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A Useful Technical Lemmas

Lemma 5 (Weyl’s inequality). Let A,B ∈ Rm×n with σ1(A) ≥ · · · ≥ σr(A) and σ1(B) ≥ · · · ≥ σr(B), where
r = min(m,n). Then,

max
i∈[r]

|σi(A)− σi(A)| ≤ ∥A−B∥2 .

Lemma 6. Let us define ⊙ as the Hadamard product. Given two positive semi-definite (PSD) matrices A and B, it holds
that

λmin(A⊙B) ≥
(
min
i

Bii

)
λmin(A).

Lemma 7 ([34]). Let hr(x) =
1√
r!
(−1)rex

2/2 dr

dxr e
−x2/2 be normalized probabilist’s hermite polynomials. Let ϕ(·) denote

ReLU , we define µr(ϕ) =
∫∞
−∞ ϕ(x)hr(x)

e−x2/2
√
π

dx. It holds that

Q(x) =
∞∑
r=0

µ2
r(ϕ)x

r =

√
1− x2 + (π − arccosx)x

π
.

Moreover, it holds that sup{r : µ2
r(ϕ) > 0} = ∞.

B Proof for Section 3.1

We first present several useful inequalities. The proof mainly relies on basic norm inequalities and the Lipschitz property
of ReLU.

Lemma 8. For each s ∈ [0, τ ], suppose that ∥W (s)∥2 ≤ ρ̄w, ∥U(s)∥2 ≤ ρ̄u, and ∥a(s)∥2 ≤ ρ̄a. It holds that

∥Z(s)∥F ≤ ca ∥X∥F , (15)

and  ∥∇WΦ(s)∥F ≤ cw ∥X∥F ∥ŷ(τ)− y∥2
∥∇UΦ(s)∥F ≤ cu ∥X∥F ∥ŷ(τ)− y∥2
∥∇aΦ(s)∥2 ≤ ca ∥X∥F ∥ŷ(τ)− y∥2 .

(16)

Furthermore, for each k, s ∈ [0, τ ], it holds that

∥Z(k)−Z(s)∥F ≤ ρ̄−1
a (cw ∥W (k)−W (s)∥2 + cu ∥U(k)−U(s)∥2) ∥X∥F , (17)

and

∥ŷ(k)− ŷ(s)∥2
≤ (cw ∥W (k)−W (s)∥2 + cu ∥U(k)−U(s)∥2 + ca∥a(k)− a(s)∥2) ∥X∥F .

(18)

Proof. (1) Proof of Eq. (15): Note that Z(s) = ϕ(W (s)Z(s) +U(s)X). Using the fact that |ϕ(x)| ≤ |x|, we have

∥Z(s)∥F ≤ (∥W (s)∥2 ∥Z(s)∥F + ∥U(s)∥2 ∥X∥F ) ≤ ρ̄w ∥Z(s)∥F + ρ̄u ∥X∥F .

Note that ∥W (s)∥2 ≤ ρ̄w < 1, for each s ∈ [0, τ ], and thus it holds

∥Z(s)∥F ≤ ρ̄u
1− ρ̄w

∥X∥F = ca ∥X∥F .

(2) Proof of Eq. (16): First, we have

∥J(τ)−1∥2 ≤ 1

1− ρ̄w
,
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and thus it holds that
∥R(τ)∥2 ≤ ∥∥a(τ)∥2∥J(τ)−1∥2∥D(τ)∥2 ≤ ρ̄a

1− ρ̄w
.

Then, we have

∥∇WΦ(τ)∥F = ∥ vec(∇WΦ(τ))∥2
=
∥∥(Z(τ)⊗ Im)R(τ)⊤ (ŷ(τ)− y)

∥∥
2

≤ ∥Z(τ)∥2 ∥R(τ)∥2 ∥ŷ(τ)− y∥2
≤ ρ̄uρ̄a

(1− ρ̄w)2
∥X∥F ∥ŷ(τ)− y∥2 ,

∥∇UΦ(τ)∥F = ∥vec (∇UΦ(τ))∥2
=
∥∥(X(τ)⊗ Im)R(τ)⊤ (ŷ(τ)− y)

∥∥
2

≤ ρ̄a
1− ρ̄w

∥X∥F ∥ŷ(τ)− y∥2 ,

∥∇aΦ(τ)∥2 = ∥Z(ŷ(τ)− y)∥2 ≤ ρ̄u
1− ρ̄w

∥X∥F ∥ŷ(τ)− y∥2 .

