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Preliminaries
In this section, we first give the definition of the proximal operator.

Definition 3 (Proximal Operator). The proximal operator, proxνh(·), is defined as follows:

proxνh(y) := arg min
x

{ 1

2ν
‖x− y‖2 + h(x)

}
. (16)

Before giving the convergence analysis of our algorithms, we first give the following properties and lemmas.

Lemma 4 ((Allen-Zhu, 2018)). The variance reduction stochastic gradient estimator proposed in (Johnson & Zhang, 2013;
Zhang et al., 2013) is defined as:

∇̃fik(xsk) = ∇fik(xsk)−∇fik(x̃s−1) +∇f(x̃s−1).

Suppose that each fi(x) is convex and L-smooth, then the following inequality holds

E
[∥∥∥∇̃fik(xsk)−∇f(xsk)

∥∥∥2]
≤ 2L

[
f(x̃s−1)− f(xsk) + 〈∇f(xsk), xsk − x̃s−1〉

]
.

(17)

The convergence analysis for the proposed algorithms requires the above upper bound on the term E[‖∇̃fik(xsk)−∇f(xsk)‖2]
as in (Allen-Zhu, 2018). Moreover, we need to extend the expected variance upper bound in Lemma 3 to the mini-batch
setting.

Property 1. Given any x1, x2, x3, x4 ∈ Rd, then we have

〈x1 − x2, x1 − x3〉 =
1

2

(
‖x1 − x2‖2 + ‖x1 − x3‖2 − ‖x2 − x3‖2

)
〈x1 − x2, x3 − x4〉 =

1

2

(
‖x1 − x4‖2 − ‖x1 − x3‖2 + ‖x2 − x3‖2 − ‖x2 − x4‖2

)
.

Theoretical Analysis for DAVIS
In this section, we give some detailed proofs for the convergence analysis of DAVIS (i.e., Algorithm 1), which mainly
include the proofs for Lemmas 1 and 2, and Theorem 1 in the main paper.
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Now we sketch the proof of Theorem 1 as follows: The proof of Theorem 1 relies on telescoping the upper bound of
one-epoch in Lemma 4 below. Lemmas 1 and 2 in the main paper play a key role for obtaining the upper bound of one-epoch
in Lemma 4. That is, we first give the upper bound in Lemma 1 by using the proposed double snapshot scheme in Algorithm
1, and the residual termR is also produced. For each inner loop of Algorithm 1, we obtain the upper bound of one-iteration
in Lemma 2 by using both the proposed momentum acceleration scheme and the compensated stochastic gradient estimator.
As a result, the compensated term C is introduced in the upper bound in Lemma 2, which can be used to offset by the the
residual termR in Lemma 1. Therefore, we obtain a tight upper bound of one-epoch in Lemma 4 by using Lemmas 1 and 2.

Before giving the detailed proof for Theorem 1, we first analyze the convergence behavior of our DAVIS algorithm in a
single iteration.

Proof of Lemma 1 (Upper bound of new snapshot update)

In this subsection, we prove the upper bound for a single iteration of our deterministic gradient descent in Algorithm 1.

Lemma 1 (Upper bound of new snapshot update). Suppose that Assumption 1 holds. Let {xs} be the sequence generated
by our deterministic gradient descent step in Algorithm 1, for any p ∈ Rd, we have

F (xs−1)− F (x∗)

≤(1− θs)(F (x̃s−1)− F (x∗))+
θ2s
mη

(
‖x∗ − x̃s−1‖2 − ‖x∗ − zs−1‖2

)
+Rs,

whereRs =
(
θ2s
2η −

θ2s
2mη

)
‖zs−1 − x̃s−1‖2.

Proof. We first recall the following iteration scheme of our deterministic gradient descent step,

zs−1 = arg min
z

{
h(z) +

〈
∇f(x̃s−1), z

〉
+

θs
2mη

∥∥z − x̃s−1∥∥2} ,
and zs−1 is required to satisfy the following optimal condition,

∇f(x̃s−1) + ξ +
θs

2mη
(zs−1 − x̃s−1) = 0, (18)

where ξ ∈ ∂h(zs−1) is a sub-gradient of h(·) at zs−1.

Since f(·) is L-smooth and using the update rule xs−1 = θsz
s−1 + (1− θs)x̃s−1, the following inequality holds

F (xs−1) = h(xs−1) + f(xs−1)

≤ h(xs−1) + f(x̃s−1) +
〈
∇f(x̃s−1), xs−1 − x̃s−1

〉
+
L

2
‖xs−1 − x̃s−1‖2

≤ h(xs−1) + f(x̃s−1) + θs
〈
∇f(x̃s−1), x∗ − x̃s−1

〉
+
θ2s
2η
‖zs−1 − x̃s−1‖2

− θs
〈
∇f(x̃s−1), x∗ − zs−1

〉
= h(xs−1) + f(x̃s−1) + θs

〈
∇f(x̃s−1), x∗ − x̃s−1

〉
+
θ2s
2η
‖zs−1 − x̃s−1‖2

+ θs

〈
ξ +

θs
mη

(zs−1 − x̃s−1), x∗ − zs−1
〉

≤ θsF (x∗) + (1− θs)F (x̃s−1) +
θ2s
mη

(
‖x∗ − x̃s−1‖2 − ‖x∗ − zs−1‖2

)
+
θ2s
2η
‖zs−1 − x̃s−1‖2

(19)
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where the first inequality holds due to the smoothness of f(·), the third equality holds due to the optimal condition in (18),
and Property 1, that is,and the last inequality holds due to the convexities of h(·) and f(·), and the following fact

2θ2s
mη

〈
zs−1 − x̃s−1, x∗ − zs−1

〉
=

θ2s
2mη

(
‖x∗ − x̃s−1‖2 − ‖x∗ − zs−1‖2 − ‖zs−1 − x̃s−1‖2

)
where the first equality follows Property 1. That is,

F (xs−1)− F (x∗)

≤(1− θs)(F (x̃s−1)− F (x∗))+
θ2s

2mη

(
‖x∗ − x̃s−1‖2 − ‖x∗ − zs−1‖2

)
+Rs.

(20)

This completes the proof.

Proof of Lemma 2 (Upper Bound of One-iteration Inner Loop)

In this subsection, we give and prove the following upper bound for our stochastic updates in one iteration (e.g., for a fixed
k) of Algorithm 1.

Lemma 2 (Upper Bound of One-iteration). Suppose that Assumption 1 holds. Let {xsk, zsk} be the sequence generated by
our momentum accelerated update rules of Algorithm 1. Then we have

E[F (xsk)− F (x∗)]

≤
(

1− θs
m

)[
F (xs−1)− F (x∗)

]
− Cs +

θ2s
η

(
‖x∗ − rsk‖2−

∥∥x∗ − rsk+1

∥∥2) ,
where Cs = −

(
θ2s
2η −

θ2s
2mη

)
‖zs−1 − x̃s−1‖2.

We will prove the upper bound for our stochastic gradient descent step in each inner loop of Algorithm 1. We first recall the
main update rules and the optimal condition in our stochastic gradient descent step (i.e., for a fixed k).

Let gsk=∇fik(ysk)−∇fik(x̃s−1) +∇f(x̃s−1), our compensated stochastic variance reduction gradient estimator is rewritten
as follows:

∇̃ik(ysk) = gsk +
mθs
η

(
zs−1 − x̃s−1

)
.

And the update rule of zsk is

zsk , arg min
z

{
h(z) +

〈
∇̃ik(ysk), z

〉
+

3mθs
2η
‖z − psk + 2(zs−1 − x̃s−1)‖2

}
,

which implies that zsk is required to satisfy the following optimal condition:

∇̃ik(ysk) + ζsk +
3mθs

2η

[
zsk − psk + 2(zs−1 − x̃s−1)

]
= 0. (21)

where ζsk ∈ ∂h(zsk).

Moreover, the main update rules of our stochastic gradient descent step are defined as follows:

ysk =
θs
m
psk+

(
1− θs

m

)
xs−1,

xsk =
θs
m

(zsk − psk) + ysk

=
θs
m
zsk+

(
1− θs

m

)
xs−1.

(22)
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Below we give the detailed proof of Lemma 2.

