0 05 1 15 2 0 05 1 15 2
# of communications x10" # of gradient computations 10 # of communications x10° # of gradient computations 10*
w0 10t 10 10
10° 10°
10° 10°
10° 107
10" 10
10* 10°
10
—— Acc-EXTRA
10
o 05 1 15 2 3 05 T 1s 0 05 1 15 2
# of gradient computations 10* # of communications x10° # of gradient computations 10

= 30.02

y = 30.02

1 [
T—05(W) T—00(W

Fic. 3. Comparisons on the strongly convex problem with the geometric graph. d = 0.5 for the
left two plots, and d = 0.3 for the right two. p = 10~5 for the top four plots, and pu = 10~8 for the
bottom four.

10" [[—Exmea ——EXTRA
—aPM-C of | —APM-c
1079] | ——Acc-DNGD 107 | — Ace-DNGD
ADA
—— Acc-EXTRA| —— Acc-EXTRA|
10 10 o
0 0 1 15 2 0 05 1 15 2 0 05 1 15 2 0 05 1 15 2
# of communications x10" # of gradient computations  , 10* # of communications x10* # of gradient computations 10*
1 — 1 — 1 — 1 —
1—og(W) 2.87 1—09 (W) 2.87 1—09 (W) 7.74 1—09(W) 7.74

Fic. 4. Comparisons on the nonstrongly convexr problem with the Erdés—Rényi random graph.
p = 0.5 for the left two plots, and p = 0.1 for the right two plots.

EXTRA
ApM-C

10" || =——Acc-DNGD

—— Acc-EXTRA| | [=—Acc-extra|
o 0 05 1 15 2 0 05 1 15 2 0 05 1 5 2 0 05 1 15 2
# of communications x10° # of gradient computations  , 10* # of communications x10° # of gradient computations 4 10*
1 1 — 1 — 1 —

T—oo(W) 8.13 T—oo(W) 8.13 T—oo(W) 30.02 T—oo(W) 30.02

Fic. 5. Comparisons on the nonstrongly convex problem with the geometric graph. d = 0.5 for
the left two plots, and d = 0.3 for the right two plots.
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EXTRA
— APM-C
o| | —e—Acc-DNGD
—e— Acc-EXTRA|
ADA M-C

EXTRA

—APM-C

10§ — Acc-DNGD
ADA

EXTRA
—e—Acc-DNGD
—8— AcC-EXTF

| EXTRA
—— Acc-DNGD

—— Acc-EXTRA|

—apM-C

[l ——Ace-extral

05 15 05 1 15 2 3 05 1 15 2 05 1 15
# of communications x10" # of gradient computations 10* # of communications x10° # of gradient computations 4 10"

F1G. 6. Further comparisons on the geometric graph. d = 0.5 and p = 10~° for the left two
plots, and d = 0.15 and p = 0 for the right two plots.

For the nonstrongly convex problem (u = 0), we set 7 = L(1 — 02(W)) and

_ 1 k+1 _ [__log(k+1) ;
Ty = {2(1_02 ) log l_oj(w)w for Acc-EXTRA, T}, = (55_702(“,)}, and the step-size

as % for APM-C. We tune the best step-size as % and % for EXTRA and Acc-DNGD,
respectively. For ADA, we add a small regularizer of £||z? to each f;(x) and solve
a regularized strongly convex problem with € = 10_% The numerical results are
illustrated in Figures 4 and 5. We observe that Acc-EXTRA also outperforms the
original EXTRA and Acc-EXTRA is superior with small #(W) Moreover, at the
first 10000 iterations, the advantage of Acc-EXTRA is not obvious and it performs
better at the last 5000 iterations. Thus, Acc-EXTRA is suited for the applications
requiring high precision and the well-connected networks with small #(W)
Finally, we report two results in Figure 6 that Acc-EXTRA does not perform well,
where the two left plots are for the strongly convex problem and the two right ones are
for the nonstrongly convex one. Comparing the two left plots in Figure 6 with the left
and two top plots in Figure 3, we can see that Acc-EXTRA is inferior to ADA and
APM-C in cases with a larger p, i.e., a smaller condition number for strongly convex
problems. On the other hand, comparing the right two plots in Figure 6 with the four
in Figure 5, we observe that ADA and APM-C outperform Acc-EXTRA in cases with
a larger #(W) (it equals 268.67 when d = 0.15) for nonstrongly convex problems.

These observations further support the above conclusions.

6. Conclusion. In this paper, we first give a sharp analysis on the original

EXTRA with improved complexities, which depends on the sum of % (or £) and

€
#(w), rather than their product. Then, we use the Catalyst framework to accelerate
it and obtain the near optimal communication complexities and competitive compu-
tation complexities. Our communication complexities of the proposed accelerated
EXTRA are only worse by the factors of (log m) and (log %) forming the
lower bounds for strongly convex and nonstrongly convex problems, respectively.

