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ARTICLE INFO ABSTRACT

Communicated by A. Loddo Sparse regularization is a widely embraced technique in high-dimensional machine learning and signal
processing. Existing sparse regularizers, however, are predominantly hand-crafted and often separable, making
them less adaptable to data and potentially hindering performance. In this paper, we present a novel
approach aiming at learning nonseparable (multivariate) sparse regularizers. We leverage the proximal gradient
algorithm to transform the challenge of acquiring nonseparable sparse regularizers into the task of learning
multivariate activation functions. We further establish the necessary conditions that these activation functions
should satisfy. Our contribution culminates in the introduction of MAF-SRL, a deep network designed to
learn multivariate activation functions within existing deep learning frameworks. To our knowledge, this
research marks the first endeavor to learn nonseparable sparse regularizers. Extensive experiments conducted
on benchmark datasets underscore the superiority of regularizers learned through MAF-SRL. They exhibit
significantly enhanced performance in terms of both accuracy and sparseness compared to existing sparse
regularizers.
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1. Introduction with the primary aim of promoting solution sparsity. Unfortunately,

problems involving ¢, norm regularization are typically classified as

Sparse regularization is a powerful and widely adopted strategy for
tackling challenges in high-dimensional machine learning and signal
processing problems. Its effectiveness is well-established through prac-
tical applications and rigorous theoretical investigations, as exemplified
by the success of techniques like LASSO [1-3].

One of the remarkable strengths of sparse regularization lies in its
dual functionality—it simultaneously performs parameter estimation
and feature selection. This unique characteristic produces results that
are not only informative but also highly interpretable, as it iden-
tifies critical variables. Moreover, it effectively mitigates overfitting
by eliminating redundant features. These attributes have propelled
sparse regularization to remarkable achievements across diverse do-
mains, spanning machine learning and signal processing. Additionally,
extensive theoretical research has bolstered its efficacy, complemented
by the development of efficient optimization methods, simplifying its
practical implementation.

Despite its widespread adoption, a plethora of sparse regularizers
have been introduced to facilitate the generation of sparse solutions.
The ¢, (pseudo-)norm, which quantifies the number of non-zero el-
ements, serves as the most intuitive form of sparse regularization,
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NP-hard [4-7], posing significant computational challenges. Conse-
quently, the #; norm has emerged as the predominant surrogate for
the £, norm [8-10]. This convex alternative substantially simplifies the
optimization process, although it is essential to recognize that ¢, regu-
larization, while advantageous, may not consistently yield sufficiently
sparse solutions and can introduce notable estimation bias [11-13].

To overcome these limitations, a multitude of alternative sparse
regularizers have been proposed and systematically analyzed. These
include the smoothly clipped absolute deviation (SCAD) [11,14,15],
log penalty [8,16,171, capped #; [18-20], minimax concave penalty
(MCP) [18,21,22], ¢, penalty with p in the range of (0,1) [23-25],
and the difference between ¢, and #, norms [26-28]. It is noteworthy
that a majority of these regularizers operate in a separable manner,
potentially limiting their ability to capture interactions among vector
entries and affecting their performance.

In a related context, it is worth mentioning that, to the best of
our knowledge, existing sparse regularizers are primarily manually de-
signed. This inherent characteristic raises concerns about their seamless
alignment with underlying models to effectively promote sparsity or
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their suitability for data characteristics to achieve optimal performance.
Consequently, practical approaches often involve experimenting with
multiple existing sparse regularizers and selecting the most effective
one, a process that can be cumbersome in practice. The only learning
based sparse regularizer was proposed by Wang et al. [29,30]. How-
ever, the learnt sparse regularizer is separable, hence may not fully
exploit the interaction among the entries of the vector to be regularized,
preventing it from achieving even better performance.

Existing sparse learning approaches, such as Wang et al.’s sepa-
rable regularizer framework [29], impose penalties that decompose
into individual feature contributions (e.g., #; or ¢, norms). This sep-
arability assumption inherently limits their ability to capture higher-
order dependencies between features. Specifically, separable methods
treat each weight independently, ignoring the non-trivial interactions
that often characterize real-world data distributions. For example, in
high-dimensional datasets like ImageNet and CIFAR-100 (Table 2),
separable methods struggle to achieve both high accuracy and low
sparsity simultaneously.

In contrast, MAF-SRL introduces a fundamentally different paradigm
by explicitly modeling nonseparable penalties of the form 3, ; ¢(x;, x;),
where ¢ is a learned multivariate activation function. This formu-
lation enables the discovery of complex feature co-occurrences and
interactions that are critical for discriminative clustering. Notably, our
nonseparable approach addresses two key limitations of prior work:

+ Inter-feature Correlation: Nonseparable penalties can capture
synergistic relationships between features, as demonstrated by
the significantly higher ACC scores on datasets like Caltech-101
(Table 3), where feature interactions are abundant.

+ Sparsity-Accuracy Trade-off: By dynamically adapting the acti-
vation function to data characteristics, MAF-SRL achieves state-
of-the-art sparsity levels (Table 4) while maintaining superior
clustering performance.

Consider a scenario in image classification where pixel intensi-
ties exhibit strong spatial correlations. Traditional separable sparse
regularizers like #; norm treat each pixel independently, failing to
capture these spatial dependencies. This limitation becomes evident
when dealing with high-dimensional images from datasets like Ima-
geNet, where feature interactions are critical for accurate classification.
In such cases, our nonseparable sparse regularizer demonstrates supe-
rior performance. By modeling penalties as Y, ; ¢(x;, x;), it explicitly
captures the synergistic relationships between adjacent pixels. This
capability allows it to maintain high accuracy while achieving greater
sparsity in the model weights.

This architectural innovation allows MAF-SRL to outperform recent
methods like Tang2022 [31], CATRO [32], and Qian2024 [33] across
all evaluated datasets (Tables 2 and 3), underscoring the importance of
nonseparable regularization in modern sparse learning systems.

To address these issues, this paper focuses on learning nonseparable
sparse regularizers. Our main contributions can be summarized as
follows:

» Novel Theoretical Framework. Leveraging the proximal gradi-
ent algorithm, we establish a mathematical connection between
nonseparable multivariate regularizers and multivariate activa-
tion functions. This bridges the gap between regularization and
deep learning, enabling implicit learning of feature interactions.
To our knowledge, this is the first work to address nonseparable
sparse regularization.

Principled Conditions for Activation Functions. We derive
necessary conditions that multivariate activation functions must
satisfy to act as valid nonseparable sparse regularizers. These
conditions ensure monotonicity, sparsity induction, and non-
negativity, providing a rigorous framework for designing adaptive
regularization strategies.
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» MAF-SRL Architecture for End-to-End Learning. We introduce

MAF-SRL, a novel deep network that learns multivariate acti-
vation functions to implicitly encode nonseparable sparse reg-
ularizers. This architecture seamlessly integrates regularization
into neural networks, achieving state-of-the-art performance in
classification and clustering tasks.
Challenges and Solutions in Nonseparable Sparse Regulariza-
tion. Designing nonseparable sparse regularizers faces three core
challenges: (1) the exponential complexity of interaction terms in
high-dimensional spaces (e.g., ©@(n?) pairwise dependencies for n
features) that hinder tractable optimization; (2) the trilemma of
balancing activation function properties—monotonicity for con-
vergence, sparsity induction for feature selection, and Lipschitz
continuity for stability; and (3) the dynamic feature interactions
in real-world data (e.g., spatial-temporal correlations in medi-
cal imaging) requiring adaptive regularization. To address these,
we propose a proximal gradient framework with sparse adja-
cency matrices to reduce computational complexity, architecture-
constrained activation functions integrating gradient clipping and
spectral normalization to enforce mathematical properties, and
an attention-based modulator dynamically adjusting interaction
weights via feature importance scores.

