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ARTICLE INFO ABSTRACT

Keywords: Equivariant neural networks incorporate symmetries into their architecture, achieving higher generalization
Equivariant networks performance. However, constructing equivariant neural networks typically requires prior knowledge of data
Symmetry discovery

types and symmetries, which is difficult to achieve in most tasks. In this paper, we propose LieSD, a method
for discovering symmetries via trained neural networks which approximate the input—output mappings of the
tasks. It characterizes equivariance and invariance (a special case of equivariance) of continuous groups using
Lie algebra and directly solves the Lie algebra space through the inputs, outputs, and gradients of the trained
neural network. Then, we extend the method to make it applicable to multi-channel data and tensor data,
respectively. We validate the performance of LieSD on tasks with symmetries such as the two-body problem,
the moment of inertia matrix prediction, top quark tagging, and rotated MNIST. Compared with the baseline,
LieSD can accurately determine the number of Lie algebra bases without the need for expensive group sampling.
Furthermore, LieSD can perform well on non-uniform datasets, whereas methods based on GANs fail. Code
and data are available at https://github.com/hulx2002/LieSD.

1. Introduction

Symmetries in different data types play important roles in deep
learning. Many recent works embed symmetries into network struc-
tures (Cohen & Welling, 2016b; Weiler & Cesa, 2019; Weiler, Ham-
precht et al., 2018), not only improving model generalization but also
reducing the number of parameters, which significantly enhances train-
ing performance on specific tasks. For instance, convolutional neural
networks (LeCun et al., 1998) introduce the translational symmetry in
image data, outperforming multilayer perceptrons in computer vision.
Group equivariant convolutional networks (Cohen & Welling, 2016a)
incorporate the rotational symmetry of image data. Equivariant multi-
layer perceptrons (Finzi et al., 2021) propose a method for constructing
networks with more general Lie group symmetries.

However, these methods for constructing equivariant networks all
require prior knowledge of symmetries. For example, in the image
classification problem, translational and rotational invariance stems
from humans’ prior knowledge of the task. When faced with complex
tasks and messy data, such as physical dynamic systems, it is very
difficult to know symmetries in advance, and embedding incorrect
symmetries can lead to a significant decrease in network performance.

A series of works on symmetry discovery emerge subsequently
(Dehmamy et al., 2021; Moskalev et al., 2022; Romero & Lohit, 2022;

Tegnér & Kjellstrom, 2023). Augerino (Benton et al., 2020) param-
eterizes group transformations and discovers symmetries in tasks by
optimizing these parameters during training. However, parameteriza-
tion requires a rough understanding of the form of symmetries prior,
which limits it to finding sub-group symmetries of given group trans-
formations. Data augmentation can also incur significant computational
overhead.

LieGAN (Yang, Walters et al., 2023) and LaLiGAN (Yang, Dehmamy
et al., 2023) directly search for symmetries from the data by bringing
the distributions of original and transformed data closer. However, this
method demands a high level of symmetry in the distribution of the
dataset, which is difficult to achieve in the real world. For example,
in facial recognition datasets, most images are frontal faces, which
leads to insufficient representation of the rotational symmetry. Addi-
tionally, in datasets of particle motion trajectories, particles may also
be concentrated in specific regions rather than uniformly distributed
throughout the entire space. LieGAN and LaLiGAN also need to specify
the coefficient distribution of the Lie algebra bases, since they require
group sampling. Furthermore, incorrect setting of the number of Lie
algebra bases can lead to them learning incorrect Lie algebra bases.

In this paper, we propose a method based on trained neural net-
works to discover symmetries, not only invariance but also equivari-
ance. It can identify single-connected Lie group symmetries without
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Fig. 1. The framework of LieSD. We first train a neural network on the task to approximate the input-output mapping, and then use its inputs, outputs, and gradients for symmetry
discovery. Adapted to different data types, LieSD can solve the Lie algebra space, including the dimension of the Lie algebra space and the Lie algebra basis representations.

relying on uniform datasets. We first propose a theorem to demonstrate
that equivariance of the network can be measured solely based on the
network’s inputs, outputs, gradients, and Lie algebra bases, without the
need for data augmentation or group sampling. In practice, we need a
trained neural network to approximate the true mapping of the task.
Then, based on this theorem, we construct and solve a system of linear
equations to obtain orthogonal Lie algebra bases, thereby discovering
symmetries. We perform SVD on the coefficient matrix of the linear
equations, where the number of zero singular values corresponds to the
number of Lie algebra bases. Moreover, we extend our method to the
multi-channel and tensor cases, whereas previous symmetry discovery
methods only consider the single-channel vector case. The framework
of our Lie algebra based symmetry discovery (LieSD) method is shown
in Fig. 1.
In summary, our contributions are as follows:

+ We provide a theorem that measures equivariance in the neural
network using its inputs, outputs, and gradients, without the need
for data augmentation or group sampling.