Proof of Lemma 2:

Proof. Using the smoothness of f(·), we get

E[F (xsk)]

≤ E
[
h(xsk) + f(ysk) + 〈∇f(ysk), xsk − ysk〉+

L

2
‖xsk − ysk‖

2

]
a
= E

[
h(xsk) + f(ysk) +

〈
∇f(ysk),

θs
m

(zsk − psk)

〉
+
Lθ2s
2m2
‖zsk − psk‖

2

]
= E

[
h(xsk) + f(ysk) +

θs
m

〈
∇̃ik(ysk), (zsk − psk)

〉]
+ E

[〈
∇f(ysk)− ∇̃ik(ysk),

θs
m

(zsk − psk)

〉
+
Lθ2s
2m2
‖zsk − psk‖

2

]
= E

[
h(xsk) + f(ysk) +

θs
m

〈
∇̃ik(ysk), x∗ − psk

〉
− θs
m

〈
∇̃ik(ysk), x∗ − zsk

〉]
+ E

[〈
∇f(ysk)− ∇̃ik(ysk),

θs
m

(zsk − psk)

〉
+
Lθ2s
2m2
‖zsk − psk‖

2

]
b
= E

[
h(xsk) + f(ysk) +

θs
m

〈
∇̃ik(ysk), x∗ − psk

〉]
+

3θ2s
4η

(
‖x∗ − psk + 2(zs−1 − x̃s−1)‖2 − ‖x∗ − zsk‖2 − ‖zsk − psk + 2(zs−1 − x̃s−1)‖2

)
+ E

[
θs
m
〈ζsk, x∗ − zsk〉

]
+ E

[〈
∇f(ysk)− ∇̃ik(ysk),

θs
m

(zsk − psk)

〉
+
Lθ2s
2m2
‖zsk − psk‖

2

]
= E

[
f(ysk) +

3θ2s
4η

(
‖x∗ − psk + 2(zs−1 − x̃s−1)‖2 − ‖x∗ − zsk‖2 − ‖zsk − psk + 2(zs−1 − x̃s−1)‖2

)]
+ E

[
h(xsk) +

θs
m
〈ζsk, x∗ − zsk〉

]
︸ ︷︷ ︸

A1

+E
[
θs
m

〈
∇̃ik(ysk), x∗ − psk

〉]
︸ ︷︷ ︸

A2

+ E
[〈
∇f(ysk)− ∇̃ik(ysk),

θs
m
zsk − psk

〉
+
Lθ2s
2m2
‖zsk − psk‖

2

]
︸ ︷︷ ︸

A3

,

(23)

where the first inequality follows from the smoothness of f(·) (i.e., f(xsk) ≤ f(ysk) + 〈∇f(ysk), xsk − ysk〉+ L
2 ‖x

s
k − ysk‖

2);

the equality a
= holds due to the fact that xsk = θs

m (zsk − psk) + ysk; and the equality b
= holds due to the optimal condition in

(21) and Property 1, that is,

θs
m

〈
−∇̃ik(ysk), x∗ − zsk

〉
=
θs
m

〈
3mθs

2η
(zsk − psk + 2(zs−1 − x̃s−1)), x∗ − zsk

〉
=

3θ2s
2η

〈
zsk − psk + 2(zs−1 − x̃s−1), x∗ − zsk

〉
=

3θ2s
4η

(
‖x∗ − psk + 2(zs−1 − x̃s−1)‖2 − ‖x∗ − zsk‖2 − ‖zsk − psk + 2(zs−1 − x̃s−1)‖2

)
,

Next we need to bound the terms A1, A2, and A3 in the inequality (23). And we first bound the term A1. Using the update
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rule of xsk = θs
m z

s
k+
(
1− θs

m

)
xs−1, we have

A1 =E
[
h(xsk) +

θs
m
〈ζsk, x∗ − zsk〉

]
= E

[
h

(
θs
m
zsk+

(
1− θs

m

)
xs−1

)
+
θs
m
〈ζsk, x∗ − zsk〉

]
≤ E

[
θs
m
h(zsk) +

(
1− θs

m

)
h(xs−1)

]
+ E

[〈
ζsk,

θs
m

(x∗ − zsk)

〉]
≤ E

[
θs
m
h(zsk)+

(
1− θs

m

)
h(xs−1)

]
+ E

[
θs
m

(h(x∗)−h(zsk))

]
= E

[(
1− θs

m

)
h(xs−1)+

θs
m
h(x∗)

]
,

(24)

where the first inequality holds due to the convexity of h(·), and the second inequality follows from the facts that ζsk ∈∂h(zsk)
and 〈ζsk, x∗ −zsk〉 ≤ h(x∗)− h(zsk).

By the definition of ∇̃ik(ysk) (i.e., ∇̃ik(ysk) = gsk + mθs
η

(
zs−1 − x̃s−1)

)
, the term A2 in the inequality (23) is rewritten as

follows:

A2 = E
[
θs
m

〈
∇̃ik(ysk), x∗ − psk

〉]
=E
[
θs
m

〈
∇̃ik(ysk), x∗ − psk

〉]
=
θs
m
〈∇f(ysk), x∗ − psk〉+

θ2s
η

〈
zs−1 − x̃s−1, x∗ − psk

〉
=
θs
m
〈∇f(ysk), x∗ − psk〉+

θ2s
2η

〈
2(zs−1 − x̃s−1), x∗ − psk

〉
=
θs
m
〈∇f(ysk), x∗ − psk〉+

θ2s
4η

(
‖x∗ − psk + 2(zs−1 − x̃s−1)‖2−‖x∗ − psk‖

2 − 4‖zs−1 − x̃s−1‖2
)
,

(25)

where the last equality follows Property 1.
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Furthermore, we give the upper bound of the term A3 in the inequality (23) as follows:

A3 = E
[
θs
m

〈
∇f(ysk)− ∇̃ik(ysk), zsk − psk

〉]
=
θs
m

E
[〈
∇f(ysk)− ∇̃ik(ysk), zsk − psk + 2(zs−1 − x̃s−1)

〉]
− θs
m

E
[〈
∇f(ysk)− ∇̃ik(ysk), 2(zs−1 − x̃s−1)

〉]
a
=
θs
m

E
[〈
∇f(ysk)− ∇̃ik(ysk), zsk − psk + 2(zs−1 − x̃s−1)

〉]
− 2θ2s

η
‖zs−1 − x̃s−1‖2

b
≤ η

2m2

∥∥∥∇f(ysk)− ∇̃ik(ysk)
∥∥∥2 +

θ2s
2η
‖zsk − psk + 2(zs−1 − x̃s−1)‖2− 3θ2s

2η
‖zs−1 − x̃s−1‖2

c
≤ 1

m

[
f(xs−1)− f(ysk) + 〈∇f(ysk), ysk − xs−1〉

]
+
θ2s
2η
‖zsk − psk + 2(zs−1 − x̃s−1)‖2 − 3θ2s

2η
‖zs−1 − x̃s−1‖2

(26)

where the equality a
= holds due to the definition of gradient estimator in Definition 1 and E[∇f(ysk)−gsk] = 0, we have the

following fact

− θs
m

E
[〈
∇f(ysk)−∇̃ik(ysk), 2(zs−1 − x̃s−1)

〉]
=− θs

m
E
[〈
∇f(ysk)−gsk +

mθs
η

(
zs−1 − x̃s−1

)
, 2(zs−1 − x̃s−1)

〉]
=− 2θ2s

η
‖zs−1 − x̃s−1‖2.

And the equality
b
≤ in (27) follow from the Young’s inequality; the

c
≤ in (27) due to the following fact

η

2m2

∥∥∥∇f(ysk)− ∇̃ik(ysk)
∥∥∥2

=
η

2m2
‖∇f(ysk)− gsk‖

2
+
θ2s
2η

∥∥zs−1 − x̃s−1∥∥2
+

η

2m2
〈∇f(ysk)− gsk,

mθ2s
η

(
zs−1 − x̃s−1

)
〉

=
η

2m2
‖∇f(ysk)− gsk‖

2
+
θ2s
2η

∥∥zs−1 − x̃s−1∥∥2
≤1

m

[
f(xs−1)− f(ysk) + 〈∇f(ysk), ysk − xs−1〉

]
+
θ2s
2η

∥∥zs−1 − x̃s−1∥∥2

where the first equality holds due to the definition of gradient operator in () and the last equality holds due to the fact
E[∇f(ysk)−gsk] = 0; the inequality follows Lemma 4 with the setting η ≤ 1/L, i.e., Lη ≤ 1.
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Combing the equality (25) and the inequality (26), we have

A2 +A3

≤
〈
∇f(ysk),

θs
m

(x∗ − psk) +
1

m
(ysk − x̃s−1)

〉
+
θ2s
2η
‖zsk − psk + 2(zs−1 − x̃s−1)‖2 − 3θ2s

2η
‖zs−1 − x̃s−1‖2

+
θ2s
4η

(
‖x∗ − psk + 2(zs − x̃s)‖2−‖x∗ − psk‖

2 − 4‖zs−1 − x̃s−1‖2
)

≤ θs
m
f(x∗) +

(
1− θs

m

)
f(xs−1)− f(ysk)

+
θ2s
2η
‖zsk − psk + 2(zs−1 − xs−1)‖2 − 5θ2s

2η
‖zs−1 − xs−1‖2

+
θ2s
4η

(
‖x∗ − psk + 2(zs−1 − x̃s−1)‖2−‖x∗ − psk‖

2
)

(27)

where the first equality holds due to the updated rule of ysk= θs
mp

s
k+
(
1− θs

m

)
xs−1 and the following fact:〈

∇f(ysk),
θs
m

(x∗ − psk) +
1

m
(ysk − xs−1)

〉
=

〈
∇f(ysk),

θs
m
x∗ +

(
1− θs

m
− 1

m

)
xs−1 +

1

m
ysk − ysk

〉
+

1

m

[
f(xs−1)− f(ysk)

]
≤ f

(
θs
m
x∗ +

(
1− θs

m
− 1

m

)
xs−1 +

1

m
ysk

)
− f(ysk) +

1

m

[
f(xs−1)− f(ysk)

]
≤ θs
m
f(x∗) +

(
1− θs

m

)
f(xs−1)− f(ysk),

(28)

where the first inequality follows the property of f (i.e., 〈∇f(x), y − x〉 ≤ f(y)− f(x)); and the last inequality holds due
to the convexity of f(·).