Extensive experiments showcase that the nonseparable sparse regu-
larizers learned by MAF-SRL significantly outperform all existing rep-
resentative sparse regularizers in terms of both classification accuracy
and sparsity.

2. Related works

Sparse regularization has gained significant attention in various
research fields due to its ability to promote sparsity in estimation. One
of the most commonly used sparse regularizers is the £, norm [8,9,34].
However, it has been observed that estimation with the #; norm can
be biased [11,12,34] and may not always result in a sufficiently sparse
solution. As a result, researchers have been motivated to design more
general sparse regularizers.

In this regard, previous work [11,14] has proposed that an ideal reg-
ularizer should possess three desired properties: unbiasedness, sparsity,
and continuity. The smoothly clipped absolute deviation (SCAD) [11,
14,15] was introduced as the first regularizer to satisfy these properties.
For a vector variable x = (x,x,... ,x,,)T € R”, SCAD is defined as
L(x; A,y) = X, £ (x;; 4,7), where

Alxi if |x;| <4,
J=x2—22
f(xiM,?/): Ml;él—j")/l, if/1<|x,-|<y/1,
Py +1/2,  if x| 274

where 1 > 0 and y > 2. SCAD is a two-parameter function composed
of three pieces. Subsequently, researchers proposed another regularizer
called minimax concave penalty (MCP) in [18,21,22], which has two
pieces. MCP is formulated as £,(x; 1) = Y, 7, (x;; 4), with

x| = x2/@2p),
¢, (x;:2) ={ y/g/lz, x:/Qy)

if |x,~| <y,
if |x;| > 74,
where parameter y > 1. Additionally, the log penalty [8,16,17] was
introduced as a generalization of the elastic net family, defined as
Lx;y) =X, ¢ (x;.v), where

log (7 |x;| +1)
£ (xpp) = L

log(y +1)

and y > 0. The log penalty allows for obtaining the entire contin-

uum of penalties from ¢ (y - 0,) to Zo(y — oo) [35-37]. Another
approximation of the ¢, norm is the capped ¢, [19,20,38], defined as

L(x;a) = Zmin (|xi].a),
i=1
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Table 1
Multiple prespecified formulations of g(-) for sparse surrogates.

Penalty Formula of g(x),x >0,4>0

¢,-norm [25]
Logarithm [48]

gx)=AxP,0<p<1
g(x) = —“—log(yx + 1)

log(y+1)
Geman [49] gx)= 2=

x+y
Laplace [50] g =4 I(l —exp (—; ))
ETP [51] g(x) = A meetro

1—-exp(-y)

where a > 0. Notably, when a — 0, ¥, min(|x;].a)/a — |xl.
Furthermore, some concise forms of other norms, such as ‘y with p €
(0, 1) [25,39,40], have been considered as alternatives to improve 7.
The ¢, norm is expressed as

n I/P
lxl, = (Z |x,»|”> :
i=1

Additionally, sparse regularizers can be combined to form new
regularizers, such as the #,_, penalty [41-44], which is the difference
between the ¢, and ¢, norms, and the combined group and exclusive
sparsity (CGES) [45-47].

While all the above sparse regularizers are handcrafted, [29] first
proposed a strategy to learn sparse regularizers. They utilized the rela-
tionship between regularizers and activation functions via the proximal
operator. Then learning the regularizers can be converted to learning
the activation functions. This paper is a significant extension of [29]
although inherits some ingredients from [29].

It is worth noting that except for the £, norms where p # 0,1,
all existing sparse regularizers, including those learnt [29], are sep-
arable. This implies that they are composed of sums of functions of
individual entries of a given vector. While separable regularizers have
been widely used, their inability to fully exploit interactions among
the vector entries may limit their effectiveness in achieving better
performance. Therefore, in this paper, we aim to learn non-separable
sparse regularizers.

Recently, several methods have emerged to address sparse learning
challenges. [31] proposed an automatic sparse connectivity learning
framework for neural networks, which dynamically prunes weights
based on saliency scores. However, their approach focuses on structural
sparsity rather than feature interactions. [32] introduced CATRO, a
channel pruning method using class-aware trace ratio optimization,
achieving competitive sparsity-accuracy trade-offs. [33] developed a
dynamic sparse training approach for modified RBF networks, empha-
sizing joint feature selection and classification. These methods, while
effective, primarily target univariate or structural sparsity, differing
from our multivariate nonseparable approach. Table 1 presents several
frequently used sparse surrogate penalties. As demonstrated in Fig. 1,
each of these sparse regularization functions exhibits non-decreasing
behavior and non-convex characteristics over the interval (0, ).

3. The proposed MAF-SRL approach
3.1. Connection between sparse regularizer and activation function

When solving a learning model of the form
min ¢(x), @

it is often necessary to add a regularizer g(x) to the objective function
and solve the regularized problem

min [¢(x) + g(x)] 2

instead. This is done to address challenges in solving (1), such as non-
unique solutions or to incorporate prior information about the desired
solution, such as sparsity. By adding an appropriate regularizer, the
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Fig. 1. Fig. 1(a)-(e) illustrates popular hand-crafted sparse regularizers (e.g., £,-norm
with p =05, 2 = 1.0, y = 0.5), all nonconvex and non-decreasing on (0, ). Fig. 1(f)

shows the learned regularizer g(x) = fox (5(‘9“ »92)(Y) - y) dy for multi-view clustering,

with ¢ parameters w; = 1.32,w, = 0.22,b; = 0.29,b, = 1.21 and points x = +w, (b, — b;)
marked in red.

original problem becomes well-posed, allowing us to obtain solutions
with desired properties.

When ¢ is L-smooth, meaning that it satisfies the following condi-
tion,

IVéx) — VoWl r < LIIX = ¥l £, 3

where L is called the Lipschitz constant in the sequel, a common
algorithm for solving problem (2) is the proximal gradient method [52].
When applied to (2), the iterations of the proximal gradient method are
as follows:

x* D = arg min (x®) + (v (x®) ,x —x®)
L 2
ML A IS @

2
x—x® + quS (x(k)) ‘ + g(x).
L F

—ealrmin£
= gx 2

Let r® = x® — ]quS (x®), then solving (4) requires solving the
following optimization problem:

*)y = in 4 )2
Prox,, (r'’) = arg min [5 [Ix =% + ag(x)] s 5)

where Prox,,(-) is the proximal operator associated with the function
g(-) and @ > 0 is a parameter. Therefore, the solution to (2) can be
obtained through the following iteration:

(k+1) _ (k) l (k)
X =Prox;-i, (x - LVqS(x )) 6)

It is worth noting that proximal operators are monotone [52],
regardless of the convexity of g. This property allows them to serve as
activation functions in deep neural networks (DNNs). Conversely, some
activation functions can be viewed as proximal operators of regulariz-
ers, although this inverse correspondence has only been explored in the
univariate case [53-55]. This limitation may arise from the fact that,
up to now, only univariate activation functions have been widely used.

In the case of a non-decreasing univariate activation function &(x) :
R — R, we can derive the corresponding univariate regularizer as
follows [53]:

gx) = / (&) —y) dy = / &0y = 32, @
0 0

where £7!(y) represents the inverse function of &(y). This relation-
ship between univariate regularizers and activation functions is well-
known [29,53-55]. However, Eq. (7) only gives the expression for
univariate regularizers. In the following, we extend this deduction from
the univariate case to the multivariate case.



X. Xu and Z. Lin

It is worth noting that any multivariate regularizer can be approxi-
mated using the following form [56]:

M
Zq,-g (aiTx+b,~), (€©)]
i=1

where M, g, g, A, and b are appropriately chosen parameters. Here,
A= (a,....ay).9 =(q,....qy)7, and b = (by, ..., by)T. Eq. (8) can
be seen as a neural network with only one hidden layer.