(3) Proof of Eq. (17):

∥Z(k)−Z(s)∥F
= ∥ϕ(W (k)Z(k) +U(k)X)− ϕ(W (s)Z(s) +U(s)X)∥F
≤∥W (k)Z(k) +U(k)X −W (s)Z(s)−U(s)X∥F
≤ (∥W (k)Z(k)−W (k)Z(s)∥F + ∥W (k)Z(s)−W (s)Z(s)∥F + ∥U(k)X −U(s)X∥F )
≤∥W (k)∥2∥Z(k)−Z(s)∥F + (∥W (k)−W (s)∥2 ∥Z(s)∥F + ∥U(k)−U(s)∥2 ∥X∥F )

≤ρ̄w∥Z(k)−Z(s)∥F +

(
ρ̄u

1− ρ̄w
∥W (k)−W (s)∥2 ∥X∥F + ∥U(k)−U(s)∥2 ∥X∥F

)

Consequently, we have

∥Z(k)−Z(s)∥F ≤ ρ̄−1
a (cw ∥W (k)−W (s)∥2 + cu ∥U(k)−U(s)∥2) ∥X∥F

(4) Proof of Eq. (18):

∥ŷ(k)− ŷ(s)∥2
= ∥a(k)Z(k)− a(s)Z(s)∥F
≤∥a(k)Z(k)− a(k)Z(s)∥F + ∥a(k)Z(s)− a(s)Z(s)∥F
≤∥a(k)∥2∥Z(k)−Z(s)∥F + ∥a(k)− a(s)∥2∥Z∥F
≤ (cw ∥W (k)−W (s)∥2 + cu ∥U(k)−U(s)∥2 + ca∥a(k)− a(s)∥2) ∥X∥F ,

where the last inequality follows from Eq. (17).

B.1 Proof of Theorem 1

Proof. We show by induction for every τ > 0,
∥W (s)∥2 ≤ ρ̄w, ∥U(s)∥2 ≤ ρ̄u, ∥a(s)∥2 ≤ ρ̄a, s ∈ [0, τ ]

λs ≥ λ0

2 , s ∈ [0, τ ]

Φ(s+ 1) ≤
(
1− η λ0

2

)s
Φ(0), s ∈ [0, τ ]

(19)
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For τ = 0, it is clear that Eq. (19) holds. Assume that Eq. (19) holds up to τ iterations.

(1) With the triangle inequality,

∥W (τ + 1)−W (0)∥F ≤
τ∑

s=0

∥W (s+ 1)−W (s)∥F

=

τ∑
s=0

η ∥∇WΦ(s)∥F

≤ηcw ∥X∥F
τ∑

s=0

∥ŷ(s)− y∥2

≤ηcw ∥X∥F
τ∑

s=0

(
1− η

λ0

2

)s/2

∥ŷ(0)− y∥2,

where the second inequality follows from Eq. (16), and the last one follows from induction assumption. Let u ≜√
1− ηλ0/2. Then ∥W (τ + 1)−W (0)∥F can be bounded with

2

λ0
(1− u2)

1− uτ+1

1− u
cw ∥X∥F ∥ŷ(0)− y∥2 ≤ 4

λ0
cw ∥X∥F ∥ŷ(0)− y∥2 ≤ δ, by Eq. (7).

With Weyl’s inequality, it is easy to have ∥W (τ + 1)∥2 ≤ ρ̄w < 1.

Using the similar technique, one can show that

∥U(τ + 1)−U(0)∥F ≤
τ∑

s=0

∥U(s+ 1)−U(s)∥F

=

τ∑
s=0

η ∥∇UΦ(s)∥F ≤ cu ∥X∥F
τ∑

s=0

∥ŷ(s)− y∥2

≤ ηcw ∥X∥F
τ∑

s=0

(
1− η

λ0

2

)s/2

∥ŷ(0)− y∥2

≤ 4

λ0
cu ∥X∥F ∥ŷ(0)− y∥2 ≤ δ, by Eq. (8),

∥a(τ + 1)− a(0)∥F ≤
τ∑

s=0

∥a(s+ 1)− a(s)∥F

=
τ∑

s=0

η ∥∇aΦ(s)∥F ≤ ca ∥X∥F
τ∑

s=0

∥ŷ(s)− y∥2

≤ ηcw ∥X∥F
τ∑

s=0

(
1− η

λ0

2

)s/2

∥ŷ(0)− y∥2

≤ 4

λ0
ca ∥X∥F ∥ŷ(0)− y∥2 ≤ δ, by Eq. (9).