By the above analysis and combining the inequalities (23), (24) and (28), we have

E[F (xsk)− F (x∗)]

≤
(

1− θs
m

)[
F (xs−1)− F (x∗)

]
− 3θ2s

2η
‖zs−1 − xs−1‖2

+
θ2s
4η

(
‖x∗ − psk + 2(zs − x̃s)‖2−‖x∗ − psk‖

2 − 4‖zs−1 − xs−1‖2
)

+
3θ2s
4η

(
‖x∗ − psk + 2(zs − x̃s)‖2 − ‖x∗ − zsk‖2

)
(29)

where the second inequality hold due to jensen inequality (i.e., θ2s
4η ‖x

∗ − psk‖
2

+
3θ2s
4η ‖x

∗ − zsk‖2 ≥
θ2s
η ‖x

∗ − psk/4− 3zsk/4‖
2), Cs = − θ

2
s

η ‖z
s−1−x̃s−1‖2; the last inequality holds due to psk = psk−1/4+3zsk−1/4+2(zs−x̃s)

and rsk = psk − 2(zs−1 − x̃s−1), then rsk+1 = psk+1 − 2(zs−1 − x̃s−1) = psk/4 + 3zsk/4.

This completes the proof.

Proof of Lemma 4 (Upper Bound of One-epoch):

Before giving the proof of Theorem 1, we first give and prove the following lemma, which provides the upper bound for one
epoch of Algorithm 1.
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Lemma 4. (Upper Bound of One-epoch) Suppose that Assumption 1 holds. Let {x̃s} be the sequence generated by
Algorithm 1. Then we have

E[F (x̃s)− F (x∗)]

≤ (1− θs)(F (x̃s−1)− F (x∗))+
θ2s
mη

(
‖x∗ − x̃s−1‖2 − ‖x∗ − x̃s‖2

)
.

(30)

Proof. By the one-iteration upper bound in Lemma 2, we have

E[F (xsk)− F (x∗)]

≤
(

1− θs
m

)[
F (xs−1)− F (x∗)

]
+ Cs +

θ2s
η

(
‖x∗ − rsk‖2−

∥∥x∗ − rsk+1

∥∥2) ,
Summing the above inequality over k = 1, · · · ,m and using x̃s = 1

m

∑m
k=1 x

s
k and F (x̃s) ≤ 1

m

∑m
k=1 F (xsk), we have

E[F (x̃s)− F (x∗)]

≤
(

1− θs
m

)[
F (xs−1)− F (x∗)

]
+ Cs

+
θ2s
mη

(
‖x∗ − rs1‖2−

∥∥x∗ − rsm+1

∥∥2)
=

(
1− θs

m

)[
F (xs−1)− F (x∗)

]
+ Cs

+
θ2s
mη

(
‖x∗ − zs−1‖2−‖x∗ − x̃s‖2

)
,

(31)

where the equality holds due to the update rules ps0 = 4zs−1 − 3zs0 (i.e, zs−1 = rs1 = ps0/4 + 3zs0/3) and x̃s = rsk+1 =
psk/4 + 3zsk/4.

Furthermore, by using Lemma 1, we have

F (xs−1)− F (x∗)

≤(1− θs)(F (x̃s−1)− F (x∗))+
θ2s
mη

(
‖x∗ − x̃s−1‖2 − ‖x∗ − zs−1‖2

)
+Rs,

(32)

By the above analysis, the upper bound of one-epoch

E[F (x̃s)− F (x∗)]

≤ (1− θs)(F (x̃s−1)− F (x∗))+
θ2s
mη

(
‖x∗ − x̃s−1‖2 − ‖x∗ − x̃s‖2

)
.

(33)

This completes the proof.

Proof of Theorem 1

In this subsection, we prove the convergence property of DAVIS (i.e., Algorithm 1). Theorem 1 shows that DAVIS
improves the convergence rate of some accelerated methods (e.g., Katyusha) from O(1/S2) to O(1/(nS2)) for the non-SC
problem (1). That is, the result shows that DAVIS has both the optimal oracle complexity, O(n+

√
nL/ε), and the optimal

convergence rate, O(1/(nS2)).
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Theorem 1. Suppose that each component function fi(·) is L-smooth. Let x̃s= 1
m

∑m
k=1x

s
k (i.e., the average point of the

previous epoch1), then the following result holds

E[F (x̃s)− F (x∗)] ≤ O
( 1

mS2

[
F (x̃0)− F (x∗) + L‖x∗− x̃0‖2

])
.

Choosing m=Θ(n), Algorithm 1 achieves an ε-solution using at most O(n+
√
nL/ε) iterations.

Proof. Using the update rule of θs (i.e., θs = 2
s+1 ) for Algorithm 1, we have 1

θ2s−1
≥ 1−θs

θ2s
. Therefore, we telescope the

inequality (34) in Lemma 4 for all s = 1, 2, . . . , S, we have

1

θ2S
E
[
F (x̃S)− F (x∗)

]
≤ (1− θ1)

θ21

[
F (x̃0)− F (x∗)

]
+

3θ21
4mη

∥∥x∗ − x̃0∥∥2
Since θ1 = 1,

1

θ2S
E
[
F (x̃S)− F (x∗)

]
≤ 3

4mη

∥∥x∗ − x̃0∥∥2 . (34)

Since θs = 2
s+1 , we have

E
[
F (x̃S)− F (x∗)

]
≤ O

(∥∥x∗ − x̃0∥∥2
mS2η

)
.

(35)

In other words, by choosing m=Θ(n), the total oracle complexity of our algorithm is O(n+
√
nL/ε).

This completes the proof.

Theoretical Analysis for DAVIS-ADMM
In this section, we analyze the convergence property of the proposed algorithm. Similar to Theorem 1, the proofs of
Theorems 2 and 3 rely on the one-epoch inequality in Lemma 10 below. To prove Lemma 10, we first give the upper bound
in Lemma 6 below by using our snapshot scheme in Algorithm 2. Furthermore, by using our stochastic momentum iteration
rules in Algorithm 2, we can obtain the upper bounds in Lemmas 7 and 8 below. Thus, we can obtain the upper bound of
one-epoch in Lemma 10 by using Lemmas 6, 7 and 8.

For the more general case, we use the mini-batch version of the proposed compensated stochastic variance reduction gradient
estimator in our ASADMM algorithm, which is defined as follows:
Definition 4 (Mini-batch compensated stochastic gradient estimator). We define a new compensated stochastic variance
reduction gradient estimator for our ASADMM algorithm as follows:

∇̂Ik(x) = ∇fIk(x)−∇fIk(x̃s−1) +∇f(x̃s−1)︸ ︷︷ ︸
SVRG estimator

+
mθs
η
Qs(z

s−1 − x̃s−1)︸ ︷︷ ︸
Compensated estimator

, (36)

1Note that we choose x̃s to be the average point of the previous m stochastic iterates rather than the last iterate because it has been
reported to work better in practice (Xiao & Zhang, 2014; Allen-Zhu, 2018; Allen-Zhu & Yuan, 2016).
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where Ik⊂{1, 2, . . . , n} is a randomly chosen mini-batch of size b.

Compared with Definition 1, the additional matrix Qs is need to introduced into the gradient estimator in the ADMM
version.

Our ASADMM Algorithm

In this subsection, we present an efficient accelerated stochastic variance reduced ADMM algorithm for solving the structured
regularization problem (2), as shown in Algorithm 2. By introducing the dual variable λ and the variable w, the augmented
Lagrangian function of Problem (2) is

L(x,w, λ) = f(x) + h(w) + 〈λ,Ax− w〉+
β

2
‖Ax− w‖2,

where β > 0 is a penalty parameter.

Proofs for ASADMM

Before giving the proof of Theorem 2, we first present the following lemma (Zheng & Kwok, 2016).
Lemma 5. Let ϕk = β(λk − λ∗) and any ϕ = βλ, and λk = λk−1 +Axk − wk, then

E
[
−(Axk − wk)T (ϕk − ϕ)

]
=
β

2
E
[
‖λk−1 − λ∗ − λ‖2 − ‖λk − λ∗ − λ‖2 − ‖λk − λk−1‖2

]
.