We propose LieSD, a method for solving the Lie algebra space,
thus discovering symmetries via trained neural networks. The
dimension of the Lie algebra space can be determined by the
number of zero singular values.

We extend LieSD to discover symmetries in multi-channel and
tensor data.

We verify that LieSD can correctly discover symmetries in tasks
such as the two-body problem, the moment of inertia matrix
prediction, top quark tagging, rotated MNIST, and outperform the
baseline, especially when the datasets are not uniform.

2. Related work
2.1. Equivariant networks

Many recent works have embedded equivariance into network struc-
tures layerwise, which improves their generalization on specific tasks.
G-CNNs (Cohen & Welling, 2016a) and steerable CNNs (Cohen &
Welling, 2016b) introduce discrete group equivariance into CNNs. SFC-
NNs (Weiler, Hamprecht et al., 2018) and E(2)-Equivariant Steerable
CNNs (Weiler & Cesa, 2019) extend discrete group equivariance to
continuous cases, such as arbitrary angle rotations in group SO(2). 3D
Steerable CNNs (Weiler, Geiger et al., 2018) extends the group action
space to R3. EMLP (Finzi et al., 2021) and affConv/homConv (MacDon-
ald et al., 2022) respectively embed arbitrary Lie group equivariance
into MLP and CNNs. Furthermore, a series of works (He et al., 2022;
Li et al.,, 2024; Shen et al., 2020, 2022, 2021) construct equivariant
networks based on partial differential operators.

2.2. Symmetry discovery

Since the construction of equivariant networks requires prior knowl-
edge of equivariance, many subsequent works attempt to discover

symmetries. Some works are based on neural networks to detect sym-
metries. Augerino (Benton et al., 2020) parametrizes group actions. It
performs augmentation on input data, then takes the average of the
results as the final output of the network. However, it requires strong
prior knowledge of group actions, namely the known parameterization
of group actions. Krippendorf and Syvaeri (2020) uses the embedding
layer of the neural network to identify orbits of the symmetries in
the input. L-conv (Dehmamy et al., 2021) can automatically discover
symmetries and serve as a building block to construct group equivariant
feedforward architecture. Moskalev et al. (2022) propose a method
for extracting invariance from neural networks, but it cannot handle
situations of equivariance. van der Ouderaa et al. (2024) combine non-
equivariant networks with equivariant networks. It assumes that the
parameters of the two parts satisfy a given probability distribution,
where the hyperparameters of the distribution can reflect the amount
of equivariance. Similar to partial G-CNNs (Romero & Lohit, 2022), it
can handle relaxed equivariant tasks well, but still requires specifying
group transformations prior.

Some other works are based on dataset to discover symmetries.
LieGAN (Yang, Walters et al., 2023) uses generative adversarial training
to bring the data distributions before and after transformation closer,
where the generator is used to generate group actions through group
sampling. It eventually learns a set of orthogonal Lie algebra bases, but
cannot accurately determine their number. LaLiGAN (Yang, Dehmamy
et al., 2023) and Tegnér and Kjellstrom (2023) use an encoder—decoder
architecture to map the dataset to a latent space with linear symmetries,
which can indirectly discover nonlinear symmetries in the original
space. Zhou et al. (2020) present a method for learning and embed-
ding equivariance into networks by learning corresponding parameter
sharing patterns from data. SGM (Allingham et al., 2024) captures
symmetries under affine and color transformations based on generative
models. These methods, based on dataset to discover symmetries, rely
on uniform data distribution, while our work can perform well on
non-uniform datasets.

3. Background

Before describing our method, we will first introduce some prelim-
inary knowledge of group theory.