REFERENCES

[1] O. DEKEL, R. GILAD-BACHRACH, O. SHAMIR, AND L. X1A0, Optimal distributed online prediction
using mini-batches, J. Mach. Learn. Res., 13 (2012), pp. 165-202.

[2] P. FORERO, A. CANO, AND G. GIANNAKIS, Consensus-based distributed support vector machines,
J. Mach. Learn. Res., 59 (2010), pp. 1663-1707.

[3] A. AGARWAL AND J. DucHI, Distributed delayed stochastic optimization, in Advances in Neural
Information Processing Systems (NIPS), MIT Press, Cambridge, MA, 2011, pp. 873-881.

[4] B. ReEcHT, C. RE, S. WRIGHT, AND F. N1u, Hogwild: A lock-free approach to parallelizing

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/08/21 to 115.27.217.42. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

1820

HUAN LI AND ZHOUCHEN LIN

stochastic gradient descent, in Advances in Neural Information Processing Systems (NIPS),
MIT Press, Cambridge, MA, 2011, pp. 693-701.

M. DUARTE AND Y. Hu, Vehicle classification in distributed sensor networks, J. Parallel Distrib.

L.

D.

A.

A.

Comput., 64 (2014), pp. 826-838.

GaN, U. Topcu, AND S. Low, Optimal decentralized protocol for electric vehicle charging,
IEEE Trans. Power Syst., 28 (2013), pp. 940-951.

BERTSEKAS, Distributed asynchronous computation of fized points, Math. Programming, 27
(1983), pp. 107-120.

. TsiTsIKLIS, D. BERTSEKAS, AND M. ATHANS, Distributed asynchronous deterministic and

stochastic gradient optimization algorithms, IEEE Trans. Automat. Control, 31 (1986),
pp. 803-812.

NEDIC AND A. OZDAGLAR, Distributed subgradient methods for multi-agent optimization,
IEEE Trans. Automat. Control, 54 (2009), pp. 48—61.

NEDIC, Asynchronous broadcast-based convex optimization over a network, IEEE Trans.
Automat. Control, 56 (2011), pp. 1337-1351.

S. RaM, A. NEDIC, AND V. VEERAVALLI, Distributed stochastic subgradient projection algorithms

Z om o> U R

for convex optimization, J. Optim. Theory Appl., 147 (2010), pp. 516-545.

. YUAN, Q. LING, AND W. YIN, On the convergence of decentralized gradient descent, STAM J.

Optim., 26 (2016), pp. 1835-1854, https://doi.org/10.1137/130943170.
JAKOVETIC, J. XAVIER, AND J. MOURA, Fast distributed gradient methods, IEEE Trans.
Automat. Control, 59 (2014), pp. 1131-1146.

. CHEN AND A. OZDAGLAR, A fast distributed prozimal-gradient method, in Proceedings of the

Allerton Conference on Communication, Control, and Computing, 2012, pp. 601-608.
L1, C. FanGg, W. YIN, AND Z. LiN, A Sharp Convergence Rate Analysis for Distributed
Accelerated Gradient Methods, preprint, https://arxiv.org/abs/1810.01053, 2018.

. TEreLIUs, U. Topcu, AND R. MURRAY, Decentralized multi-agent optimization via dual

decomposition, in Proceedings of the World Congress of the International Federation of
Automatic Control (IFAC), 2011, pp. 11245-11251.

. ScaMAN, F. BAcH, S. BUBECK, Y. LEE, AND L. MASSOULIE, Optimal algorithms for smooth

and strongly convez distributed optimization in networks, in Proceedings of the International
Conference on Machine Learning (ICML), 2017, pp. 3027-3036.

. URIBE, S. LEE, A. GASNIKOV, AND A. NEDIC, A Dual Approach for Optimal Algorithms in

Distributed Optimization over Networks, preprint, https://arxiv.org/abs/1809.00710, 2018.

. IuTZELER, P. BIANCHI, P. CIBLAT, AND W. HACHEM, Ezxplicit convergence rate of a distributed

alternating direction method of multipliers, IEEE Trans. Automat. Control, 61 (2016),
pp. 892-904.

. MAKHDOUMI AND A. OZDAGLAR, Convergence rate of distributed ADMM over networks,

IEEE Trans. Automat. Control, 62 (2017), pp. 5082-5095.

. AYBAT, Z. WANG, T. LIN, AND S. MA, Distributed linearized alternating direction method of

multipliers for composite convex consensus optimization, IEEE Trans. Automat. Control,
63 (2018), pp. 50—-20.

G. LAN, S. LEg, AND Y. ZHou, Communication-efficient algorithms for decentralized and

stochastic optimization, Math. Program., 180 (2020), pp. 237-284.

. Scaman, F. BacH, S. BUBECK, Y. LEE, AND L. MASSOULIE, Optimal algorithms for non-

smooth distributed optimization in networks, in Advances in Neural Information Processing
Systems (NIPS), MIT Press, Cambridge, MA, 2018, pp. 2740-2749.