Lemma 6 (Upper bound of new snapshot update). Suppose that Assumption 1 holds. Let Gs = ∇f(x̃s−1) + βATλ
s−1

for
Algorithm 2, and {xs, ws, λs} be the sequence generated by our deterministic gradient descent step in Algorithm 2, then we
have

E
[
P (xs−1, ws−1)−〈Axs−1 − ws−1, ϕ〉

]
≤ (1− θs) [P (x̃s−1, w̃s−1)− 〈Ax̃s−1 − w̃s−1, ϕ〉] +Rs

+
βθs
m

E
[
‖λs−2 − λ∗ − λ‖2 − ‖λs−1 − λ∗ − λ‖2

]
+
βθs
m

E
[
‖Ax∗ − ws−2‖2 − ‖Ax∗ − ws−1‖2

]
,

whereRs = − η
2m‖Gs‖

2
Q−1
s

+ θs〈Gs, x̃s−1 − x∗〉

Proof. We first recall the following iteration scheme of our deterministic gradient descent step,

zs−1 = arg min
z

{
h(z) +

〈
∇f(x̃s−1), z

〉
+

θs
mη

∥∥z − x̃s−1∥∥2
Qs

+
β

m
‖Az−ws−1 +λ

s−2‖2
}
,

and zs−1 is required to satisfy the following optimal condition,(
∇f(x̃s−1) + ξ

)
+

2θs
mη

Qs(z
s−1 − x̃s−1) +

2β

m
AT (Azs−1−ws−1 +λ

s−2
) = 0, (37)

where ξ ∈ ∂h(zs−1) is a sub-gradient of h(·) at zs−1. With λ
s−1

= Azs−1−ws−1 +λ
s−2

, we have(
∇f(x̃s−1) + ξ

)
+

2θs
mη

Qs(z
s−1 − x̃s−1) +

2β

m
ATλ

s−1
= 0, (38)
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Since f(·) is L-smooth and using the update rule xs−1 = θsz
s−1 + (1− θs)xs−1, the following inequality holds

f(xs−1)

≤ f(x̃s−1) +
〈
∇f(x̃s−1), xs−1 − x̃s−1

〉
+
L

2
‖xs−1 − x̃s−1‖2

≤ f(x̃s−1) + θs
〈
∇f(x̃s−1), zs−1 − x̃s−1

〉
+
θ2s
2η
‖zs−1 − x̃s−1‖2Qs ,

(39)

where the first inequality holds due to the smoothness of f(·), and the second inequality uses our choice of η ≤ 1
L and the

fact that Qs � I . Furthermore, for any p ∈ Rd and using the optimal condition in (18), we have

f(xs−1)

≤f(x̃s−1) +
θ2s
2η
‖zs−1 − x̃s−1‖2Qs

+θs
〈
∇f(x̃s−1), zs−1 − x∗

〉
+ θs

〈
∇f(x̃s−1), x∗ − x̃s−1

〉
≤f(x̃s−1) +

θ2s
2η
‖zs−1 − x̃s−1‖2Qs

+

〈
θ2s
mη

Qs(z
s−1 − x̃s−1) +

βθs
m

ATλ
s−1

, x∗ − zs−1
〉

+ θs
〈
∇f(x̃s−1), x∗ − x̃s−1

〉
≤θsf(x∗) + (1− θs)f(x̃s−1)+

θ2s
2mη

(
‖x∗ − x̃s−1‖2Qs − ‖x

∗ − zs−1‖2Qs
)
,

(40)

where the last inequality follows Property 1 and the convexities of f(·), i.e.,

2θ2s
mη

〈
Qs(z

s−1 − x̃s−1), x∗ − zs−1
〉

=
θ2s
mη

(
‖x∗ − x̃s−1‖2Qs − ‖x

∗ − zs−1‖2Qs − ‖z
s−1 − x̃s−1‖2Qs

)
,

2β

m

〈
ws−2 − ws−1, A(x∗ − zs−1)

〉
=
β

m
(‖Ax∗ − ws−2‖2 − ‖Ax∗ − ws−1‖2 + ‖λs−1 − λs−2‖2)

Using βATλ
s−1

+∇f(x̃s−1) = θs
η Qs(x̃

s−1 − zs−1), we have

Using the optimality condition of Problem (2), i.e., ∇f(x∗) + βATλ∗ = 0, and let ϕs−1 = β
(
λ
s−1 − λ∗

)
, then the result

for xs−1 is given by 〈
βATλ

s−1
, x∗− xs−1

〉
=
〈
∇f(x∗), xs−1 − x∗

〉
+
〈
βATλ∗, xs−1 − x∗

〉
+
〈
βATλ

s−1
, x∗− xs−1

〉
=
〈
∇f(x∗), xs−1 − x∗

〉
+
〈
ATϕs−1, x∗− xs−1

〉
,

(41)

and xs−1 = θsz
s−1 + (1− zs−1)x̃s−1, we have

f(xs−1)− f(x∗) +
〈
∇f(x∗), x∗ − xs−1

〉
−
〈
ATϕs−1, x∗− xs−1

〉
≤(1− θs)(F (x̃s−1)− F (x∗) +

〈
∇f(x∗), x∗ − x̃s−1

〉
−
〈
ATϕs−1, x∗− x̃s−1

〉
)

+
θ2s
2η

(
‖p− x̃s−1‖2Qs − ‖p− z

s−1‖2Qs
)

+
θ2s
η

〈
p− x∗, Qs(x̃s−1 − zs−1)

〉
+ θs

〈
βATλ

s−1
, x∗ − zs−1

〉
.

(42)
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Let p = x∗ − vsk, we have

f(xs−1)− f(x∗) +
〈
∇f(x∗), x∗ − xs−1

〉
−
〈
ATϕs−1, x∗− xs−1

〉
≤(1− θs)(F (x̃s−1)− F (x∗) +

〈
∇f(x∗), x∗ − x̃s−1

〉
−
〈
ATϕs−1, x∗− x̃s−1

〉
)

+
θ2s
2η

(
‖x∗ − vsk − x̃s−1‖2Qs − ‖x

∗ − vsk − zs−1‖2Qs
)

+
θ2s
η

〈
vsk, Qs(z

s−1 − x̃s−1)
〉

+ θs

〈
βATλ

s−1
, x∗ − zs−1

〉
.

(43)

This completes the proof.

Proof. We first recall the following iteration scheme of our deterministic gradient descent step,

xs−1 = arg min
x

{〈
m∇f(x̃s−1), x

〉
+
m

2η
‖x−x̃s−1‖2Qs+

β

2θs
‖Ax−ws−2−qs+

θs
m
λ
s−2‖2

}
,

and xs−1 is required to satisfy the following optimal condition,

∇f(x̃s−1) +
1

η
Qs(x

s−1 − x̃s−1) +
β

m
AT [(Axs−1 − ws−2 − qs)/θs + λ

s−2
/m] = 0. (44)

Let Gs = ∇f(x̃s−1) + β
mA

T [(Axs−1−ws−2−qs)/θs + λ
s−2

] and λ
s−1

=m(Axs−1−ws−1−qs)/θs+λ
s−2

, we have

Gs=∇f(x̃s−1) +
β

m
AT [(Axs−1 − ws−2 − qs)/θs + λ

s−2
/m]

=∇f(x̃s−1) +
β

m
AT [(Axs−1 − ws−1 − qs)/θs + λ

s−2
/m+ ws−1 − ws−2]

=∇f(x̃s−1) +
β

m2
ATλ

s−1
+
β

m
AT (ws−1 − ws−2)

(45)

Thus
Gs +

1

η
Qs(x

s−1 − x̃s−1) = 0. (46)

Using the convexity of f(·), we have

f(x̃s−1) + 〈∇f(x̃s−1), x− x̃s−1〉 ≤ f(x). (47)

Since f(·) is L-smooth, the following result holds

f(xs−1) ≤ f(x̃s−1) +
〈
∇f(x̃s−1), xs−1 − x̃s−1

〉
+
L

2
‖xs−1 − x̃s−1‖2

≤ f(x̃s−1) +
〈
∇f(x̃s−1), xs−1 − x̃s−1

〉
+

1

2η
‖xs−1 − x̃s−1‖2Qs ,

(48)

where the first inequality holds due to the smoothness of f(·), and the second inequality holds due to the choice η ≤ 1
L and

the fact that Qs � I .

Using the results in the inequalities (47) and (48), and given any x, the following result holds

f(xs−1) ≤ f(x) + 〈∇f(x̃s−1), xs−1 − x〉+
1

2η
‖xs−1 − x̃s−1‖2Qs

= f(x) + 〈Gs, x̃s−1 − x〉+ 〈Gs, xs−1 − x̃s−1〉+
1

2η
‖xs−1 − x̃s−1‖2Qs

−
〈
β

m2
ATλ

s−1
+
β

m
(ws−1 − ws−2), xs−1 − x

〉
,

(49)
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where the equality holds due to the result of (45).