3.1. Lie group and Lie algebra

A Lie group G is a group with a smooth manifold structure. A Lie
algebra g is a vector space used to describe the local structure near the
identity element of a Lie group. For a simply connected Lie group, any
group element g € G can be obtained from a Lie algebra element A € g
through the exponential map exp : g — G, i.e., g = exp(4) = Y07 %.
Decomposing the space where the Lie algebra resides into several Lie
algebra bases, we obtain:

D
VgeG: g=exp<2aiAi>, €y
i=1

where D is the dimension of the Lie algebra space, {4;} ,-li are the Lie
algebra bases, and {a[}’_‘i | denotes their corresponding coefficients.
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3.2. Group representation

Group representation describes how group elements act on a vector
space through linear mappings. Formally, given a simply connected Lie
group G and an n-dimensional vector space X, a group representation
pxy : G — GL(n) maps group elements to n-dimensional invertible
matrices. For g,,g, € G it satisfies py(g,8,) = px(g)px(gy). Similarly,
the Lie algebra representation can be defined as dp, : g — gl(n). We
can specialize Eq. (1) to the vector space:

D
VeEG: py(e)=exp (Z a,-dp;g(A,-)> : @

i=1
3.3. Equivariance and invariance

Symmetries can be divided into equivariance and invariance. Given
a group G, with its group representations on the input space X C R" and
output space Y C R™ denoted as py : G — GL(n) and py, : G — GL(m)
respectively. A function f : X — Y is equivariant if Vg € G,x €
X & py(@)f(x) = f(px(g)x). In particular, when py(g) = I,, we call
the function f invariant.

4. Measuring equivariance in neural networks

We need an efficient method to determine the equivariance of a
trained neural network with respect to a given group. We consider the
case of a simply connected Lie group, where group elements can be
expressed as in Eq. (1). Naturally, we can perform data augmentation
for testing, but this requires sampling of group elements. In Eq. (1),
the Lie algebra bases {A;} l.l; , can determine the information of the
group, and different coefficients {a[}l_‘; correspond to different group
elements, which means that we need to sample the coefficients. This
method requires specifying the distribution of coefficients prior and
entails significant computational cost. The following theorem tells us
that equivariance in a neural network can be measured through its
inputs, outputs, gradients, and Lie algebra bases, without the need for
data augmentation.

Theorem 1. Given a simply connected Lie group G, its group represen-
tations on the input space X C R" and output space Y C R™ are denoted
respectively as py(g) : G = GL(n) and py(g) : G — GL(m). The function
f : X > Y is equivariant:

Py@)f(x) = f(px(&)x), 3)

if and only if the corresponding Lie algebra bases of py(g) and py(g) in Eq.
(2) satisfy:

vie{l,2,...,D},xe X :

VgelG,xeX:

dpy(A)f(x) = Vf(x)dpx(A)x. 4

The complete proof of Theorem 1 is provided in Appendix A.l.
Note that Eq. (4) does not contain coefficients of the Lie algebra bases
{ai}f; ,- Hence, to measure equivariance, we solely require knowledge
of the group, namely the Lie algebra bases { Ai}i ,- In practice, we
directly use training data to obtain the inputs, outputs, and gradients
of the neural network.

To discover symmetries, we need to accurately express the function
from input to output. However, since the training set is discrete,
gradient information cannot be obtained. Therefore, we train a neural
network, which can accurately map the input of the training set to the
output and is capable of capturing the correct gradient information.
Moreover, since we use information from the training set to discover
symmetries, we only need it to generalize within the training space X,
without requiring it to generalize across the entire space R". Compared
with methods based on GANs that directly obtain symmetries from the
dataset (Desai et al., 2022; Yang, Dehmamy et al., 2023; Yang, Walters
et al., 2023), we use local information of each data point rather than
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the overall data distribution. Therefore, our method can perform better
on non-uniform datasets.

Although using automatic differentiation of a trained neural net-
work to estimate gradients is the most accurate, other models for
estimating gradients can also be integrated with our approach. For ex-
ample, we have also experimented with k-Nearest Neighbors algorithm
(k-NN) (Cover & Hart, 1967) to obtain gradient information from the
discrete dataset. Specifically, for a given point, we perform local linear
regression on the k nearest points in the dataset to fit the gradient

. d?
vector. We use a Gaussian kernel w; = exp | -
reducing the influence of more distant points, where d; is the distance
from the ith neighboring data point to the given point. We provide a

detailed procedure in Algorithm 1.

to weight the points,

Algorithm 1 Gradient estimation based on k-NN

Input: Dataset D = {(x®,y")}N , a given point (x©, ), and the
number of nearest neighbors k.
Output: Gradient estimate V f(x©) € R™",

Execute:
Select the k nearest points to (x,y®) from D, and denote their
indices as (i, ..., i) and their distances to (x®,y®) as (d,, -, d}).