By Weyl’s inequality, it holds that ∥U(τ + 1)∥2 ≤ ρ̄u, and ∥a(τ + 1)∥2 ≤ ρ̄a.

(2) Next, using Eq. (17), we have

∥Z(τ + 1)−Z(0)∥F
≤ρ̄−1

a (cw ∥W (τ + 1)−W (0)∥2 + cu ∥U(τ + 1)−U(0)∥2) ∥X∥F

≤ 4

λ0
ρ̄−1
a

(
c2w + c2u

)
∥X∥2F ∥ŷ(0)− y∥2

≤2−
√
2

2

√
λ0, by Eq. (8)
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By Wely’s inequality, it implies that σmin (Z(τ + 1)) ≥
√

λ0

2 . Thus, it holds λτ+1 ≥ λ0

2 .

(3) Furthermore, we define g ≜ a(τ + 1)⊤Z(τ) and note that

Φ(τ + 1)− Φ(τ)

=
1

2
∥ŷ(τ + 1)− ŷ(τ)∥22 + (ŷ(τ + 1)− g)

⊤
(ŷ(τ)− y) + (g − ŷ(τ)))

⊤
(ŷ(τ)− y).

We bound each term of the RHS of this equation individually. Firstly, using Eq. (18), we have

∥ŷ(τ + 1)− ŷ(τ)∥2
≤ (cw ∥W (τ + 1)−W (τ)∥2 + cu ∥U(τ + 1)−U(τ)∥2 + ca∥a(τ + 1)− a(τ)∥2) ∥X∥F
≤η · C1 ∥ŷ(τ)− y∥2 ,

where C1 ≜
(
c2w + c2u + c2a

)
∥X∥2F .

Secondly, by Eq. (17), we have

(ŷ(τ + 1)− g)
⊤
(ŷ(τ)− y)

≤∥a(τ + 1)∥2 ∥Z(τ + 1)−Z(τ)∥F ∥ŷ(τ)− y∥2
≤ (cw ∥W (τ + 1)−W (τ)∥2 + cu ∥U(τ + 1)−U(τ)∥2) ∥X∥F ∥ŷ(τ)− y∥2
≤η
(
c2w + c2u

)
∥X∥2F ∥ŷ(τ)− y∥22

≤η · C2 ∥ŷ(τ)− y∥22 ,

where C2 ≜
(
c2w + c2u

)
∥X∥2F .

Lastly, using the fact (a(τ + 1)− a(τ))
⊤
= −η∇aΦ(τ), we have

(g − ŷ(τ))
⊤
(ŷ(τ)− y))

=− η (∇aΦ(τ)Z(τ))
⊤
(ŷ(τ)− y)

=− η(ŷ(τ)− y)⊤Z(τ)⊤Z(τ)(ŷ(τ)− y)

≤− η
λ0

2
∥ŷ(τ)− y∥22,

where we use the induce assumption λτ > λ0

2 .

Putting all bounds together, we have

Φ(τ + 1) =
(
1− η(λ0 − ηC2

1 − 2C2)
)
Φ(τ)

≤ (1− η(λ0 − 4C2)) Φ(τ), by the condition on η

≤
(
1− η

λ0

2

)
Φ(τ), by Eq. (9).