Due to the fact that xs−1−x̃s−1 =−ηQ−1s Gs and let us−1 = β
m2A

Tλ
s−1

+ β
mA

T (ws−1−ws−2), the result in the inequality
(49) can be rewritten as follows:

f(xs−1) ≤ f(x) + 〈Gs, x̃s−1 − x〉 −
η

2
‖Gs‖2Q−1

s
− 〈us−1, xs−1 − x̃s−1〉. (50)

Let x = x̃s−1 or x = x∗, the above inequality can be reformulated as follows:

f(xs−1) ≤ f(x̃s−1)− η

2
‖Gs‖2Q−1

s
− 〈us−1, xs−1 − x̃s−1〉, (51)

and
f(xs−1) ≤ f(x∗) + 〈Gs, x̃s−1 − x∗〉 −

η

2
‖Gs‖2Q−1

s
− 〈us−1, xs−1 − x∗〉. (52)

Multiplying each side of the inequality (51) by (1− θs) and the inequality (52) by θs, respectively, and then combining the
two resulting inequalities, we obtain

f(xs−1) ≤ θsf(x∗) + (1− θs)f(x̃s−1)− η

2
‖Gs‖2Q−1

s
+ θs〈Gs, x̃s−1 − x∗〉

− 〈us−1, xs−1 − θsx∗ − (1− θs)x̃s−1〉

= θsf(x∗) + (1− θs)f(x̃s−1)− η

2
‖Gs‖2Q−1

s
+ θs〈Gs, x̃s−1 − x∗〉

− β〈ATλs−1/m2, xs−1 − x∗ + (1− θs)(x∗ − x̃s−1)〉

− β

m

〈
ws−1−ws−2, A

(
xs−1 − x∗ + (1− θs)(x∗ − x̃s−1)

)〉
= θsf(x∗) + (1− θs)f(x̃s−1)− η

2
‖Gs‖2Q−1

s
+ θs〈Gs, x̃s−1 − x∗〉

− β〈ATλs−1/m2, xs−1 − x∗ + (1− θs)(x∗ − x̃s−1)〉

+
βθs
m

(
‖Ax∗ − ws−2‖2 − ‖Ax∗ − ws−1‖2 +

1

m
‖λs−1 − λs−2‖2

)
,

(53)

where the last equality follows from the similar derivation as in Lemma 3 in (Zheng & Kwok, 2016) with the update rule
λ
s−1

=m(Axs−1−ws−1−qs)/θs+λ
s−2

.

Subtracting f(x∗) + β〈ATλs−1/m2, x∗ − xs−1〉 from both sides of the inequality (53), we have

f(xs−1)− f(x∗)− β〈ATλs−1/m2, x∗ − xs−1〉

≤ (1− θs)
[
f(x̃s−1)− f(x∗)− β〈ATλs−1/m2, x∗− x̃s−1〉

]
− η

2
‖Gs‖2Q−1

s
+ θs〈Gs, x̃s−1 − x∗〉

+
βθs
m

(
‖Ax∗ − ws−2‖2 − ‖Ax∗ − ws−1‖2 +

1

m
‖λs−1 − λs−2‖2

)
.

(54)

Using the optimality condition of Problem (2), i.e.,∇f(x∗) + βATλ∗ = 0, and let ϕs−1 = β
(
λ
s−1

/m2 − λ∗
)

, then the

result for xs−1 is given by 〈
βATλ

s−1
/m2, x∗− xs−1

〉
=
〈
∇f(x∗), xs−1 − x∗

〉
+
〈
βATλ∗, xs−1 − x∗

〉
+
〈
βATλ

s−1
/m2, x∗− xs−1

〉
=
〈
∇f(x∗), xs−1 − x∗

〉
+
〈
ATϕs−1, x∗− xs−1

〉
,

(55)
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and the result for x̃s−1 is 〈
βATλ

s−1
/m2, x∗− x̃s−1

〉
=
〈
∇f(x∗), x̃s−1 − x∗

〉
+
〈
βATλ∗, x̃s−1 − x∗

〉
+
〈
βATλ

s−1
/m2, x∗− x̃s−1

〉
=
〈
∇f(x∗), x̃s−1 − x∗

〉
+
〈
ATϕs−1, x∗− x̃s−1

〉
.

(56)

Using (54), (55) and (56), we have

f(xs−1)− f(x∗) +
〈
∇f(x∗), x∗ − xs−1

〉
−
〈
ATϕs−1, x∗− xs−1

〉
≤ (1− θs)

[
f(x̃s−1)− f(x∗) +

〈
∇f(x∗), x∗ − x̃s−1

〉
−
〈
ATϕs−1, x∗− x̃s−1

〉]
− η

2
‖Gs‖2Q−1

s
+ θs〈Gs, x̃s−1 − x∗〉

+
βθs
m

(
‖Ax∗ − ws−2‖2 − ‖Ax∗ − ws−1‖2 +

1

m
‖λs−1 − λs−2‖2

)
.

(57)

Thus, we have

f(xs−1)− f(x∗) +
〈
∇f(x∗), x∗ − xs−1

〉
−
〈
ATϕs−1, x∗− xs−1 − (1−θs)(x∗− x̃s−1)

〉
≤ (1− θs)[f(x̃s−1)− f(x∗) +

〈
∇f(x∗), x∗ − x̃s−1

〉
] +Rs

+
βθs
m

(
‖Ax∗ − ws−2‖2 − ‖Ax∗ − ws−1‖2 +

1

m
‖λs−1 − λs−2‖2

)
,

(58)

whereRs = −η2‖Gs‖
2
Q−1
s

+ θs〈Gs, x̃s−1 − x∗〉

Using the convexity of h(·) and ζ ∈∂h(ws−1), we have

h(ws−1)− h(w) ≤ 〈−ζ, w − ws−1〉.

Let w = w̃s−1 or w = w∗, the above inequality can be reformulated as follows:

h(ws−1)− h(w̃s−1) ≤ 〈−ζ, w̃s−1 − ws−1〉, (59)

and

h(ws−1)− h(w∗) ≤ 〈−ζ, w∗ − ws−1〉. (60)

Multiplying each side of the inequality (59) by (1− θs) and the inequality (60) by θs, and then combining the two resulting
inequalities, we obtain

h(ws−1)− h(w∗)

≤ (1− θs)
(
h(w̃s−1)− h(w∗)

)
+ 〈−ζ, θsw∗ + (1− θs)w̃s−1 − ws−1〉

= (1− θs)
(
h(w̃s−1)− h(w∗)

)
+ β〈λs−1/m2, θsw

∗ + (1− θs)w̃s−1 − ws−1〉,

(61)

where the last equality holds due to the optimal condition with λ
s−1

=m(Axs−1−ws−1−qs)/θs+λ
s−2

ζ+β
(

(Axs−1−ws−1−qs)/θs+λ
s−2
/m
)
/m=ζ+βλ

s−1
/m2 =0,

where ζ is a subgradient of h(w̃s−1).



770
771
772
773
774
775
776
777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809
810
811
812
813
814
815
816
817
818
819
820
821
822
823
824

Submission and Formatting Instructions for ICML 2022

Furthermore, using the optimal condition (i.e., ∇̂h(w∗) + βλ∗ = 0) and the result in (61), we have

h(ws−1)− h(y∗) + 〈∇̂h(w∗), w∗ − ws−1〉 −
〈
ϕs−1, w∗ − ws−1

〉
≤ (1− θs)[h(w̃s−1)− h(w∗) +

〈
∇̂h(w∗), w∗ − w̃s−1

〉
−
〈
ϕs−1, w∗− w̃s−1

〉
].

(62)

For any ϕ = βλ and Ax∗ − w∗ = 0, we have

〈ATϕs−1, x∗ −xs−1〉+ 〈ϕs−1, w∗ − ws−1〉+ 〈Axs−1 − ws−1, ϕs−1 − ϕ〉
= − 〈Axs−1− ws−1, ϕ〉,

(63)

and

〈ATϕs−1, x∗ −x̃s−1〉+ 〈ϕs−1, w∗ − w̃s−1〉+ 〈Ax̃s−1 − w̃s−1, ϕs−1 − ϕ〉
= − 〈Ax̃s−1− w̃s−1, ϕ〉.

(64)

Multiplying each side of the inequality (64) by −(1− θs) and combining the inequality (63), we have

〈ATϕs−1, x∗ −xs−1 − (1− θs)(x∗ −x̃s−1)〉+ 〈ϕs−1, w∗ − ws−1 − (1− θs)(w∗ −w̃s−1)〉
+ 〈(Axs−1 + ws−1)− (1− θs)(Ax̃s−1 + w̃s−1)− θsc, ϕs−1 − ϕ〉

= − 〈Axs−1+ ws−1 − (1− θs)(Ax̃s−1 + w̃s−1)− θsc, ϕ〉.
(65)

Using Lemma 5 and the updated rule λ
s−1

in Algorithm 2, we have

− 〈Axs−1 − ws−1 − (1− θs)(Ax̃s−1 − w̃s−1), ϕs−1 − ϕ〉

= − βθs
m
〈λs−1 − λs−2, λs−1 − λ∗ − λ〉

=
βθs
2m

(
‖λs−2 − λ∗ − λ‖2 − ‖λs−1 − λ∗ − λ‖2 − ‖λs−2 − λs−1‖2

)
,

(66)

where the last equality holds due to Property 1.

Using the results in (64), (68) and (72), the definition of P (x, y) (i.e., P (x, y)=f(x)−f(x∗)−∇f(x∗)T(x−x∗)+h(y)−
h(y∗)−∇̂h(y∗)T(y−y∗)) and the update rules in Algorithm 2, we have

E
[
P (xs−1, ws−1)− 〈Axs−1 − ws−1, ϕ〉

]
≤ (1− θs) (P (x̃s−1, w̃s−1)− 〈Ax̃s−1 − w̃s−1, ϕ〉)

− η

2
‖Gs‖2Q−1

s
+ θs〈Gs, x̃s−1 − x∗〉

+
βθs
2m

E
[
‖λs−2 − λ∗ − λ‖2 − ‖λs−1 − λ∗ − λ‖2

]
+
βθs
m

E
[
‖Ax∗ − ws−2‖2 − ‖Ax∗ − ws−1‖2

]
.