. d? .
Construct A € R¥", where the r-th row is A, = exp <—7’> (xUr) —
NOY

. d? .
Construct B € R¥" where the r-th row is B,. = exp (—7’> ) —

yO).
Solve for g* = arg minyegmxn |lAgT - B||§p using least squares.
Return g*.

5. Symmetry discovery for single-channel vector data

Our final goal is to discover symmetries via trained neural net-
work, which amounts to solving the space where the Lie algebra
resides. A general approach is to optimize the parameters of the Lie
algebra bases using gradient descent, where the loss function can be
defined as L,,;,({4;,}2)) = lDZ,-Zl ldpy(A) f(x) = Vf(x)dpx(A)xll,
according to Theorem 1. Although we can ensure the orthogonality
of Lie algebra bases by adding a regularization term / j,.,({4;} ,-li D=
Yi<icj<p Ren(4;, A)) (Yang, Walters et al., 2023), we cannot exactly
determine the dimension D of the Lie algebra space, which may lead
to unexpected results.

We propose a mathematical method for solving the Lie algebra
bases. Note that Eq. (4) is linear with respect to Lie algebra representa-
tion. We can transform it into a system of linear equations for solution,
and determine the dimension of the Lie algebra space by the number
of zero singular values of the coefficient matrix. We summarize the
method as the following theorem.

Theorem 2. Suppose that the input space X C R" and the output space
Y C R™ are both single-channel vector spaces. The function f : X —» Y is
equivariant with respect to a simply connected Lie group G. Sample N data
points D = {(xW}N  from the input space X, and let:

—-VxM) @ xOT
—Vf(x?@)@xdT

1, ® fT(x1)

L, ® [T(x?)

Cc(D) = 5

—Vf(x<N)) ® xMT I,® fT(x(N))

Assume that D makes rank(C(D)) reach its maximum. Formally speak-
ing, Vx € X : rank(C(D U {x})) = rank(C(D)). Then the number of zero
singular values of C(D) is the dimension of the Lie algebra space of group G,
and the right singular vectors corresponding to zero singular values are the
vector expansion forms of the orthogonal Lie algebra basis representations
on X and Y.
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To prove Theorem 2, we substitute the data samples into Eq. (4)
and transform it into a system of linear equations:

_Vf(x(l)) ® x(UT I,® fT(x(l))
Vi) @xPT 1, @ fTGP) [vec(dp;g(A»]

b= vee(dpy(A))

. . =0. (6)
-V @xMT I @ fT(x™)

Then, the problem transforms into finding the bases {ui}l,’i , of the
subspace spanned by v that satisfies Eq. (6). The complete proof of
Theorem 2 can be found in Appendix A.2.

In practice, we directly use the training set as the data sample. Due
to factors such as data noise and model error, singular values are not
exactly zero. So we compare the relative magnitudes of singular values
and select those that are much closer to zeros.

Efficiently computing. In Eq. (5), we notice that C(D) € ROVxmx(*+m),
Therefore, when the size N of the training set is large, directly comput-
ing the coefficient matrix C(D) will incur significant storage overhead.
In practice, we only compute C(D)TC(D) € RO +mHx0i%+m?),

cD)'cD) =
Zfi] V)TV f(x0) @ xOxOT  — Z[AZ’I V()T @ xD £ T (xD)
—IN VD)@ £(x@)x@T SN L, ® FGD) fTx)

By calculating the eigenvalues and eigenvectors of C(D)' C(D), we can
obtain the singular values and right singular vectors of C(D). Formally,
for C(D)=UZXVT, we have C(D)TC(D) =V 32T,

6. Extension to different data types
6.1. Why the extension is necessary

We face a crucial question: what kind of symmetries do we want?
Recall the motivation behind discovering symmetries, that is to aid the
design of equivariant networks, enhance understanding of problems,
or contribute to the discovery of scientific laws. Therefore, we need
meaningful and interpretable symmetries. Take the two-body problem
in LieGAN (Yang, Walters et al., 2023) as an example. For the symmetry
that enables interactions between the position or momentum of differ-
ent bodies, we cannot explain its actual physical significance. It is due
to the origin of the dataset being at the center of mass and m; = m,,
which results in ¢, = —¢, and p, = —p,. In other words, this symmetry
arises from a specific property of the dataset rather than from inherent
physical laws. Therefore, for different data types, we impose certain
requirements on the form of the Lie algebra basis, which essentially
uses our prior knowledge of the structure of the input and output spaces
to ensure that symmetries are meaningful.