C Proof for Section 4.1

C.1 Proof of Lemma 3

Proof of Lemma 3. By Eq. (6), it is easy to show that for all i, j ∈ [n] and l ≥ 1,

K
(l)
ii = K

(l)
jj , K

(l)
ij = K

(l)
ji .
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Recall that we define cos θ
(l)
ij =

σ2
wK

(l−1)
ij +d−1x⊤

i xj

σ2
wK

(l−1)
ij +1

and it holds that

Λ
(l)
ij =

[
σ2
wK

(l−1)
ii + 1 σ2

wK
(l−1)
ij + 1

dx
⊤
i xj

σ2
wK

(l−1)
ji + 1

dx
⊤
j xi σ2

wK
(l−1)
ii + 1

]

=
(
σ2
wK

(l−1)
ii + 1

)[ 1 cos θ
(l)
ij

cos θ
(l)
ij 1

]

=ρ(l)

[
1 cos θ

(l)
ij

cos θ
(l)
ij 1

]
.

For i = j, Λ(l)
ij =

(
σ2
wK

(l−1)
ii + 1

)[
1 1
1 1

]
. By the homogeneity of ReLU, we have

K
(l)
ii = 2E

(u,v)⊤∼N (0,Λ
(l)
ii )

[ϕ(u)ϕ(v)]

= 2
(
σ2
wK

(l−1)
ii + 1

)
E
(u′,v′)⊤∼N

0,

 1 1
1 1

 [ϕ(u′)ϕ(v′)]

=
(
σ2
wK

(l−1)
ii + 1

)
·Q(1)

= σ2
wK

(l−1)
ii + 1,

Note that K(0)
ii = 0, and it is easy to show that for all i ∈ [n] and l ≥ 1, it holds

ρ(l) = K
(l)
ii =

1− σ2l
w

1− σ2
w

.

For all (i, j) ∈ [n]× [n], we have

K
(l)
ij = 2E

(u,v)⊤∼N (0,Λ
(l)
ii )

[ϕ(u)ϕ(v)]

= 2
(
σ2
wK

(l−1)
ii + 1

)
E
(u′,v′)⊤∼N

0,

 1 cos θ
(l)
ij

cos θ
(l)
ij 1



[ϕ(u′)ϕ(v′)]

=
(
σ2
wK

(l−1)
ii + 1

)
·Q
(
cos θ

(l)
ij

)
= ρ(l)Q

(
cos θ

(l)
ij

)
.

Consequently, we prove Eq. (12).

By substituting Eq. (12) into the definition of cos θ(l)ij , one can show that

cos θ
(l)
ij =

σ2
wK

(l−1)
ij + 1

dx
⊤
i xj

σ2
wK

(l−1)
ij + 1

=

(
K

(l−1)
ij − 1

)
Q
(
cos θ

(l−1)
ij

)
+ 1

dx
⊤
i xj

K
(l−1)
ij

.

Therefore, we have

cos θ
(l)
ij =

(
ρ(l) − 1

)
Q
(
cos θ

(l−1)
ij

)
+ 1

dx
⊤
i xj

ρ(l)
.

Letting l → ∞, Eq. (14) is proved.

C.2 Proof of Theorem 3

Proof of Theorem 3. (i) About
∥∥K −K(l)

∥∥
F

.
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By the triangle inequality, we have∣∣∣K(l+1)
ij −K

(l)
ij

∣∣∣
=
∣∣∣ρ(l+1)Q

(
cos θ

(l+1)
ij

)
− ρ(l)Q

(
cos θ

(l)
ij

)∣∣∣
≤
∣∣∣ρ(l+1)Q

(
cos θ

(l+1)
ij

)
− ρ(l+1)Q

(
cos θ

(l)
ij

)∣∣∣+ ∣∣∣ρ(l+1)Q
(
cos θ

(l)
ij

)
− ρ(l)Q

(
cos θ

(l)
ij

)∣∣∣ .
We bound each term individually.