This completes the proof.

Upper bound of our stochastic gradient descent step:

Lemma 7. Let gsk = ∇fIk(ysk)−∇fIk(x̃s−1) +∇f(x̃s−1) and b be the size of mini-batch Ik. Then

E
[
‖∇f(ysk)− gsk‖

2
]

≤ 2L(n−b)
b(n−1)

[
f(x̃s−1)− f(ysk) +

〈
∇f(ysk), ysk − x̃s−1

〉]
.
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Lemma 8. Suppose that Assumption 1 holds. Let {x̃s, w̃s, λ̃s} be sequence generated by Algorithm 2, then we have

E

[
f(x̃s)− f(x∗) + 〈∇f(x∗), x∗ − x̃s〉 − θs

m2

m∑
k=1

〈ATϕsk, x∗ − xs−1 + vsk − zsk〉

]

≤ E
[(

1− 2

m

)[
f(xs−1)− f(x∗) + 〈∇f(x∗), x∗ − xsk−1〉

]]
+

2− θs
m

[f(x̃s−1)− f(x∗) + 〈∇f(x∗), x∗ − x̃s−1〉]

+ E
[

(m+ 1)θ2s
m2η

(
‖x∗ − ps0‖

2
Qs
− ‖x∗ − psm‖

2
Qs

)]
+ Cs,

(67)

where Cs = (1− 2
m )θs〈Gs, x∗ − x̃s−1〉+

η(1− 2
m )2

2 ‖Gs‖2.

Proof. We give the upper bound for our stochastic gradient descent step in this lemma. Using the similar derivation as in
Lemma 2, we have the following result for our stochastic gradient descent step.

Let gsk = ∇fIk(ysk)−∇fIk(x̃s−1) +∇f(x̃s−1) and Gs = (1− 2
m )Gs, we have ∇̂Ik(ysk) = gsk + (m− 2)Gs = gsk +mGs.

Since the function f(·) is L-smooth, and by using the update rule of xsk = ysk + θs
m (zsk − 2vsk), we have

f(xsk) ≤ f(ysk) +

〈
∇f(ysk),

θs
m

(zsk − 2vsk)

〉
+
Lθ2s
2m2
‖zsk − 2vsk‖

2

= f(ysk) +
θs
m

〈
∇̂Ik(ysk) + 2θsv

s
k/η, x

∗ − x̃s−1 − vsk
〉
− θs
m

〈
∇̂Ik(ysk) + 2θsv

s
k/η, x

∗ − x̃s−1 + vsk − zsk
〉

+

〈
∇f(ysk)− ∇̂Ik(ysk)− 2θsv

s
k/η,

θs
m

(zsk − 2vsk)

〉
+
Lθ2s
2m2
‖zsk − 2vsk‖

2

a
= f(ysk) +

θs
m

〈
∇̂Ik(ysk) + 2θsv

s
k/η, x

∗ − x̃s−1 − vsk
〉

+
θs
m

〈
(m+ 2)θs

mη
Qs(z

s
k − ςvsk)+βATλsk, x

∗ − x̃s−1 + vsk − zsk
〉

+

〈
∇f(ysk)− ∇̂Ik(ysk)− 2θsv

s
k/η,

θs
m

(zsk − 2vsk)

〉
+
Lθ2s
2m2
‖zsk − 2vsk‖

2

b
≤ f(ysk) +

θs
m

〈
∇̂Ik(ysk) + 2θsv

s
k/η, x

∗ − x̃s−1 − vsk
〉

+
θs
m

〈
βATλsk, x

∗ − x̃s−1 + vsk − zsk
〉

+

〈
∇f(ysk)− ∇̂Ik(ysk)− 2θsv

s
k/η,

θs
m

(zsk − 2vsk)

〉
+
Lθ2s
2m2
‖zsk − vsk‖

2
Qs
.

+
(m+ 2)θ2s

2mη
(‖x∗ − x̃s−1 − (ς − 1)vsk‖2 − ‖x∗ − x̃s−1 + vsk − zsk‖2 − ‖zsk − ςvsk‖2).

(68)

where the equality a
= holds due to the update rule of λsk = A(zsk − vsk − x̃s−1)−wsk + λsk−1 and the optimality condition of

(15), i.e.,

∇̂Ik(ysk) + βAT
(
A(zsk − vsk − x̃s−1)− wsk + λsk−1

)
+

(m+ 2)θs
mη

Qs(z
s
k + τvsk)

= ∇̂Ik(ysk) + βATλsk +
(m+ 2)θs

mη
Qs(z

s
k + τvsk)

= ∇̂Ik(ysk) + 2θsv
s
k/η + βATλsk +

(m+ 2)θs
mη

Qs(z
s
k − ςvsk)

= 0.

(69)
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Moreover, the inequality
b
≤ in (68) follows from Property 1 and the similar derivation in (35) and (36).

Taking expectation over the random choice of Ik, the inequality (68) can be rewritten as follows:

E[f(xsk)]

≤E
[
f(ysk) + θs

〈
∇̂Ik(ysk) + 2θsv

s
k/η, x

∗ − x̃s−1 − vsk
〉

+
θs
m

〈
βATλsk, x

∗ − x̃s−1 + vsk − zsk
〉]

+ E
[〈
∇f(ysk)− ∇̂Ik(ysk)− 2θsv

s
k/η,

θs
m

(zsk − 2vsk)

〉
+
Lθ2s
2m2
‖zsk − 2vsk‖2Qs

]
+ E

[
(m+ 2)θ2s

2mη
(‖x∗ − x̃s−1 − (ς − 1)vsk‖2 − ‖x∗ − x̃s−1 + vsk − zsk‖2 − ‖zsk − ςvsk‖2)

]
.

(70)

Using the variance upper bound in Lemma 5 and the similar derivation in (39) of Lemma 2, we have

E
[〈
∇f(ysk)− ∇̂Ik(ysk)− 2θsv

s
k/η,

θs
m

(zsk − 2vsk)

〉
+
Lθ2s
2m2
‖zsk − 2vsk‖2

]
≤ (n−b)
mb(n−1)

[
f(x̃s−1)−f(ysk)+

〈
∇f(ysk), ysk−x̃s−1

〉]
+θs

〈
Gs, v

s
k

〉
+
η

2
‖Gs‖2Q−1

s
+

2mθ2s
(2m− 1)mη

‖vsk‖2

+ E
[
θ2s
mη
‖zsk − 2vsk‖2 +

θ2s
2η
‖zsk − vsk‖2

]
, ,

(71)

where the first inequality holds due to the Young’s inequality.

Furthermore, we also have

θs
m

E
[〈
∇̂Ik(ysk) + 2θsv

s
k/η, x

∗ − x̃s−1 − vsk
〉]

=
θs
m

〈
∇f(ysk), x∗ − x̃s−1 − vsk

〉
+
θs
m

〈
mGs, x

∗ − x̃s−1 − vsk
〉

+
2θ2s
mη

〈
vsk, x

∗ − x̃s−1 − vsk
〉

=
θs
m

〈
∇f(ysk), x∗ − x̃s−1 − vsk

〉
+ θs

〈
Gs, x

∗ − x̃s−1 − vsk
〉

+
θ2s
2η

(
‖x∗ − x̃s−1 − (ς − 1)vsk‖2 − ‖x∗ − x̃s−1 − (ς − 1)vsk −

2

m
vsk‖2

)
−
(

2(2− ς − 2/m)θ2s
m

+
2θ2s
m2

)
‖vsk‖2.

(72)

Using the inequalities (76), (77), (78) and the similar derivation as in Lemma 2, the following result holds

E[f(xsk)− f(x∗)]

≤ E
[(

1− 2

m

)[
f(xs−1)− f(x∗)

]
+

2− θs
m

[
f(x̃s−1)− f(x∗)

]]
+ E

[
θs
m

〈
βATλsk, x

∗−x̃s−1+vsk− zsk
〉]

+ E
[ (m+ 1)θ2s

mη

(∥∥x∗ − psk−1∥∥2Qs − ‖x∗ − psk‖2Qs) ]+ Cs,

(73)

where Cs = θs
〈
Gs, x

∗ − x̃s−1
〉

+ η
2‖Gs‖

2
Q−1
s

= (1− 2
m )θs

〈
Gs, x

∗ − x̃s−1
〉

+
η(1− 2

m )2

2 ‖Gs‖2Q−1
s

and Gs = (1− 2
m )Gs.