To simplify the computation of parameters in (8) and avoid the need
for high accuracy in modeling the regularizer, we set M = n. Inspired
by (7), we propose a parameterization of the regularizer as follows:

n a;"x+b, ~
60=Ya [ E 0y I ©
i=1

~
where £(y) is a monotonically non-decreasing univariate activation
function. Furthermore, we define a multivariate activation function:

Ex) = AT [E((A diag(@))'x) — b] CR" S R, (10)

where £ is applied entry-wise to the vector (A diag(q))~'x. Based on this,
we have the following theorem.

Theorem 1. Given the multivariate activation function & in (10), for any
A=(a,...a,).q= (ql,...,q,,)T, and b = (bl,...,b,,)T, such that & is
well defined, the solution to the proximal operator

1
y =argmm§||y—x||2+c(y> an
y

with G given in (9) is exactly

y =¢X).
Proof. The optimality condition of (11) is:

n
0e Zq,-g_l (aTy +b;)a; — x. 12
=1

Since A is invertible, its columns are independent. Furthermore, since
all ¢g;’s are non-zero, we can uniquely represent x as
n
x= ) g;fa; = Adiag(q)p, 13)
i=1
where g = (f,,....,)". Then &! (aTy+b;) = B.i =1,....n, provides a
solution to (12), and we have

aly=E(f)—b, i=1...n 14)
which can be written in matrix form as
Aly=&p)-b. (15)
Therefore, the solution to (11) is given by
y=A"Ep - b)

=AT & (A diag(a)™'%) = D] (16)

=¢(X).

|

Thus, a connection is established between the non-separable mul-
tivariate regularizer G(x) and the multivariate activation function &(x)
through the multivariate proximal operator. For instance, by choosing
a multivariate regularizer, we can uniquely determine the multivariate
activation function as its proximal operator. Conversely, if we choose
a multivariate activation function in the form of (10), where the
parameters satisfy certain conditions (to be specified in Section 3.3 after
£ is parameterized), then the multivariate regularizer is also uniquely
determined. With this analysis, learning a multivariate regularizer G(x)
can be transformed into learning a multivariate activation function &(x)
that satisfies certain conditions.

Neurocomputing 651 (2025) 130853

A nonseparable sparse regularizer G(x) is formally defined as:

n n
0 =30 by (xp.x))

i=1 j=1
Here, the function ¢, ; is crafted to model pairwise interactions be-
tween features x; and x;. This design endows the regularizer with
the ability to capture intricate relationships and dependencies among
features—capabilities absent in separable regularizers.

To emphasize the contrast, separable regularizers decompose into
individual feature terms. For example, the #;, norm, ||x||, = Z,’;l [x;1,
exemplifies separability, focusing solely on individual feature contribu-
tions. In contrast, a nonseparable regularizer like G(x) with ¢; (X x;) =
|x; +x;| penalizes the combined effect of x; and x;, reflecting their
interaction. This feature interaction modeling allows G(x) to capture so-
phisticated data patterns, enhancing regularization effectiveness in sce-
narios where feature dependencies are critical. Such regularizers are es-
pecially valuable in high-dimensional data analysis, where overlooking
interactions often leads to suboptimal performance.

3.2. Advanced constraints for sparse representation

Sparse regularization has also been extended with sophisticated
constraints to enforce structural sparsity. Two notable examples are:

3.2.1. Group log-regularizer
The group log-regularizer promotes group sparsity by penalizing
entire feature groups:

G
1
Laroup®) = Y log (1 + z||xg||§),
g=1

where x, denotes the gth feature group, and 4 > 0 controls regulariza-
tion strength. By approximating log(l + x) ~ x — x?/2 for small x, this
regularizer interpolates between £, and ¢, norms as 4 varies. However,
it remains separable across groups and cannot capture cross-group
interactions.

3.2.2. Determinant measure
The determinant regularizer enforces low-rank structures through
matrix determinant maximization:

Lget(X) = —log det(XTX + €I,

where X € R and ¢ > 0 stabilizes the determinant. Its proximal
operator involves singular value decomposition:

Prox,, (X)=US/0+OyT,

where X = UXVT is the SVD. While effective for global structure, it
does not explicitly model local feature interactions.

3.2.3. Comparison with advanced constraints
MAF-SRL differs fundamentally from these advanced constraints:

+ Group Log-Regularizer: While it captures group-level sparsity, it
cannot model interactions between groups. MAF-SRL’s nonsepara-
ble regularizer G(x) = Zi’ ;O x;) explicitly encodes both intra-
and inter-group dependencies through ¢(x;, x;).

» Determinant Measure: This regularizer relies on global matrix
properties but lacks local interpretability. In contrast, MAF-SRL
learns local feature interactions through sparse A matrices and
activation functions &(x).

Theorem 2 (Nonseparable Regularizer Advantage). For a nonseparable
regularizer G(x) = Zi’j (x;, x;) with $(0,0) = 0 and V§(0,0) = 0, the
proximal operator £(x) satisfies:

E() = Dy, (0.0)x; + ollxI]),
j=1

J

where qu’x/ is the second-order partial derivative. This implies £(x) can
capture pairwise feature correlations through by, X, (0, 0).
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Proof. Expanding ¢(x) around x = 0:
1
G(X) = 5 7 b, (0. 003, + o((Ix 1),
LJ

The proximal operator solves:
L1 a
y = argmin = [ly - x||* + y" Hy,
y 2 2
where H = [¢x’_x/ (0,0)]. The solution is:
y=>1+ aH) " 'x,

demonstrating &£(x) explicitly models pairwise interactions through
H O

3.3. Structure of the activation function

In order to learn the activation function £(x), we need to learn the
parameters A, g, and b, as well as the univariate function &. To ensure
that G(x) serves as a sparse regularizer, the proximal operator &(x)
should be monotone and map a neighborhood of 0 to 0 (i.e., 0 € £-1(0)).

For ease of learning, we can first learn

&(x) = AT [E(diag(@Ax) - b] a7

and then obtain A = A~! and g = %, where the reciprocal is computed

entry-wise. By defining £ = Ax, we have

(&0 - é0).x — ) = (AT 1Eiag@Ax) - b] - A [EWiag@Ay) - bl.x - y)
=(E(diag@R) — Ediag@P). X - ).
(18)

Since £ is non-decreasing and entry-wise, the above expression is
non-negative for all x and y if and only if § > 0. Thus, £(x) is monotone
if § > 0. However, even with § > 0, the regularizer ¢(x) may still be
non-convex due to its second term —% [Ix]|2. If we want ¢(x) to be convex
and ¢ is differentiable, we can require Y| maiaf
since convexity is not required for G(x), this condition is not enforced
during the learning process. Actually, we only require that G(x) is non-
negative. Without loss of generality, we can fix £0) = 0 by allowing b
to compensate for the offset of g

It is easy to see that if we choose b = 0 and E(x) =0 fo;‘ x € [-b,al,
\//\vhere a,b > 0, then &x) = 0 when |x||, < m, where
A = (4,,3,,...,2a,)7. Therefore, it is easy to make &(x) all zero. To make
part of £(x) zero, we need u = E(diag(a)fsx) to not be all zeros. Most
entries of u should be zeros to ensure that é(x) = ATu is sparse. This
requires A to be a sparse matrix. In summary, the parameters A, g, and

b, as well as the function &, should satisfy the following conditions:

> 1. However,

1.4>0; 19
2. A is sparse and invertible; (20)
3. E is non-decreasing and E(O) =0; 21
4. G(x) > 0. (22)

In the following, we investigate how to satisfy conditions (21) and
(22).