6.2. Extension to multi-channel data

We first discuss the case where both the input and output of the
task are multi-channel vectors, which means that independent group
transformations are performed within each channel. Formally, the vec-
tor space can be decomposed as V = @_ V, =V, @V, ® - D V..
Correspondingly, the group representation and Lie algebra representa-
tion are py, (g) = @;_, py,(g) and dpy (A) = ®D;_, dpy,(A) respectively,

A

0
we can obtain the following theorem.

where @ is defined as A@® B = g} (Finzi et al., 2021). Similarly,

Theorem 3. fuppose that the input space X = @f; X, and the output
space ¥ = (B,, V; are both multi-channel vector spaces. The function
f 1 X - Y is equivariant with respect to a simply connected Lie group
G. Sample N data points D = {xW}N from the input space X, and let:

C)(C]) C;l)

2) 2)
coy=| 9, %

C(N) C(N)
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where

c®
VA @
-VAe) @ X

VA ® T

-VAHED) @ xPT

—V £, () @ x0T

SV £,G0) @ x0T

-V, @x"T —Vf ) @xy)T -V /) @ x0T
C = diag[1,, ® f[(x"), 1, ® f; (D). 1, ® fIx),

x; and f;(x) are the ith channels of x and f(x) respectively, V f;(x;) is the
gradient of f;(x) with respect to x;, and m; represents the dimension of the
ith output channel.

Assume that D makes rank(C(D)) reach its maximum. Formally speak-
ing, Vx € X : rank(C(D U {x})) = rank(C(D)). Then the number of zero
singular values of C(D) is the dimension of the Lie algebra space of group G,
and the right singular vectors corresponding to zero singular values are the
vector expansion forms of the orthogonal Lie algebra basis representations
on (X,):*) and (¥},

The complete proof of Theorem 3 is provided in Appendix A.3.
To save memory overhead, we compute C(D)' C(D) instead of directly
storing the coefficient matrix C(D) in Eq. (7):

ZNI C(i)TC(i) ZNl C(i)TC(i)
i= X X i= X y

cD'cD) = o NN I
N T N T
Thale) 2L’

(8

6.3. Extension to tensor data

Sometimes neural networks take high-dimensional tensors as inputs
and outputs rather than vectors. For example, graph neural networks
are used to process adjacency matrices representing graph-structured
data (Kipf & Welling, 2016), and some neural networks are employed
for handling the neural weight space (Eilertsen et al., 2020; Schiirholt
et al., 2021; Unterthiner et al., 2020). Many works also attempt to
encode symmetries in high-dimensional tensors (Navon et al., 2023;
Satorras et al., 2021). We now explain how our method for symmetry
discovery can be generalized to the tensor case.

For the tensor space T = ®7:] Vi =1V, ® - ®V,, its
group representation and Lie algebra Eyresentation can be expressed
as py(g) = ®f:] py.(g) and dpy (A) = @,_,dpy, (A), where @ is defined
as A®B = A®I,+1,®B (Finzi et al., 2021). For simplicity, we consider
the matrix case, i.e. ¥ =X, @ X, =R"* and Y =Y, ® ¥, = R™>"™,
The discovery of symmetries in high-dimensional tensors is analogous
to matrices. Then we present the following theorem.

Theorem 4. Suppose that the input space X = X| @ X, = R"1*"2 and the
output space Y = Y, ® Y, = R™*™ gre both matrix spaces. The function
F : X — Y is equivariant with respect to a simply connected Lie group G.
Sample N data points D = {XW}¥  from the input space X, and let:
[ (1) [ e))
Cle CXZ C.Vl CYZ
(2) 2) (2) (2
C(D) = G Gy, Gy, c 9

V) AN AN ()
Cxl sz Cy1 CYZ
where

. . - _ . .