Let ϕsk = β (λsk − λ∗). Using the optimality condition of Problem (2), i.e.,∇f(x∗) + βATλ∗ = 0, we have

θs
m

〈
βATλsk, x

∗−x̃s−1+vsk−zsk
〉

= − θs
m

〈
∇f(x∗), x∗−x̃s−1+vsk− zsk

〉
+
θs
m

〈
ATϕsk, x

∗−x̃s−1+vsk− zsk
〉
.
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By the above analysis, we have

E
[
f(xsk)− f(x∗) + 〈∇f(x∗),

θs
m

(x∗−x̃s−1+vsk− zsk)〉 − 〈ATϕsk,
θs
m

(x∗ − x̃s−1 + vsk − zsk)〉
]

≤ E
[(

1− 2

m

)[
f(xs−1)− f(x∗)

]
+

2− θs
m

[
f(x̃s−1)− f(x∗)

]]
+ Cs

+
(m+ 1)θ2s

mη
E
[ ∥∥x∗ − psk−1∥∥2Qs − ‖x∗ − psk‖2Qs ].

Using the update rule of xsk = θs
m (zsk − vsk + x̃s−1) +

(
1− 2

m

)
xs−1 + 2−θs

m x̃s−1 and adding both sides of the above
inequality by

(
1− 2

m

)
〈∇f(x∗), x∗ − xs−1〉+ 2−θs

m 〈∇f(x∗), x∗ − x̃s−1〉, we have

E
[
f(xsk)− f(x∗) + 〈∇f(x∗), x∗ − xsk〉 −

θs
m
〈ATϕsk, x∗ − xs−1 + vsk − zsk〉

]
≤ E

[(
1− 2

m

)[
f(xs−1)− f(x∗) + 〈∇f(x∗), x∗ − xs−1〉

]]
+

2− θs
m

[f(x̃s−1)− f(x∗) + 〈∇f(x∗), x∗ − x̃s−1〉]

+ E
[

(m+ 1)θ2s
mη

(∥∥x∗ − psk−1∥∥2Qs − ‖x∗ − psk‖2Qs)
]

+ Cs.

(74)

Since f(x)− f(x∗) +∇f(x∗)T (x∗ − x) ≥ 0, using the update rules in Algorithm 2 and summing up the inequality (80)
for all the iterations k = 1, 2, · · · ,m, and dividing both side of the resulting inequality by m, and using the update rules of
x̃s = 1

m

∑m
k=1 x

s
k, f(x̃s) ≤ 1

m

∑m
k=1 f(xsk), and xs0 = x̃s−1, we have

E

[
f(x̃s)− f(x∗) + 〈∇f(x∗), x∗ − x̃s〉 − θs

m2

m∑
k=1

〈ATϕsk, x∗ − xs−1 + vsk − zsk〉

]

≤ E
[(

1− 2

m

)[
f(xs−1)− f(x∗) + 〈∇f(x∗), x∗ − xs−1〉

]]
+

2− θs
m

[f(x̃s−1)− f(x∗) + 〈∇f(x∗), x∗ − x̃s−1〉]

+ E
[

(m+ 1)θ2s
m2η

(
‖x∗ − ps0‖

2
Qs
− ‖x∗ − psm‖

2
Qs

)]
+ Cs.

This completes the proof.

Lemma 9. Using the same notation as in Lemma 8, we have

E

[
h(w̃s)− h(w∗) + ∇̂h(w∗)T (w∗ − w̃s)− θs

m2

m∑
k=1

〈ϕsk, w∗ − wsk〉

]

≤ (1− 2

m
)
[
h(ws−1)− h(w∗) + ∇̂h(w∗)T (w∗ − ws−1)

]
+

2− θs
m

[
h(w̃s−1)− h(w∗) + ∇̂h(w∗)T (w∗ − w̃s−1)

]
+
βθs
2m2

E

[
‖Azs0 − w∗‖2 − ‖Azsm − w∗‖2 +

m∑
k=1

‖λsk − λsk−1‖2
]
.



990
991
992
993
994
995
996
997
998
999
1000
1001
1002
1003
1004
1005
1006
1007
1008
1009
1010
1011
1012
1013
1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025
1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043
1044

Submission and Formatting Instructions for ICML 2022

Proof. Using the convexity of h(·) and ζsk ∈∂h(wsk), we have

h(wsk)− h(w∗)

≤ 〈−ζsk, w∗ − wsk〉
=
〈
A(zsk−1 − vsk + x̃s−1)− wsk + λsk−1, w

∗ − wsk
〉
,

where the equality holds due to the optimal condition of Problem (14), that is, ζsk+β(A(zsk−1−vsk+x̃s−1)−wsk+λsk−1) = 0.
Using the similar derivation as in Lemma 3 in (Zheng & Kwok, 2016), we obtain

E
[
h(wsk)− h(w∗)− ∇̂h(w∗)T (wsk − w∗)− 〈ϕsk, w∗ − wsk〉

]
≤ β

2
E
[
‖Azsk−1 − w∗‖2 − ‖Azsk − w∗‖2 + ‖λsk − λsk−1‖2

]
.

Since h(x)− h(w∗) + ∇̂h(x∗)T (w∗ −w) ≥ 0, using the update rules in Algorithm 2 and summing up the above inequality
for all the iterations k = 1, 2, · · · ,m, and using the update rule of w̃s = θs

m2

∑m
k=1 w

s
k + (1− 2

m )ws−1 + 2−θs
m w̃s−1, we

have

E

[
h(w̃s)− h(w∗) + ∇̂h(w∗)T (w∗ − w̃s)− θs

m2

m∑
k=1

〈ϕsk, w∗ − wsk〉

]

≤ (1− 2

m
)
[
h(ws−1)− h(w∗) + ∇̂h(w∗)T (w∗ − ws−1)

]
+

2− θs
m

[
h(w̃s−1)− h(w∗) + ∇̂h(w∗)T (w∗ − w̃s−1)

]
+
βθs
2m2

E

[
‖Azs0 − w∗‖2 − ‖Azsm − w∗‖2 +

m∑
k=1

‖λsk − λsk−1‖2
]
.

(75)

This completes the proof.

Lemma 10. Using the same notation as in Lemma 8, we have

E[P (x̃s, w̃s)−〈Ax̃s − w̃s, ϕ〉]

≤
(

1− θs +
2− θs
m

)
[P (x̃s−1, w̃s−1)− 〈Ax̃s−1 − w̃s−1, ϕ〉]

+
(m+ 1)θ2s
m2η

E
[
‖x∗ − ps0‖

2
Qs
− ‖x∗ − psm‖

2
Qs

]
+
βθs
2m2

E
[
‖Azs0 − w∗‖2 − ‖Azsm − w∗‖2

]
+
βθs
2m2

E
[
‖λs0 − λ∗ − λ‖2 − ‖λsm − λ∗ − λ‖2

]
+
βθs
2m

E
[
‖λs−2 − λ∗ − λ‖2 − ‖λs−1 − λ∗ − λ‖2

]
.

(76)

Proof. Using the definition of P (x, y) and combining the inequality (67) in Lemma 8 and the inequality (81) in Lemma 9,
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we have

E

[
P (x̃s, w̃s)− θs

m2

m∑
k=1

〈ATϕsk, x∗ − xs−1 + vsk − zsk〉 −
θs
m2

m∑
k=1

〈ϕsk, w∗ − wsk〉

]

≤
(

1− 2

m

)
P (xs−1, ws−1) +

2− θs
m

P (x̃s−1, w̃s−1)

+
(m+ 1)θ2s
m2η

E
[
‖x∗ − ps0‖

2
Qs
− ‖x∗ − psm‖

2
Qs

]
+ Cs

+
βθs
2m2

E

[
‖Azs0 − w∗‖2 − ‖Azsm − w∗‖2 +

m∑
k=1

‖λsk−1 − λsk‖2
]
.

(77)

For any ϕ = βλ, we have

θs
m2

m∑
k=1

(
〈ATϕsk, x∗ − x̃s−1 + vsk − zsk〉+ 〈ϕsk, w∗ − wsk〉

)
+

θs
m2

m∑
k=1

(
〈A(zsk − vsk + x̃s−1)− wsk, ϕsk − ϕ〉

)
= − θs

m2

m∑
k=1

〈A(zsk − vsk + x̃s−1)− wsk, ϕ〉,

(78)

where ϕsk = β (λsk − λ∗), and Ax∗ − w∗ = 0.

Using Lemma 9 with λsk = λsk−1 +A(zsk − vsk + x̃s−1)− wsk, ϕsk = β(λsk − λ∗) and ϕ = βλ, we have

− θs
m2

m∑
k=1

〈A(zsk − vsk + x̃s−1)− wsk, ϕsk − ϕ〉

= − βθs
m2

m∑
k=1

〈λsk − λsk−1, λsk − λ∗ − λ〉

=
βθs
2m2

m∑
k=1

(
‖λsk−1 − λ∗ − λ‖2 − ‖λsk − λ∗ − λ‖2 − ‖λsk−1 − λsk‖2

)
=

βθs
2m2

(
‖λs0 − λ∗ − λ‖2 − ‖λsm − λ∗ − λ‖2

)
− βθs

2m2

m∑
k=1

‖λsk−1 − λsk‖2,

(79)

where the second equality holds due to Property 1.