Firstly, using the fact that |Q′(x)| ≤ 1, we have∣∣∣ρ(l+1)Q
(
cos θ

(l+1)
ij

)
− ρ(l+1)Q

(
cos θ

(l)
ij

)∣∣∣
≤
∣∣∣ρ(l+1) cos θ

(l+1)
ij − ρ(l+1) cos θ

(l)
ij

∣∣∣
≤
∣∣∣ρ(l+1) cos θ

(l+1)
ij − ρ(l) cos θ

(l)
ij

∣∣∣+ ∣∣∣ρ(l) cos θ(l)ij − ρ(l+1) cos θ
(l)
ij

∣∣∣
≤
∣∣∣ρ(l+1) cos θ

(l+1)
ij − ρ(l) cos θ

(l)
ij

∣∣∣+ ∣∣∣ρ(l) − ρ(l+1)
∣∣∣

=

∣∣∣∣σ2
wK

(l)
ij +

1

d
x⊤
i xj −

(
σ2
wK

(l−1)
ij +

1

d
x⊤
i xj

)∣∣∣∣+
∣∣∣∣∣1− σ2l

w

1− σ2
w

− 1− σ
2(l+1)
w

1− σ2
w

∣∣∣∣∣
=σ2

w

∣∣∣K(l)
ij −K

(l−1)
ij

∣∣∣+ σ2l
w ,

where the first equality follows from the fact that ρ(l+1) = σ2
wK

(l)
ii + 1, and cos θ

(l+1)
ij =

σ2
wK

(l)
ij +d−1x⊤

i xj

σ2
wK

(l)
ii +1

.

Secondly, using the fact that |Q(x)| ≤ 1, we have∣∣∣ρ(l+1)Q
(
cos θ

(l)
ij

)
− ρ(l)Q

(
cos θ

(l)
ij

)∣∣∣ ≤ ∣∣∣ρ(l+1) − ρ(l)
∣∣∣ = σ2l

w .

Consequently, for l ≥ 1, it holds that∣∣∣K(l+1)
ij −K

(l)
ij

∣∣∣ ≤ σ2
w

∣∣∣K(l)
ij −K

(l−1)
ij

∣∣∣+ 2σ2l
w .

This implies that, for l ≥ 1, we have ∣∣∣Kl
ij −K

(l−1)
ij

∣∣∣ ≤ (2l − 1)σ2(l−1)
w .

Therefore, it holds that ∣∣∣Kij −K
(l)
ij

∣∣∣ = O
(
lσ2l

w

)
,

which implies that ∥∥∥K −K(l)
∥∥∥
F
= O

(
nσl

wl
1
2

)
.

(ii) About the positive definiteness of K.

The proof of this part is similar with those of [16, 17] which are based on Hermite polynomials. We refer the reader to [34]
for a detailed introduction about Hermite polynomials.

Following from Lemma 7, for (i, j) ∈ [n]× [n], it holds that

Kij =
1

1− σ2
w

Q(cos θij) =
1

1− σ2
w

∞∑
r=0

µ2
r(ϕ)(cos θij)

r.
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Let H = [h1, · · · ,hn] where h1, · · · ,hn be unit vectors such that cos θij = h⊤
i hj for all (i, j) ∈ [n]× [n]. It is easy to

check that [(H⊤H)(⊙r)]ij = (h⊤
i hj)

r holds for all (i, j) ∈ [n]× [n]. Then, K can be rewritten as

K =
1

1− σ2
w

∞∑
r=0

µ2
r(ϕ)(H

⊤H)(⊙r). (20)

Following from Lemma 6, we show that K is a sum of a series of PSD matrices. Thus, it suffices to show that K is strictly
positive definite if there exists a r such that µ2

r(ϕ) ̸= 0 and (H⊤H)(⊙r) is strictly positive definite.

For any unit vector v = [v1, · · · , vn]⊤ ∈ Rn, it holds that

v⊤(H⊤H)(⊙r)v =
∑
i,j

vivj(h
⊤
i hj)

r

=
∑
i,j

vivj(cos θij)
r

=
∑
i

v2i +
∑
i̸=j

vivj(cos θij)
r

=1 +
∑
i̸=j

vivj(cos θij)
r

Let us define β = maxi ̸=j | cos θij |. By Eq. (14), it holds that

|cos θij | =
∣∣∣∣σ2

wQ(cos θij) + (1− σ2
w)

1

d
x⊤
i xj

∣∣∣∣
=
∣∣σ2

wQ(cos θij)
∣∣+ ∣∣∣∣(1− σ2

w)
1

d
x⊤
i xj

∣∣∣∣
<σ2

w + 1− σ2
w = 1.

for all (i, j) ∈ [n]×[n]. The last inequality follows from that facts that |Q(x)| ≤ 1 for |x| ≤ 1 and maxi ̸=j

(∣∣ 1
dx

⊤
i xj

∣∣) < 1
(by Assumption 2). Therefore, it holds that

β < 1.