. HonG, D. HAJINEZHAD, AND M. ZHAO, Proz-PDA: The prozimal primal-dual algorithm for

fast distributed nonconvex optimization and learning over networks, in Proceedings of the
International Conference on Machine Learning (ICML), 2017, pp. 1529-1538.

. JAKOVETIC, A unification and generalization of exact distributed first order methods, IEEE

Trans. Signal Inform. Process. Netw., 5 (2019), pp. 31-46.

. SHI, Q. LING, G. WU, AND W. YIN, EXTRA: An exact first-order algorithm for decentralized

consensus optimization, SIAM J. Optim., 25 (2015), pp. 944-966, https://doi.org/10.1137/
14096668X.

J. Xu, S. ZHu, Y. SoH, AND L. XIE, Augmented distributed gradient methods for multi-agent

G.

A.

optimization under uncoordinated constant stepsizes, in Proceedings of the IEEE Conference
on Decision and Control (CDC), 2015, pp. 2055-2060.

QU AND N. L1, Harnessing smoothness to accelerate distributed optimization, IEEE Trans.
Control Netw., 5 (2018), pp. 1245-1260.

NEDI¢, A. OLSHEVSKY, AND W. SHI, Achieving geometric convergence for distributed
optimization over time-varying graphs, SIAM J. Optim., 27 (2017), pp. 2597-2633, https:
//doi.org/10.1137/16M1084316.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/130943170
https://arxiv.org/abs/1810.01053
https://arxiv.org/abs/1809.00710
https://doi.org/10.1137/14096668X
https://doi.org/10.1137/14096668X
https://doi.org/10.1137/16M1084316
https://doi.org/10.1137/16M1084316

Downloaded 08/08/21 to 115.27.217.42. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

(30]
(31]
32]
(33]
(34]
(35]

(36]

37]

[38]

39]

REVISITING EXTRA FOR SMOOTH DISTRIBUTED OPTIMIZATION 1821

W. Sui, Q. LiNng, G. Wu, aAND W. YIN, A prozimal gradient algorithm for decentralized
composite optimization, IEEE Trans. Signal Process., 63 (2015), pp. 6013-6023.

A. MOKHTARI AND A. RIBEIRO, DSA: Decentralized double stochastic averaging gradient algo-
rithm, J. Mach. Learn. Res., 17 (2016), pp. 1-35.

G. Qu AND N. LI, Accelerated Distributed Nesterov Gradient Descent, preprint, https://arxiv.
org/abs/1705.07176, 2017.

A. NEDIC, A. OLSHEVSKY, AND M. RABBAT, Network topology and communication-computation
tradeoffs in decentralized optimization, Proc. IEEE, 106 (2018), pp. 953-976.

H. LiN, J. MAIRAL, AND Z. HARCHAOUI, Catalyst acceleration for first-order convexr optimization:
From theory to practice, J. Mach. Learn. Res., 18 (2018), pp. 1-54.

Y. NESTEROV, Introductory Lectures on Convexr Optimization: A Basic Course, Appl. Optim.
87, Springer Science & Business Media, New York, 2013.

Z. ALLEN-ZHU AND E. HAzAN, Optimal black-box reductions between optimization objectives, in
Advances in Neural Information Processing Systems (NIPS), MIT Press, Cambridge, MA,
2016, pp. 1614-1622.

M. ScumipT, N. LE Roux, AND F. BAcH, Convergence rates of inexact prorimal-gradient
methods for convex optimization, in Advances in Neural Information Processing Systems
(NIPS), MIT Press, Cambridge, MA, 2011, pp. 1458-1466.

Y. NESTEROV, Introductory Lectures on Convexr Optimization. A Basic Course, Kluwer, Boston,
2014.

S. Boyp, P. Diaconis, AND L. X1A0, Fastest mizing Markov chain on a graph, SIAM Rev., 46
(2004), pp. 667-689, https://doi.org/10.1137/S0036144503423264.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://arxiv.org/abs/1705.07176
https://arxiv.org/abs/1705.07176
https://doi.org/10.1137/S0036144503423264

	Introduction
	Literature review
	Notation and assumption
	Proposed algorithm
	Complexities
	Paper organization

	Enhanced results on EXTRA
	Sharper analysis on EXTRA for strongly convex problems
	Sharper analysis on EXTRA for nonstrongly convex problems
	Complexity for the original EXTRA
	Complexity for the regularized EXTRA


	Accelerated EXTRA
	Catalyst
	Accelerating EXTRA via Catalyst

	Proofs of theorems
	Proofs of Theorem 1 and Corollary 2
	Proofs of Lemmas 3 and 4
	Proofs of Theorems 6 and 8
	Strongly convex case
	Nonstrongly convex case


	Numerical experiments
	Conclusion
	References