Adding both sides of the inequality (83) by − θs
m2

∑m
k=1〈A(zsk − vsk + x̃s−1)−wsk, ϕsk − ϕ〉 and using the facts in (84) and

(85), we have

E

[
P (x̃s, w̃s)− θs

m2

m∑
k=1

〈A(zsk − vsk + x̃s−1)− wsk, ϕ〉

]

≤
(

1− 2

m

)
P (xs−1, ws−1) +

2− θs
m

P (x̃s−1, w̃s−1)

+
(m+ 1)θ2s
m2η

E
[
‖x∗ − ps0‖

2
Qs
− ‖x∗ − psm‖

2
Qs

]
+ Cs

+
βθs
2m2

E
[
‖Azs0 − w∗‖2 − ‖Azsm − w∗‖2 + ‖λs0 − λ∗ − λ‖2 − ‖λsm − λ∗ − λ‖2

]
.

(80)

With the update rule of xsk = θs
m (zsk − vsk − x̃s−1) + (1− 2

m )xs−1 + 2−θs
m x̃s−1 wsk = θs

mw
s
k + (1− 2

m )ws−1 + 2−θs
m w̃s−1,

x̃s = 1
m

∑m
k=1 x

s
k, w̃s = 1

m

∑m
k=1 w

s
k, and adding both sides of the inequality (86) by (1 − 2

m )〈Axs−1 − ws−1, ϕ〉 +
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2−θs
m 〈Ax̃

s−1 − w̃s−1, ϕ〉, we have

E[P (x̃s, w̃s)−〈Ax̃s − w̃s, ϕ〉]

≤
(

1− 2

m

)
[P (xs−1, ws−1)− 〈Axs−1 − ws−1, ϕ〉]

+
2− θs
m

[P (x̃s−1, w̃s−1)− 〈Ax̃s−1 − w̃s−1, ϕ〉]

+
(m+ 2)θ2s
m2η

E
[
‖x∗ − ps0‖

2
Qs
− ‖x∗ − psm‖

2
Qs

]
+ Cs

+
βθs
2m2

E
[
‖Azs0 − w∗‖2 − ‖Azsm − w∗‖2 + ‖λs0 − λ∗ − λ‖2 − ‖λsm − λ∗ − λ‖2

]
.

(81)

Furthermore, by using Lemma 4 for the upper bound of our new snapshot point, we have

(1− 2

m
)E
[
P (xs−1, ws−1)−〈Axs−1 − ws−1, ϕ〉

]
≤ (1− 2

m
)(1− θs)[P (x̃s−1, w̃s−1)− 〈Ax̃s−1 − w̃s−1, ϕ〉]

− (1− 2

m
)
η

2
‖Gs‖2Q−1

s
+ (1− 2

m
)θs〈Gs, x̃s−1 − x∗〉

+
(1− 2

m )βθs

2m
E
[
‖Axs−2 − w∗‖2 − ‖Axs−1 − w∗‖2

]
+

(1− 2
m )βθs

2m
E
[
‖λs−2 − λ∗ − λ‖2 − ‖λs−1 − λ∗ − λ‖2

]
+

(1− 2
m )βθs

2m
E
[
‖Ax∗ − ws−2‖2 − ‖Ax∗ − ws−1‖2

]
.

(82)

By adding up the above two inequalities, we have

E[P (x̃s, w̃s)−〈Ax̃s − w̃s, ϕ〉]

≤
[
(1− 2

m
)(1− θs) +

2− θs
m

]
[P (x̃s−1, w̃s−1)− 〈Ax̃s−1 − w̃s−1, ϕ〉]

+
θ2s

2ηm
E
[
‖x∗ − ps0‖

2
Qs
− ‖x∗ − psm‖

2
Qs

]
+
βθs
2m2

E
[
‖Azs0 − w∗‖2 − ‖Azsm − w∗‖2

]
+
βθs
2m2

E
[
‖λs0 − λ∗ − λ‖2 − ‖λsm − λ∗ − λ‖2

]
+

(1− 2
m )βθs

2m
E
[
‖λs−2 − λ∗ − λ‖2 − ‖λs−1 − λ∗ − λ‖2

]
+

(1− 2
m )βθs

2m
E
[
‖Ax∗ − ws−2‖2 − ‖Ax∗ − ws−1‖2

]
.

(83)

This completes the proof.
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Proof of Theorem 2:

Proof. Using the upper bound of the s-th epoch in Lemma 9 and dividing both sides of the inequality (89) by θs instead of
θ2s in Theorem 2, we have

1

θs
E[P (x̃s, w̃s)− 〈ϕ, Ax̃s − w̃s〉]

≤
[
(1− 2

m )(1− θs) + 2−θs
m

]
θs

[P (x̃s−1, w̃s−1)− 〈Ax̃s−1 − w̃s−1, ϕ〉]

+
θs
ηm

E
[
‖x∗ − ps0‖

2
Qs
− ‖x∗ − psm‖

2
Qs

]
+

β

2m2
E
[
‖Azs0 − w∗‖2 − ‖Azsm − w∗‖2 + ‖λs0 − λ∗ − λ‖2 − ‖λsm − λ∗ − λ‖2

]
+

(1− 2
m )β

2m
E
[
‖λs−2 − λ∗ − λ‖2 − ‖λs−1 − λ∗ − λ‖2 +‖Ax∗−ws−2‖2−‖Ax∗−ws−1‖2

]
.

(84)

According to the update rule of θs, and summing up the above inequality for all the stages (s = 1, 2, · · · , S) with w∗ = Ax∗

and λ
−1

= 0, we have

E

[
1

θS
P (x̃S , w̃S)−

S∑
s=1

σs〈ϕ, Ax̃s − w̃s〉

]

≤
[
(1− 2

m )(1− θ1) + 2−θ1
m

]
θ1

[P (x̃0, w̃0)− 〈ϕ, Ax̃0 − w̃0〉]

+
θ1

2mη

∥∥x∗ − x̃0∥∥2
Q1

+
β

2m2
E
[
‖Ax̃0 − w∗‖2 + ‖λ̃0 − λ∗ − λ‖2

]
+

β

2m
E
[
‖λ∗ − λ‖2 + ‖Ax̃0 − w∗‖2

]
,

(85)

where σs = 1
θs−1
− (1− 2

m )(1−θs)+ 2−θs
m

θs
, which implies that 0 < σs < 1.

With θs ≤ 2/(s+ 1) and θ1 = 1, using the updated rules of Algorithm 2, and multiplying both sides of the above inequality
by 2/(S + 1), we have

E

[
P (x̃S , w̃S)− 〈ϕ, 1

S

S∑
s=1

σs(Ax̃
s − w̃s)〉

]

≤ 2

m(S + 1)
[P (x̃0, w̃0)− 〈ϕ, Ax̃0 − w̃0〉]

+
1

mη(S + 1)

∥∥x∗ − x̃0∥∥2
Q1

+
β

m(S + 1)

[
2‖ATA‖22‖x∗ − x̃0‖2 + ‖λ̃0 − λ∗ − λ‖2 + ‖λ∗ − λ‖2

]
.

(86)

Let x̂ = 1
S

∑S
s=1 σsx̃

s and ŵ = 1
S

∑S
s=1 σsw̃

s. Setting ϕ = δ Ax̂−ŵ
‖Ax̂−ŵ‖ , then the following inequality holds:

−〈Ax̃0 − w̃0, ϕ〉 ≤ ‖ϕ‖‖Ax̃0 − w̃0‖ ≤ δ‖Ax̃0 − w̃0‖,

and
‖λ‖2 = ‖ϕ+ λ∗‖2 ≤ 2‖ϕ‖2 + 2‖λ∗‖2 = 2δ2 + 2‖λ∗‖2.
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Therefore, we have

E
[
P (x̃S , w̃S) + δ‖Ax̃S − w̃S‖

]
≤ 2

m(S + 1)
[P (x̃0, w̃0) + δ‖Ax̃0 − w̃0‖]

+
1

mη(S + 1)

∥∥x∗ − x̃0∥∥2
Q1

+
β

m(S + 1)

[
2‖ATA‖22‖x∗ − x̃0‖2 + ‖λ̃0 − λ∗ − λ‖2 + ‖λ∗ − λ‖2

]
≤ 2

m(S + 1)
[P (x̃0, w̃0) + δ‖Ax̃0 − w̃0‖]

+
1

mη(S + 1)

∥∥x∗ − x̃0∥∥2
Q1

+
β

m(S + 1)

[
2‖ATA‖22‖x∗ − x̃0‖2 + 2‖λ̃0 − λ∗‖2 + 2‖λ∗‖2 + 4‖λ‖2

]
.

(87)

By choosing m = Θ(n), we have

E
[
P (x̃S , w̃S) + δ‖Ax̃S − w̃S‖

]
≤ O

2[P (x̃0, w̃0) + δ‖Ax̃0 − w̃0‖]
n(S + 1)

+

∥∥x∗ − x̃0∥∥2
Q1

nη(S + 1)
+

c1β

n(S + 1)

 ,
(88)

where c1 is a constant, i.e., c1 = 2‖ATA‖22‖x∗ − x̃0‖2 + 2‖λ̃0 − λ∗‖2 + 8δ2 + 10‖λ∗‖2.

Note that the initialization values for x̃0, w̃0 and λ̃0 are chosen in our algorithm (i.e., Algorithm 2).

This completes the proof.
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