Taking r > − log(n)
log(β) , we have∣∣∣∣∣∣

∑
i ̸=j

vivj(cos θij)
r

∣∣∣∣∣∣ ≤
∑
i ̸=j

|vi||vj |βr ≤

(∑
i

|vi|

)2

βr ≤ nβr < 1.

By Weyl’s inequality, it holds that v⊤(H⊤H)(⊙r)v > 0, i.e. (H⊤H)(⊙r) is positive definite. Following from Lemma 7,
it holds that µ2

r(ϕ) > 0. Therefore, the positive definiteness of K is proved.

D Proof for Section 4.2

D.1 Proof of Theorem 4

Proof. Using standard bounds on the operator norm of Gaussian matrices, it holds w.p. ≥ 1− exp (m),∥∥∥z(l+1)
i − z

(l)
i

∥∥∥
2
≤ 2

√
2σw

∥∥∥z(l)
i − z

(l−1)
i

∥∥∥
2
,

Therefore, it holds that ∥∥∥z(l)
i − z

(l−1)
i

∥∥∥
2
= O

(∥∥∥z(1)
i

∥∥∥
2

)
,
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and ∥∥∥zi − z
(l)
i

∥∥∥
2
= O

((
2
√
2σw

)l ∥∥∥z(1)
i

∥∥∥
2

)
.

For z(1)
i , we have

E
[
1

m

(
z
(1)
i

)⊤
z
(1)
i

]
= E

[
1

m
ϕ(Uxi)

⊤ϕ(Uxi)

]
= 1.

Using Bernstein inequality, it holds w.p. ≥ 1− exp
{
−Ω

(
mt2

)}
∣∣∣∣ 1m (

z
(1)
i

)⊤
z
(1)
i − 1

∣∣∣∣ ≤ t.

Consequently, we have ∣∣∣Gij −G
(l)
ij

∣∣∣ = ∣∣∣∣z⊤
i zj −

(
z
(l)
i

)⊤ (
z
(l)
j

)∣∣∣∣
≤
∣∣∣z⊤

i zj − z⊤
i z

(l)
j

∣∣∣+ ∣∣∣∣z⊤
i z

(l)
j −

(
z
(l)
i

)⊤ (
z
(l)
j

)∣∣∣∣
≤∥zi∥2

∥∥∥zj − z
(l)
j

∥∥∥
2
+
∥∥∥z(l)

i

∥∥∥
2

∥∥∥zi − z
(l)
i

∥∥∥
2

≤C
(
2
√
2σw

)L
m
(
1 +

√
t
)
.

where C is an absolute positive constant. Lastly, letting t be an absolute positive constant, we prove Theorem 4 by applying
the simple union bound.

E Proof for Section 4.3

In this section, we define Ĝ
(l)
ij = Ew∼N (0,I)[ϕ(w

⊤h)ϕ(w⊤h′)]. Combining Lemma 7 and the homogeneity of ReLU,

we write Ĝ
(l)
ij as

Â
(l)
ij = h⊤h′

cos θ̂
(l)
ij =

Â
(l)
ij√

Â
(l)
ii Â

(l)
jj

Ĝ
(l)
ij =

√
Â

(l)
ii Â

(l)
jj Q(cos θ̂

(l)
ij )

By the triangle inequality, we have∣∣∣∣ 1mG
(l)
ij −K

(l)
ij

∣∣∣∣ ≤ ∣∣∣∣ 1mG
(l)
ij − Ĝ

(l)
ij

∣∣∣∣+ ∣∣∣Ĝ(l)
ij −K

(l)
ij

∣∣∣ . (21)

E.1 Proof of Theorem 5

Lemma 9. For i = j, with probability at least 1− l exp
{
−Ω(mε2) +O

(
1
ε

)}
, it holds that∣∣∣∣ 1mG

(l)
ii −K

(l)
ii

∣∣∣∣ ≤ ε, (22)

or equivalently,
∣∣∣ 1mG

(l)
ii − ρ(l)

∣∣∣ ≤ ε.
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Proof. Following Lemma 4, we reconstruct G(l+1)
ii as

G
(l+1)
ii = ϕ (Mh)

⊤
ϕ (Mh) ,

where ∥h∥22 = h⊤h =
σ2
w

m G
(l)
ii + 1.