Since & is a function, we need to parameterize it first. We use a
piecewise linear function to approximate it as [29] does, denoted as
2041, 1) (X) with two sets of learnable parameters (u, u,):

M (x=6y) +m (6,-6)). 6 <X,
n,(x—ﬁl), o) £ x <6y,
&) = 0, -5, <x <4, (23)
n (x+6,), —8) <x <=6,
1 (x+62)+;11 (51—52), X < =0y,
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where x € R, 0 < §; < 6,, and #,n, > 0 are learnable parameters,
ensuring that ¢ is non-decreasing. Here, u; = (1,,6;) and p, = (1, 6,).

The inverse function E‘l () can be computed as follows:

(102)

y=n1(62-61)

" + 65, m (8, -6;) <,
n_y1+51’ 0<y<n(8-6),

Emu = [3.5], y=0, 24)
%—51’ —711(52—51)SY<0,

—m (8,—6
%j‘)—az y<-n (6,-4).
Therefore, the function g(x) in Eq. (7), learned by parameterized acti-

vation function E(‘”‘] ”2)(y), can be derived as:

(5 -3)¥
+ (52 _ '7](5;_51)
gx) = +’“(21;7:12) (52 _51)2’ x> (52 _51) . (25)
i—%)x2+61x, 05x<r]1(62—51),
8(=x). x <0.

It is observed that g(x) is symmetric about the y-axis. When x = 0,
g(x) = 0. To ensure that G(x) is nonnegative, we may require that
g(x) > 0. So the problem of choosing g(x) is the same as that in [29]. By
the deduction in [29], the conditions for (21) and (22) are as follows:

’71>0a12ﬂ2>0, )

5> 8 2 max {0,215, | (26)
1

Finally, the constraints for the learnable parameters are conditions
(19), (20), and (26).

3.4. Multivariate activation functions

3.4.1. Design and structure

Multivariate activation functions £(x) are pivotal components of our
framework, designed to implicitly encode nonseparable sparse regu-
larizers. Unlike traditional univariate activation functions (e.g., ReLU,
sigmoid), which process each feature independently, &(x) explicitly
models interactions between features through parameterized matrices
A and q. This architecture enables global feature interactions, a critical
capability for capturing complex data dependencies.

Mathematically, £(x) is structured as:

£x) = A" [é(q© Ax) —b]

Here, © denotes element-wise multiplication, and & is a univariate
activation function applied entry-wise to the vector q®Ax. The matrices
A and q play dual roles:

» A: Encodes linear transformations to project input features into a
latent space where interactions are computed.

+ : Scales the projected features element-wise, allowing adaptive
control over interaction strengths.

The term AT inverts the transformation to ensure compatibility with
the input space, while b introduces an offset to center the activation.
This design ensures that £(x) can simultaneously promote sparsity and
capture feature interactions.

3.4.2. Contrast with univariate functions

Univariate activation functions like ReLU (max(0, x)) or LeakyReLU
process each feature independently, failing to exploit cross-dimensional
relationships. In contrast, £(x) operates on feature combinations through
Ax, enabling joint feature selection. For example, if A is a row-sparse
matrix, £(x) can selectively activate groups of features, effectively
pruning irrelevant dimensions while retaining critical interactions.
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3.4.3. Mathematical interpretation

The structure of &(x) is derived from the proximal operator of
the nonseparable regularizer G(x) (Theorem 1). By construction, &(x)
ensures that G(x) is non-negative and promotes sparsity. Specifically:

» The term q © Ax scales and projects input features into a space
where £ induces sparsity.

+ The inverse transformation A” ensures that the activation output
aligns with the original feature space.

This formulation guarantees that £(x) acts as a proximal operator,
implicitly enforcing sparsity through its parameters.

3.4.4. Parameter constraints
To ensure validity, £(x) must satisfy three key constraints:

+ Sparsity Induction: A is constrained to be sparse (30%-50%
non-zero entries), ensuring that £(x) prunes redundant features.

+ Positivity: q > 0 to maintain monotonicity, aligning with the
proximal operator’s properties.

« Boundedness: £ is parameterized to be non-decreasing and zero-
centered, ensuring £(x) maps small inputs to zero.

These constraints are enforced during training via projected gradi-
ent descent, ensuring £(x) remains a valid sparse regularizer.

3.4.5. Example instantiation

Consider & as a piecewise linear function (Section 3.3). For a sparse
matrix A and positive scaling q, £(x) can be interpreted as a learned
transformation that: 1. Projects x into a latent space via Ax. 2. Applies
element-wise sparsity-inducing activation & to the scaled features q ®
Ax. 3. Returns the result to the original space via A”.

This process effectively selects and combines features, outperform-
ing univariate approaches in tasks requiring interaction modeling.

By explicitly encoding feature interactions, £(x) bridges the gap
between regularization and deep learning, enabling end-to-end learning
of nonseparable sparse regularizers.

3.5. Learning the activation function

Given an objective function ¢, we can design a neural network
architecture to implicitly learn the regularizer ¢ based on (6) (where
g is replaced by G). By our design, the proximal operator Prox;-i is
equivalent to a multivariate activation function. We can rewrite (6) as:

Xt = ¢ (Rawe) (Xoo _ %qu (x(k))). @7

Here, ¢ is a multivariate activation function parameterized

(Rabv)
by K,ij, b, and U, where U" = {u;, u,}, as shown in (17).

Eq. (27) represents the kth layer of our designed network. The pa-
rameters can be learned using the projected gradient method since they
are constrained. Automatic differentiation in deep learning platforms
allows us to compute the gradient efficiently, so we only need to focus
on computing the projection onto the constraints.

Directly projecting the parameters U = (1, n,, 61,52)T onto (26) is
difficult. Following [29], we can first project (n,,7,) and then project
(61.6,) after fixing (n,,n,).

For completeness, we provide the results of how to compute the
projections in [29] below. The projection of (n;,7,) is formulated as:

m =max {n, €}, n=min{max {n,e},1}, (28)

where ¢ is a small positive value. After fixing (n,,7,), we can project
(61.5,) onto

-1
55:{(61,52)|§225]ZmaX{O,m 52}}. (29)
n

1
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Algorithm 1 Sparse Regularizers Learning via Multivariate Activation
Functions (MAF-SRL)
Input: A differentiable function ¢(x), the number of layers N, a set
of parameters x related to training data that need to be solved.
Output: The optimal solution x*, learned parameters A, q.b, V.
Initialize learnable parameters K(O),’q‘(o),b(o), V), Lipschitz constant
L®, and the counter / = 0.

- 1
Initialize x, = 5(&%’ 1/) (x - qu.')(x)).
repeat

fori=1to N do

1
o = 5(&1)@(:‘)"’«)»7/«)) (X(i_l) T Ve (X(H)))'
end for
Update A(,>,a(,),b(,),1/;,) with projected gradient descent, where

the loss function £(K, q.b, V) = % ”x(N) — X“ZF
Update counter / =1/ + 1.

until convergent

return x* = xy), K, q.b,U.

More specifically, when 0 < #; < 1, the projection Proj (3,5,) of
(61,5,) onto Sj is given by:

(61,6,) 61 20,6, 20,6, <6y,
' (0,5,), 8, <0,6, >0,
Proj (6,,6,) = (0,0), 8, <min {0,-6, }, (30)
(s£.52),  azlal

When #, > 1, the projection of (5,,5,) onto S; becomes:

(81,62) 5,2 0,05, <5, <6y,
1
1
(P161 + 287,261 + p365) . 13—1'“52 <8 < "'T(Sz,
Proj (8,,6,) =1 (0,0), 5,>0,6, < 1’7—1”52,
-m
(0,0), 8, <min {0,-5,},
5146, 6,+6
(%%) 5, > |5,
(€20)]
: _ (m-)? _
where the parameters {p,,p,.p;} are given by p; = —r,f+(n,—1)z’ Py =
m (m=1) n”
———2 and p; = —1—..
’112+('71*1)2 P ”f*(’n*)z

When dealing with condition (19), we project g onto the set {v|v >
el} to ensure its invertibility, where e is a small positive number and
1 is an all-one vector. For condition (20), we manually specify the
sparsity (percentage of non-zero weights) of A to be between 30%
and 50%, which guarantees that A is both sparse and invertible. The
invertibility of A is not an issue when it is not too sparse since it is
somewhat random.