Cl = -T2, VD@ XYT, =T, Vi@ X[,
I, ® F.(X®)
I, ® F,(X")

5

(i) — T(x® () —
€ =1y @ FTXD). C=| ™ 7
I, ®F, (X)

F(X) € Rimxm)X1 s the vectorized form of the output matrix F(X) € Y,
X,. € R and F,.(X) € R are the kth row vectors of X and
F(X) respectively, X, € R"*! is the kth column vector of X, Vf(X,) €
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RUmxm)xm gnd V f(X,.) € RU">m)Xn denote the gradient of f(X) with
respect to X, and X . respectively.

Assume that D makes rank(C(D)) reach its maximum. Formally speak-
ing, Vx € X : rank(C(D U {x})) = rank(C(D)). Then the number of zero
singular values of C(D) is the dimension of the Lie algebra space of group G,
and the right singular vectors corresponding to zero singular values are the
vector expansion forms of the orthogonal Lie algebra basis representations
on {Xi},-z=1 and {yi},-z=1-

We provide the complete proof of Theorem 4 in Appendix A.4. The
expression C(D)"TC(D) can be computed in the same way as Eq. (8).

7. Experiments

We evaluate LieSD on tasks with symmetries. We will validate that
LieSD can perform well on non-uniform datasets, handle multi-channel
and tensor cases, and accurately determine the number of Lie algebra
bases. As mentioned in Section 2, many previous works attempted to
discover symmetries (Benton et al., 2020; Desai et al., 2022; Moskalev
et al., 2022; Zhou et al., 2020), but LieGAN (Yang, Walters et al., 2023)
has already proven to achieve state-of-the-art results. Therefore, we
only compare with LieGAN.

7.1. Quantitative criteria

We hope to quantitatively analyze the accuracy of Lie algebra bases.
The ideal Lie algebra bases span the same space as the real Lie algebra
space and they are pairwise orthogonal. Therefore, we will define
space error and orthogonality error to evaluate the symmetry discovery
method. Suppose {u,-},.li , are the normalized vector expansion forms of

the discovered Lie algebra bases, with their ground truth being {v}} gl

7.1.1. Space error

Two sets of bases {ui}i’i . and {u;*}f:l spanning the same space in
R" means that each v; can be linearly represented by {v}} [Lfl, and con-
versely, each v} can also be linearly represented by {v;} i[i ,- Formally:

V*=VX,
V =V*y,

IX e RPXD" ;
{ (10)

3y e RP™%D ;
where V € R™P and V* € R™P" are matrices with {v,}2 and {v}}2
as column vectors, respectively.
Therefore, we can define the space error as the residual of the
overdetermined system of linear Egs. (10):
Egppee = min [[VX = V*|12 + min [[V*Y = V|2,
X Y

space

where the optimal solution can be obtained by solving the linear
equation systems V'V* =VTVX and VTV =V Ty*Y.

7.1.2. Orthogonality error

Evaluating the accuracy of basis vectors solely using space error
is insufficient. For instance, 9 basis vectors can also span the correct
7-dimensional subspace, while two of them are redundant. Therefore,
we need to penalize such cases with orthogonal error. We define
orthogonal error as the sum of the absolute values of the inner products
of the basis vectors pairwise:

D-1 D
Eyp= 20 Y, lopv))l-

i=1 j=i+1
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7.2. Two-body problem

We first consider the two-body problem (Greydanus et al., 2019).
It studies the motion of two particles on a plane under the influence
of gravity, with their center of mass as the origin. The task takes the
motion states g, p;,q,,p, of the two particles at time ¢ as inputs and
predicts the motion states of the two particles at time ¢ + 1, where
¢; € R? and p; € R? represent the position and momentum coordinates
of the ith particle, respectively.

The two-body problem has SO(2) equivariance, meaning that rotat-
ing the input at time ¢ by a certain angle will correspondingly rotate the
prediction at time 7+1 by the same angle. The four channels ¢, p;, ¢,, p»
undergo group transformations independently. Formally, the number of
Lie algebra basis is D = 1, and dpy(A) = dpy(A) = @le (1) _01

We will validate LieSD on the two-body problem to demonstrate
its ability to handle multi-channel cases. Additionally, we will shuffle
the data distribution to evaluate its performance on the non-uniform
dataset. For comparison, we specify the Lie algebra basis number of
LieGAN as 1. We provide implementation details in Appendix B.1. We
also present the space error and orthogonality error in Table 1, and the
visualization results in Fig. 2.