(1) For fixed h, by the standard Bernstein inequality, it holds w.p. ≥ 1− exp
{
−Ω

(
mε2

)}
,∣∣∣∣ 1mG

(l+1)
ii − Ĝ

(l+1)
ii

∣∣∣∣ ≤ ε.

(2) For all h, note that the ε-net size is at most exp
{
O
(
l log 1

ε

)}
. Therefore, it holds w.p. ≥ 1 −

exp
{
−Ω(mε2) +O

(
l log 1

ε

)}
, ∣∣∣∣ 1mG

(l+1)
ii − Ĝ

(l+1)
ii

∣∣∣∣ ≤ ε.

(3) Substitute the choice of h such that h⊤h =
σ2
w

m G
(l)
ii + 1. We have∣∣∣Ĝ(l+1)

ii −K
(l+1)
ii

∣∣∣ = σ2
w

∣∣∣∣ 1mG
(l)
ii −K

(l)
ii

∣∣∣∣ .
And we have, w.p. ≥ 1− exp

{
−Ω(mε2) +O

(
l log 1

ε

)}
,∣∣∣∣ 1mG

(l+1)
ii −K

(l+1)
ii

∣∣∣∣ ≤ ∣∣∣∣ 1mG
(l+1)
ii − Ĝ

(l+1)
ii

∣∣∣∣+ ∣∣∣Ĝ(l+1)
ii −K

(l+1)
ii

∣∣∣ ≤ σ2
w

∣∣∣∣ 1mG
(l)
ii −K

(l)
ii

∣∣∣∣+ ε

which implies that with probability at least 1− l exp
{
−Ω(mε2) +O

(
l log 1

ε

)}
, we have∣∣∣G(l)

ii −K
(l)
ii

∣∣∣ ≤ 1− σ2l
w

1− σ2
w

ε. (23)

Lemma 10. For i ̸= j, with probability at least 1− l2 exp
{
−Ω(mε2) +O

(
l log 1

ε

)}
, it holds that∣∣∣∣ 1mG

(l)
ij −K

(l)
ij

∣∣∣∣ ≤ ε.

Proof. Following Lemma 4, we reconstruct G(l+1)
ij as

G
(l+1)
ij = ϕ (Mh)

⊤
ϕ (Mh′) ,

where h⊤h′ =
σ2
w

m G
(l)
ij + 1

dx
⊤
i xj .

(1) For fixed h and h′, by the standard Bernstein inequality, we have w.p. ≥ 1− exp
{
−Ω(mε2)

}
∣∣∣∣ 1mG

(l+1)
ij − Ĝ

(l+1)
ij

∣∣∣∣ ≤ ε.

(2) For all h,h′, note that the ε-net size is at most exp
{
O
(
l log 1

ε

)}
. Therefore, w.p. ≥ 1−exp

{
−Ω(mε2) +O

(
l log 1

ε

)}
,

it holds that ∣∣∣∣ 1mG
(l+1)
ij − Ĝ

(l+1)
ij

∣∣∣∣ ≤ ε.
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(3) Substituting the choice of h and h′ such that h⊤h′ =
σ2
w

m G
(l)
ij + 1

dx
⊤
i xj . We have∣∣∣Ĝ(l+1)

ij −K
(l+1)
ij

∣∣∣
=

∣∣∣∣√Â
(l+1)
ii Â

(l+1)
jj Q(cos θ̂

(l+1)
ij )− ρ(l+1)Q(cos θ

(l+1)
ij )

∣∣∣∣
≤
∣∣∣∣(√Â

(l+1)
ii Â

(l+1)
jj − ρ(l+1)

)
Q(cos θ̂

(l+1)
ij )

∣∣∣∣+ ∣∣∣ρ(l+1)
(
Q(cos θ̂

(l+1)
ij )−Q(cos θ

(l+1)
ij )

)∣∣∣
≤
∣∣∣∣√Â

(l+1)
ii Â

(l+1)
jj − ρ(l+1)

∣∣∣∣+ ρ(l+1)
∣∣∣cos θ̂(l+1)

ij − cos θ
(l+1)
ij

∣∣∣ , |Q(·)| < 1 and Q(·) is 1-Lipschitz

≤
∣∣∣∣√Â

(l+1)
ii Â

(l+1)
jj − ρ(l+1)