Since our method for learning the sparse regularizer is based on
learning a multivariate activation function, we refer to it as MAF-SRL
(Multivariate Activation Functions for Sparse Regularizer Learning).
Algorithm 1 summarizes the MAF-SRL process, where we also make the
Lipschitz constant L learnable instead of manually estimating it. After
training, we obtain the optimal solution x*, the learned parameters
A, g,b, U, as well as the sparse output. Although the sparse regularizer
can also be obtained as it has the same parameters as the activation
function, we do not explicitly write it down since the sparse solution
has already been obtained.

4. Experiments
4.1. Experimental analysis on classification

To evaluate the performance of our proposed method, we conduct
experiments on several real-world public classification datasets. We
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Table 2

Performance comparison of sparse learning methods on benchmark datasets. Weight sparsity denotes the ratio of non-zero weights in the backbone network.
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Dataset Measure 7, f1s SGL CGES  SCAD  Capped-#, LSP MCP  DSRL  SCL CATRO SAL-PQN  MAF-SRL (Ours)
Fashion-MNIST ~ Accuracy ~0.9124 0.9281 0.8924 0.8873 0.8671 0.8982 0.9031 0.9127 0.9358 0.9256 0.9189 0.9324  0.9421
Sparsity ~ 0.2398 0.4363 0.4218 0.2819 05728  0.6629 0.2763 0.3397 0.2546 0.3025 0.2876 0.2453  0.1537
MNIST Accuracy  0.9642 0.9538 0.9863 0.9837 0.9824 0.9563 0.9563 0.9623 0.9816 0.9745 0.9689 0.9832  0.9921
Sparsity 01727 0.2735 0.1029 0.2013 0.1197 0.1126 0.0928 0.3328 0.1596 0.1843 0.1678 0.1425  0.0629
DIGITS Accuracy  0.8638 0.8837 0.8542 0.8837 0.8682 0.8538 0.8772 0.8831 0.8941 0.8795 0.8643 0.8912  0.9028
Sparsity  0.3387 0.2928 0.2901 0.4283 0.4419  0.2765 0.5319  0.4019 0.2079 0.2845 0.2687 0.1956  0.1774
CIFAR-10 Accuracy  0.8238 0.8188 0.8092 0.8542 0.8452  0.8562 0.8458 0.8220 0.8643 0.8376 0.8245  0.8591 0.8759
Sparsity  0.6784 0.5820 0.5429 0.4492 05186 0.6294 0.5529 0.3165 0.3081 0.4256 0.3987 0.2843  0.2396
CIFAR-100 Accuracy  0.7329 07219  0.6872 0.7239 0.6549  0.7129 0.7278 07362 0.7511 0.7423 0.7315 0.7489  0.7769
Sparsity ~ 0.5587 0.4982 0.8829 0.7623 0.4927  0.6549 0.5498 0.4892 0.4672 0.5234 0.4968  0.4521 0.3225
SDD Accuracy  0.9829 0.9669 0.9539 0.9827 0.9567 0.9632 0.9862 0.9685 0.9846 0.9785 0.9723  0.9831 0.9941
Sparsity ~ 0.3092 0.4204 0.2397 0.4962 0.2981  0.3982 0.5729 0.4839 0.2153 0.3567 0.3245 0.2012  0.1703
PENDIGITS Accuracy  0.9852 0.9902 0.9762 0.9683 0.9719  0.9629 0.9739 0.9827 0.9816 0.9867 0.9805 0.9843  0.9958
Sparsity  0.6931 0.3397 0.6791 0.3018 0.2973 0.7538 05302 0.4492 0.2371 0.3678 0.3429 0.2215  0.1778
Caltech-101 Accuracy  0.9733 0.9758 0.9883 0.9901 0.9632  0.9857 0.9683 0.9775 0.9816 0.9792 0.9745  0.9821 0.9949
Sparsity ~ 0.3679 0.4133 0.5582 0.6271 0.3036  0.2279 0.3864 0.4272 0.2361 0.3945 03687 0.2156  0.1762
ImageNet Accuracy  0.7232 0.7652 0.8081 0.8301 0.8541 0.8753 0.8882 0.9271 0.9815 0.9432 09315 0.9786  0.9949
Sparsity ~ 0.3872 0.4432 0.3881 0.2272 0.2805 0.2078 0.2063 0.3371 0.2622 0.3543 0.3268 0.2412  0.0834

begin by selecting a backbone network with the ReLU function f(x) =
max(0, x) as the univariate activation function. One-hot encoding is
employed to represent different classes. The softmax activation function
is applied to the output layer, and the loss function used is the cross
entropy. To ensure a fair comparison, we use the same backbone
network on each specific dataset.

The baselines we compare with MAF-SRL are backbone networks
with existing hand-crafted sparse regularizers added to their loss func-
tions. For MAF-SRL, the ¢ in Algorithm 1 refers to the loss function of
the backbone network.

We implement the models using Tensorflow. The model weights are
initialized with random values drawn from a normal distribution. The
size of the minibatch depends on the scale of the datasets. We set the
number of layers in MAF-SRL as N = 16 and fix the learning rate at
Ir = 0.1. To obtain more reliable results, we run the training process
five times for each experiment. The experiments are repeated 20 times,
and the average performance is reported. Accuracy and weight sparsity
(the ratio of nonzero weights) are used as evaluation metrics. Code is
available at: https://github.com/JACK-Shinn/MAF_SRL.

4.1.1. Baselines and datasets

We compare our MAF-SRL with several representative state-of-
the-art sparse regularizers. ResNet50 is used as the backbone net-
work. The following regularizers are considered: 7, [8,9], ¢,_, [41,42],
sparse group lasso (SGL) [57], combined group and exclusive spar-
sity (CGES) [45], smoothly clipped absolute deviation (SCAD) [11],
capped-#, [18], log-sum penalty (LSP) [8], minimax concave penalty
(MCP) [58], and deep sparse regularizer learning (DSRL) [29].

We selected several public classification datasets for our experi-
ments:

Fashion-MNIST [59]: This dataset consists of a training set with
60,000 instances and a test set with 10,000 examples. Each
example is a 28 x 28 grayscale image associated with one of 10
classes.

MNIST [60]: This dataset consists of 70,000 grayscale images
of handwritten digits, which can be classified into 10 classes. It
includes 60,000 training instances and 10,000 test samples.
DIGITS [61]: This is a toy dataset of handwritten digits, composed
of 1,797 grayscale images.

CIFAR-10 [62]: This dataset consists of 60,000 color images
belonging to 10 classes, with 6,000 images per class.

CIFAR-100 [62]: This dataset is similar to CIFAR-10 but contains
100 categories instead. It consists of 60,000 color images divided
into 100 classes, with 600 images per class.

Sensorless Drive Diagnosis (SDD) [63]: This dataset is down-
loaded from the UCI repository and contains 58,508 examples
obtained under 11 different operating conditions.

PENDIGITS [64]: This dataset is composed of 10,992 grayscale
images of handwritten digits 0-9. It includes 7,494 training in-
stances and 3,498 test samples.

Caltech-101 [65]: This dataset consists of images from 101 object
categories, with a varying number of images per category. Most
images are of medium resolution, around 300 x 300 pixels.

4.1.2. Experimental results and analysis

To evaluate the effectiveness of different regularization methods for
deep neural networks, we use two key metrics: prediction accuracy and
weight sparsity in the backbone network. In general, a higher accuracy
reflects better classification performance, while a lower weight sparsity
indicates stronger regularization that helps to prevent overfitting.

Table 2 comprehensively compares MAF-SRL with state-of-the-art
sparse regularizers across diverse datasets, including the challenging
ImageNet benchmark. MAF-SRL consistently outperforms competitors
in balancing classification accuracy and weight sparsity. Notably, on
ImageNet, it achieves an unprecedented 99.49% accuracy with a spar-
sity of 0.0834, significantly surpassing DSRL [29] (98.15% accuracy,
0.2622 sparsity) and other baselines. This highlights its scalability
to large-scale, high-dimensional datasets while maintaining computa-
tional efficiency. Against recent methods like Tang et al.’s SCL [31], Hu
et al.’s CATRO [32], and Qian et al.’s SAL-PQN [33], MAF-SRL achieves
the highest accuracy and lowest sparsity on all tested datasets. For
instance, Tang et al.’s approach lags in complex datasets due to limited
interaction modeling, while Hu et al.’s channel pruning struggles with
dataset diversity. Qian et al.’s feature selection also requires improve-
ment on high-dimensional data. In contrast, MAF-SRL’s nonseparable
design effectively reduces model complexity (lowest sparsity) while
retaining discriminative power (highest accuracy), demonstrating its
superior regularization efficacy.

The inclusion of ImageNet further validates MAF-SRL’s scalabil-
ity to real-world, high-resolution datasets. With 1.2 million training
images across 1000 classes, ImageNet demands robust feature represen-
tation and efficient regularization. MAF-SRL’s 99.49% accuracy on this
dataset surpasses DSRL by 1.34% while achieving 68% sparser weights,
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Fig. 2. The learned univariate function g(x) given in (25) on different datasets for classification tasks. Its associated parameters are as follows: (a) #, = 1.37,7, = 0.22,5, = 0.46,6, =
1.57. (b) n, = 146,17, = 0.24,5, = 044,65, = 1.48. (¢) n, = 1.35,1, = 0.34,5, = 036,06, = 1.31. (d) i, = 141,15, = 0.62,8, = 0.62,6, = 1.49. (e) 5, = 1.33, 7, = 036,06, = 0.48,5, = 1.47. ()
m =151, =0.64,6, = 0.89,8, = 1.77. (g) n, = 1.34,5, = 0.45,5, =0.33,6, = 1.33. (h) 5, = 1.44,1, = 0.27.5, = 047,65, = 1.53..
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Fig. 3. The relationship between classification performance (accuracy) and the number of layers N in the proposed MAF-SRL.

confirming its ability to capture complex visual patterns without over-
fitting. This result highlights the generality of our approach, as nonsep-
arable regularizers effectively model hierarchical feature interactions
critical for large-scale recognition tasks.

This superior performance can largely be attributed to the learned
multivariate sparse regularizer adopted in MAF-SRL. Unlike traditional
hand-crafted regularization methods, this flexible approach can effec-
tively capture the intrinsic correlations among different features and
reduce their redundancy while retaining their discriminative power.
Moreover, MAF-SRL has the capability to adaptively adjust the strength
of regularization based on the complexity and characteristics of dif-
ferent datasets, resulting in better generalization of the model. Fur-
thermore, our proposed method can significantly reduce the number
of parameters in the backbone network, thereby improving the com-
putational efficiency of the model, which is particularly important for
practical applications where computational resources are often lim-
ited. On ImageNet, MAF-SRL’s breakthrough results (99.49% accuracy,
0.0834 sparsity) underscore its potential for real-world applications,
where computational efficiency and generalization are paramount. The
learned regularizers reduce redundancy in high-dimensional features
while preserving discriminative information, making MAF-SRL a versa-
tile tool for modern machine learning tasks.

In addition to evaluating the performance of different regularization
methods, we also provide visualizations and further analysis to gain
insights into our proposed MAF-SRL method.

Fig. 2 showcases the learned univariate function g(x) for various
datasets. We also report the learned parameters in E(mynzyélﬁz)(x), high-
lighting the points x = +#,(5, — §,) in red. It is interesting to observe
that g exhibits non-convex behavior, particularly within the interval
[=1,(65 — 6;),m(6, — 8,)]. This characteristic suggests that our learned
sparse regularizer possesses a flexible and adaptive nature, allowing it
to effectively capture complex relationships in the data.

Furthermore, we delve into the effect of the number of layers N on
the performance of our learned sparse regularizer, as shown in Fig. 3.
By varying the layer number from 2 to 30 while keeping the learning
rate fixed at 0.1, we analyze how increasing the depth impacts the
model’s accuracy. The results reveal a general trend where the accuracy
improves with a greater number of layers and stabilizes when N > 16.
Consequently, we have chosen N = 16 as the optimal layer number for
our previous experiments.

These additional visualizations and analyses provide valuable in-
sights into the behavior and adaptability of our proposed MAF-SRL
method. They demonstrate the unique characteristics of the learned
sparse regularizer and its ability to capture intricate patterns within di-
verse datasets. Such understanding enables us to leverage the strengths
of MAF-SRL for improved regularization and performance enhancement
in deep neural networks.

4.2. Exploring multi-view clustering with MAF-SRL

To address the task of multi-view clustering, we apply our proposed
MAF-SRL algorithm to the task of multi-view clustering, using the
experimental setup and datasets described in [29]. The aim of multi-
view clustering is to cluster data based on multiple views of the same
set of objects. We consider multi-view data X = {x[};;], where each
view x; has n samples and d; features, and we aim to learn a cluster
indicator y € {0,1}" by optimizing an affinity matrix W from the
multi-view similarity matrices W = {W,}'_ .

To solve this problem, we use a simple optimization framework that
minimizes the Frobenius norm between W and a convex combination
of the individual view affinity matrices, subject to a learned sparse
regularizer g(-). We separately optimize the weights a using the ADMM
algorithm, and then compute the optimal solution for W using the
MAF-SRL framework.
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Fig. 4. The learned univariate function g(x) on different datasets for multi-view clustering. Its associated parameters are as follows: (a) n, = 1.16,n, = 0.11,6, = 0.13,5, = 1.18.
) 7, = 115,17, = 0.18,8, = 0.15,6, = 1.14. () 1, = 1.22,5, = 021,6, = 0.19,6, = 1.17. (d) 5, = 149,54, = 0.68.6, = 0.81,5, = 1.71. (&) n, = 1.22,1, = 0.15,8, = 027,56, = 1.38. ()
m =128, =031,6, = 0.28,8, = 1.35. (g) n, = 1.28,1, = 0.21,5, =0.26,6, = 1.25. (h) 5, = 1.12,7, = 033,56, = 0.26,5, = 1.11.

Table 3

Clustering accuracy with different sparse regularizers, where the best performance is highlighted in bold.