∣∣∣∣+ ∣∣∣∣(√Â
(l+1)
ii Â

(l+1)
jj + ρ(l+1) −

√
Â

(l+1)
ii Â

(l+1)
jj

)
cos θ̂

(l+1)

ij − ρ(l+1)cos θ
(l+1)
ij

∣∣∣∣
≤2

∣∣∣∣√Â
(l+1)
ii Â

(l+1)
jj − ρ(l+1)

∣∣∣∣+ ∣∣∣∣√Â
(l+1)
ii Â

(l+1)
jj cos θ̂

(l+1)
ij − ρ(l+1)cos θ

(l+1)
ij

∣∣∣∣ .

From the definition of Ĝ(l), it holds that Â
(l+1)
ii =

σ2
w

m G
(l)
ii + 1. Applying Lemma 9, it holds w.p. ≥ 1 −

l exp
{
−Ω

(
mε2

)
+O

(
l log 1

ε

)}
,

∣∣∣∣√Â
(l+1)
ii Â

(l+1)
jj − ρ(l+1)

∣∣∣∣ =
∣∣∣∣∣
√(

σ2
w

m
G

(l)
ii + 1

)(
σ2
w

m
G

(l)
jj + 1

)
−
(
σ2
wK

(l)
ii + 1

)∣∣∣∣∣ ≤ ε.

Moreover, note that
√
Â

(l+1)
ii Â

(l+1)
jj cos θ̂

(l+1)
ij = Â

(l+1)
ij =

σ2
w

m G
(l)
ij + 1

dx
⊤
i xj and ρ(l+1)cos θ

(l+1)
ij = σ2

wK
(l)
ij + 1

dx
⊤
i xj .

Thus, it holds that ∣∣∣∣√Â
(l+1)
ii Â

(l+1)
jj cos θ̂

(l+1)
ij − ρ(l+1)cos θ

(l+1)
ij

∣∣∣∣ = σ2
w

∣∣∣∣ 1mG
(l)
ij −K

∣∣∣∣ .
Thus, w.p. ≥ 1− l exp

{
−Ω

(
mε2

)
+O

(
l log 1

ε

)}
, it holds that∣∣∣Ĝ(l+1)

ij −K
(l+1)
ij

∣∣∣ ≤ σ2
w

∣∣∣∣ 1mG
(l)
ij −K

(l)
ij

∣∣∣∣+ ε.

Consequently, w.p. ≥ 1− l exp
{
−Ω(mε2) +O

(
l log 1

ε

)}
, we have∣∣∣∣ 1mG

(l+1)
ij −K

(l+1)
ij

∣∣∣∣ ≤ ∣∣∣∣ 1mG
(l+1)
ij − Ĝ

(l+1)
ij

∣∣∣∣+ ∣∣∣Ĝ(l+1)
ij −K

(l+)
ij

∣∣∣ ≤ ε+ σ2
w

∣∣∣∣ 1mG
(l)
ij −K

(l)
ij

∣∣∣∣ .
By applying the induction argument, one can show that for l ≥ 1, it holds w.p. ≥ 1− l2 exp

{
−Ω(mε2) +O

(
l log 1

ε

)}
,∣∣∣∣ 1mG

(l)
ij −K

(l)
ij

∣∣∣∣ ≤ ε.

Now we are ready to prove Theorem 5.

Proof of Theorem 5. Combing Lemmas 9 and 10 with the standard union bound, we have w.p. ≥ 1 −
n2l2 exp

{
−Ω(mε2) +O

(
l log 1

ε

)}
∥∥∥∥ 1

m
G(l) −K(l)

∥∥∥∥
F

≤ nε.
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Take ε =
(
2
√
2σw

)l
and notice that σ2

w < 1
8 . It holds w.p. ≥ 1 − n2l2 exp

{
−Ω(8lσ2l

wm) +O
(
l2
)}

≥ 1 −
n2 exp

{
−Ω(8lσ2l

wm) +O
(
l2
)}

, ∥∥∥∥ 1

m
G(l) −K(l)

∥∥∥∥
F

= O
(
n
(
2
√
2σw

)l)
.