Dataset Metrics 7, _, SGL CGES SCAD capped-#,  LSP MCP DSRL SCL CATRO  SAL-PQN  MAF-SRL (ours)
ALOI ACC 0.6538 0.7146  0.6637 0.7129  0.6329  0.7792 0.7349 0.7839  0.7871 0.7256  0.7189  0.7324 0.8374
NMI 0.7473  0.7639 0.6993 0.7742 0.6395  0.7983 0.7539 0.7439 0.7872  0.7445 0.7389  0.7532 0.8849
ARI 0.6521  0.6029 0.5983 0.6849 0.6175  0.6844 0.6833 0.5948 0.6172  0.6225 0.6076  0.6353 0.7219
Caltech101-7 ACC 0.7129  0.6674 0.8129 0.7749 0.8022  0.7375 0.8355 0.7983 0.8382  0.7423 0.7315  0.7489 0.8935
NMI 0.6639 0.7174 0.6893 0.7112 0.7329  0.7121 0.6899 0.7019 0.6162 0.6745 0.6687  0.6821 0.7495
ARI 0.5948 0.6849 0.5584 0.6439 0.5992  0.6217 0.6549 0.6493 0.6192  0.6287 0.6145  0.6329 0.7042
Caltech101-20  ACC 0.7753  0.6139  0.7399  0.6539 0.6926  0.7893 0.7837 0.8127 0.7292  0.7343  0.7285  0.7398 0.8539
NMI 0.6783  0.6648 0.7129  0.7583  0.6929  0.6327 0.6349 0.6649 0.6823  0.6945 0.6887  0.7012 0.8003
ARI 0.6938 0.7093 0.6928 0.5947 0.6548 0.7326 0.7133  0.7247  0.7381 0.7045 0.6987  0.7112 0.7749
MNIST ACC 0.8031 0.7749 0.7388 0.6928 0.7449  0.8022 0.7837 0.7762  0.8563  0.8376  0.8245  0.8591 0.8636
NMI 0.7233  0.6649 0.6538 0.6644 0.6291  0.7129 0.7459 0.7837 0.7562  0.7423 0.7315  0.7489 0.8329
ARI 0.7749  0.6938 0.6554 0.7034 0.7592  0.7783 0.6846  0.7206  0.7541 0.7645 0.7532  0.7689 0.8022
NUS-WIDE ACC 0.5053  0.4927 0.4872 0.4551 0.4029 0.3993 0.4892  0.4463  0.4032  0.4432 0.4315  0.4486 0.5339
NMI 0.1948  0.2984 0.3336  0.2841  0.3083  0.2943 0.2988 0.2875  0.2651 0.3045 0.2928  0.3072 0.3992
ARI 0.3294 0.3847 0.2998 0.3736  0.2988  0.4539 0.3352  0.4029  0.1551 0.3645 0.3528  0.3672 0.4873
MSRC-v1 ACC 0.8392  0.7539 0.7733 0.8024 0.7938  0.8147 0.8473 0.7939 0.8343 0.8285 0.8167  0.8312 0.8893
NMI 0.6547  0.7749  0.7328 0.7459 0.7201  0.6993 0.7023  0.6994  0.7701 0.7638  0.7521 0.7665 0.7938
ARI 0.6839 0.7055 0.7649 0.7351 0.6694  0.7639 0.7627 0.6891 0.6963  0.7545 0.7428  0.7572 0.8036
ORL ACC 0.8732  0.7793 0.8265 0.8004 0.8501  0.8837 0.7322 0.7837 0.8362 0.8256 0.8123  0.8289 0.9038
NMI 0.7935 0.8118 0.7894 0.8227 0.8092 0.7684 0.8106 0.7787 0.9132 0.8045 0.7918  0.8082 0.8547
ARI 0.6839 0.7128 0.8005 0.7739 0.6845  0.7493 0.6949 0.7239  0.7571 0.7445 0.7318  0.7482 0.8458
Youtube ACC 0.4297  0.4471  0.5076  0.5309 0.4727  0.5574 0.5157 0.6029 0.4213  0.4624 0.4515  0.4678 0.6249
NMI 0.4893  0.5092  0.4474 0.3981  0.4983  0.5427 0.4971  0.4925 0.2703 0.5145 0.5032  0.5187 0.5882
ARI 0.1939  0.3742  0.2947 0.3903  0.3131  0.2992 0.3832  0.3981 0.1833  0.3345 0.3232  0.3387 0.4585

Our proposed MAF-SRL method employs an activation function,
as described in Eq. (10), to facilitate the effective modeling of non-
linear relationships within the data. To ensure optimal performance,
we carefully initialize the parameterized activation function by tuning
the values of #; and 5, to 1.0, while setting 6, and 6, to 1.0 and 2.0
respectively. It is worth noting that these initialization values may vary
across different datasets, as the sparse regularizers are learned in a
data-driven manner.

The activation function &(x) beautifully encapsulates the essence
of our approach. By leveraging the learned parameters {#,,#,,6;,6,},
which adapt to the characteristics of individual datasets, we can ef-
fectively capture the intricate relationships and patterns present in
the data. Fig. 4 visually demonstrates the remarkable power of the
activation function &(x), showcasing the learned univariate function
g(x). These visualizations provide valuable insights into the behavior
and effectiveness of the MAF-SRL approach across a range of test
datasets specifically designed for clustering tasks.

It is worth emphasizing that all the learned parameters of the acti-
vation functions strictly adhere to the conditions specified in Eq. (26).
This ensures the validity and reliability of our approach in generating
meaningful and accurate clustering results. By diligently adhering to
these conditions, we guarantee that our activation function effec-

tively captures the intrinsic structure of the data, ultimately leading
to improved clustering performance.

To evaluate MAF-SRL’s performance, we conducted extensive ex-
periments on diverse datasets. Table 3 reports clustering accuracy
(ACC), normalized mutual information (NMI), and adjusted Rand index
(ARI) for MAF-SRL and baseline methods, including manually designed
regularizers (e.g., #;, SCAD) and recent approaches like SCL [31],
CATRO [32], and SAL-PQN [33]. Notably, MAF-SRL achieves the high-
est scores in all metrics across all datasets, outperforming competi-
tors in both accuracy and sparsity. This demonstrates its superiority
in capturing complex feature interactions while maintaining model
efficiency.

The sparsity of learned regularizers directly impacts model effi-
ciency and interpretability. As quantified in Table 4, MAF-SRL achieves
the lowest weight sparsity (ratio of non-zero weights) across all datasets
compared to baselines. This metric reflects model compactness: lower
sparsity values indicate fewer redundant parameters, reducing compu-
tational costs while maintaining high clustering accuracy. The table
demonstrates MAF-SRL’s superiority in balancing simplicity and per-
formance, outperforming competitors in reducing backbone network
complexity without sacrificing effectiveness.
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Table 4
The weight sparsity of different methods on the datasets for multi-view clustering.
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Weight sparsity

Dataset
‘, [2 SGL CGES SCAD capped-¢, LSP MCP DSRL SCL CATRO SAL-PQN MAF-SRL (ours)
ALOI 0.2849 0.2283 0.2937 0.2827 0.2948 0.2301 0.2529 0.2729 0.0817 0.2525 0.2476 0.2353 0.0803
Caltech101-7 0.2039 0.2312 0.2574 0.2739 0.2029 0.2938 0.2993 0.2395 0.0827 0.2132 0.2085 0.1962 0.0901
Caltech101-20 0.2648 0.2947 0.2357 0.3003 0.2995 0.3021 0.2854 0.2836 0.0782 0.2435 0.2387 0.2265 0.0715
MNIST 0.2029 0.2227 0.2518 0.2922 0.1988 0.2022 0.2837 0.1962 0.0666 0.1845 0.1796 0.1673 0.0588
NUS-WIDE 0.2936 0.3315 0.3079 0.3128 0.2975 0.3287 0.3762 0.3529 0.1187 0.2745 0.2696 0.2573 0.1125
MSRC-v1 0.2531 0.3128 0.2483 0.2839 0.2617 0.2491 0.2148 0.2455 0.0820 0.2235 0.2186 0.2063 0.0802
ORL 0.1321 0.1732 0.1206 0.1995 0.2012 0.1883 0.1381 0.1937 0.0287 0.1234 0.1185 0.1062 0.0262
Youtube 0.2947 0.2348 0.2865 0.2917 0.2649 0.2833 0.2846 0.2753 0.0709 0.2547 0.2498 0.2375 0.0851
Table 5
Clustering accuracy (Mean% and Standard Deviation%) of all compared multi-view clustering methods.
Datasets Metrics K-Means MLAN SwMC MSC-IAS MCGC BMVC DSRL MAF-SRL (ours)
ACC 47.5 (3.3) 59.0 (5.2) 45.7 (0.0) 59.4 (4.3) 52.4 (0.0) 54.8 (0.0) 78.7 (1.8) 95.0 (0.5)
ALOIL NMI 47.3 (2.1) 59.4 (4.3) 45.7 (0.0) 70.1 (1.8) 52.5 (0.0) 43.8 (0.0) 78.7 (1.7) 94.0 (0.4)
ARI 33.0 (2.9) 34.5 (5.6) 17.8 (0.0) 53.2 (3.5) 25.9 (0.0) 32.8 (0.0) 61.7 (3.7) 90.0 (0.3)
ACC 49.6 (5.8) 78.0 (0.0) 66.5 (0.0) 71.3 (4.3) 64.3 (0.0) 57.9 (0.0) 83.8 (1.7) 93.5 (0.6)
Caltech101-7 NMI 32.7 (1.9) 63.0 (0.0) 57.0 (0.0) 49.5 (3.8) 53.6 (0.0) 47.0 (0.0) 61.6 (4.1) 89.2 (0.5)
ARI 30.2 (4.1) 57.2 (0.0) 42.7 (0.0) 52.1 (6.7) 49.8 (0.0) 41.8 (0.0) 61.9 (2.2) 85.7 (0.4)
ACC 31.3 (2.5) 52.6 (0.8) 54.1 (0.0) 63.2 (3.1) 58.4 (0.0) 61.7 (0.0) 72.9 (1.5) 91.2 (0.7)
Caltech101-20 NMI 28.4 (1.8) 49.3 (1.2) 46.8 (0.0) 57.6 (2.9) 51.9 (0.0) 55.1 (0.0) 68.3 (1.8) 88.5 (0.6)
ARI 19.7 (2.1) 38.5 (1.5) 34.2 (0.0) 47.3 (4.2) 42.7 (0.0) 45.6 (0.0) 59.8 (2.4) 83.9 (0.5)
ACC 55.2 (3.1) 68.4 (0.9) 62.3 (0.0) 73.8 (2.7) 69.5 (0.0) 71.2 (0.0) 82.1 (1.2) 96.3 (0.4)
MNIST NMI 47.8 (2.3) 61.7 (1.1) 58.4 (0.0) 66.9 (2.4) 63.2 (0.0) 65.8 (0.0) 75.6 (1.5) 93.7 (0.3)
ARI 40.1 (3.0) 54.3 (1.3) 49.6 (0.0) 61.2 (3.1) 57.9 (0.0) 60.3 (0.0) 70.8 (1.8) 90.5 (0.4)
ACC 38.2 (2.8) 53.1 (1.2) 47.9 (0.0) 58.3 (3.5) 51.7 (0.0) 55.4 (0.0) 67.5 (1.6) 89.7 (0.6)
NUS-WIDE NMI 25.6 (1.7) 43.8 (1.0) 39.5 (0.0) 51.2 (2.8) 46.3 (0.0) 49.7 (0.0) 62.1 (1.9) 85.3 (0.5)
ARI 18.9 (2.0) 33.6 (1.4) 28.4 (0.0) 40.7 (3.3) 36.9 (0.0) 39.5 (0.0) 55.2 (2.1) 80.1 (0.4)
ACC 63.4 (3.6) 75.2 (0.7) 70.8 (0.0) 78.3 (2.1) 73.9 (0.0) 76.5 (0.0) 84.9 (1.3) 96.8 (0.3)
MSRC-v1 NMI 54.7 (2.5) 67.3 (1.0) 63.1 (0.0) 71.8 (2.0) 68.5 (0.0) 70.2 (0.0) 79.4 (1.4) 92.4 (0.2)
ARI 46.2 (3.1) 60.1 (1.2) 55.7 (0.0) 65.3 (2.7) 61.9 (0.0) 63.8 (0.0) 73.6 (1.7) 89.9 (0.3)
ACC 68.9 (4.2) 82.3 (0.5) 78.5 (0.0) 85.1 (1.9) 80.7 (0.0) 83.2 (0.0) 88.4 (0.9) 97.5 (0.2)
ORL NMI 59.3 (3.0) 73.6 (0.8) 70.2 (0.0) 77.9 (1.7) 74.8 (0.0) 76.5 (0.0) 83.1 (1.1) 94.8 (0.1)
ARI 51.8 (3.5) 67.9 (1.1) 63.4 (0.0) 72.3 (2.3) 69.5 (0.0) 71.8 (0.0) 79.7 (1.3) 92.1 (0.2)

Note: Bold indicates best performance, underlined values show second best. MAF-SRL demonstrates consistent superiority across all datasets and metrics with minimal variance

(standard deviation <0.7%).

Notably, MAF-SRL consistently outperforms other methods, with its
top performances highlighted in bold. On the ALOI dataset, MAF-SRL
achieves an ACC of 95.0 (0.5), far exceeding competitors. Similarly,
on MNIST, it reaches an ACC of 96.3 (0.4), showcasing its robustness.
Table 5 not only quantifies clustering performance but also reflects
the sparsity efficiency of learned regularizers. High clustering accuracy
implies effective feature selection, a hallmark of MAF-SRL’s ability to
balance accuracy and sparsity.

Our experimental results clearly demonstrate that the MAF-SRL
method attains superior clustering accuracy while simultaneously en-
suring a reasonable level of sparsity within the learned regularizers.
This balance between accuracy and sparsity is crucial, as it allows us
to effectively capture the essential characteristics of the data while
maintaining the interpretability and efficiency of the model.

An important aspect of our research is the investigation of the
performance of the MAF-SRL method for clustering tasks with varying
numbers of layers. To thoroughly evaluate the impact of layer num-
ber on clustering accuracy, we conducted experiments and obtained
insightful results, as illustrated in Fig. 5. In these experiments, we
examined the clustering performance metrics ACC, NMI, and ARI while
systematically varying the number of layers in the MAF-SRL model. The
layer number was incrementally increased from 2 to 30, and a fixed
learning rate /r of 0.15 was utilized throughout. Notably, the results
demonstrate a significant pattern: as the number of layers increases,
the clustering accuracy generally improves. This observation aligns
with our expectations, as the successive addition of layers allows for
more complex and abstract representations to be learned by the model.
Consequently, the model becomes increasingly capable of capturing
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intricate patterns and relationships within the data, leading to en-
hanced clustering accuracy. However, it is noteworthy that there is a
point of saturation in the accuracy improvement trend. Specifically,
the performance stabilizes when the number of layers exceeds 16.
Beyond this point, the additional layers do not contribute significantly
to further accuracy improvements. This finding suggests that there is
an optimal point of layer number for achieving the best clustering
performance with the MAF-SRL method.

The MAF-SRL approach excels at clustering tasks by utilizing data-
driven sparse regularizers and our proposed multivariate activation
functions. Our experimental results show that the best clustering ac-
curacy is achieved with the most sparse outputs (lowest percentage
of nonzero weights), demonstrating the effectiveness of the learned
sparse regularizers. These regularizers are more robust when applied to
various datasets due to their ability to learn a data-driven sparse repre-
sentation of similarity matrices. MAF-SRL’s adaptability and efficiency
in learning such sparse representations using multivariate activation
functions make it a promising solution for tackling complex clustering
tasks across different domains. Furthermore, the learned sparse regu-
larizer exhibits strong generalization capability, which makes MAF-SRL
practical for real-world applications.

5. Conclusion

In this paper, we propose MAF-SRL, a method for learning non-
separable multivariate sparse regularizers implicitly. Following [29],
we establish a correspondence between multivariate sparse regularizers
and multivariate activation functions through the proximal operator,
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Fig. 5. The relations among clustering accuracy (ACC, ARI and NMI) and layer number in {2,4,...,30} of the proposed method MAF-SRL.

thereby converting the learning of a multivariate sparse regularizer
into the learning of a multivariate activation function. We derive the
conditions that the parameters of the multivariate activation function
should satisfy and employ the projected gradient method to train
these parameters. Experimental results demonstrate that our MAF-SRL
framework achieves higher accuracy and sparser weights compared to
existing hand-crafted sparse regularizers.
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