As shown in Table 1 and Fig. 2, both LieSD and LieGAN can discover
the correct Lie algebra basis on the uniform dataset. Note that when
the Lie algebra basis differs by a coefficient, the space it spans remains
the same. There is only one Lie algebra basis, so the orthogonality
error is always zero. Furthermore, LieSD identifies one singular value
that is almost zero, indicating that the number of Lie algebra basis
is D = 1, whereas LieGAN requires manual specification. When we
disrupt the data distribution, LieGAN fails, but LieSD still performs
well, demonstrating stronger robustness on the non-uniform dataset.

To explore the potential of combining other gradient estimation
methods with LieSD, we further evaluate the results of LieSD using
k-NN instead of a trained neural network to estimate gradients. The
number of neighboring points k is set to the number of points in the
dataset, which we found to be the most accurate setting for gradient es-
timation. The experimental results are presented in Table 1 and Fig. 3,
where we did not report error bars for the quantitative results because
the k-NN gradient estimation is not stochastic. Although the accuracy
of LieSD based on k-NN is not as high as that based on a trained neural
network, the results of symmetry discovery are still largely correct.
We anticipate that integrating better gradient estimation models in the
future will make LieSD even more powerful.

7.3. The moment of inertia matrix prediction

We will now explore symmetries in predicting the moment of inertia
matrix (Finzi et al., 2021). Given the masses m; € R and position
coordinates x; € R? of several particles on a rigid body, the moment
of inertia matrix is defined as M({m;,x;};) = X, m(x[x,] — x;x]).
This task exhibits SO(3) and scaling equivariance. For R € SO(3) and
S € {sI|s € R}, M({m;, Rx;};) = RM({m;,x;})RT and M({m;, Sx;};) =
SM({m;,x;};)ST hold. Formally, the input is a multi-channel vector
X = @, &, and the output is a matrix Y = Y, ® V,, where &; = R3
and Y, = R3.

We use the moment of inertia matrix prediction to verify that
LieSD can handle tensor cases. In addition, we introduce uniformly
distributed random noise of +10% to the dataset to simulate real-world
disturbances. We also perform an ablation study to demonstrate that
processing the output as a matrix rather than an unfolded vector will
be better. The implementation details can be found in Appendix B.2.
We present the space error and orthogonality error in Table 2, and the
visualization results in the dataset without noise in Figs. 4 and 5.

As shown in Fig. 4, LieSD finds 5 singular values that are al-
most zeros. Bases 24-26 correspond to SO(3) equivariance, and ba-
sis 23 corresponds to scaling equivariance. For basis 27, dpy,(4;) =
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Table 1

The space error and orthogonality error of symmetry discovery in the two-body problem. We present
the results in the format of averages (minimum ~ maximum). LieSD exhibits stronger robustness on
the non-uniform dataset.

Dataset Method Space error Orthogonality error
LieSD 265%x1072  (435x107*~1.04x107") 0 (0~0)
Uniform LieSD (k&-NN)  9.74 x 1072 0
LieGAN 333x107*  (1.97x107*~593x107) 0  (0~0)
Non-uniform LieSD 7.17%x1072  (250x 102~ 1.85x107") 0 (0~0)
LieGAN 9.35x 107! (5.97x 107" ~ 1.35) 0 (0~0)

Basis 16 Basis 1
Singular Value
- 03 2.0
15
25 0.2
1.0
20 Lo 0.5
; 15 0.0 0.0
10 o1 o5
-1.0
5 ~a32
=15
1n 12 13 14 15 16 —0.3 -2.0
Index
(a) Uniform, singular value (b) Uniform, LieSD (¢) Uniform, LieGAN
Basis 16 .
Singular Value Basis 1
225 03 0.0100
20.0
0.2 0.0075
17.5
0.1 0.0050
15.0
H 0.0025
3 125 0.0
s 0.0000
-0.1
75 —0.0025
5.0 —02
—0.0050
1 12 13 don 14 15 16 =03 ~0.0075
(d) Non-uniform, singular value (e) Non-uniform, LieSD (f) Non-uniform, LieGAN

Fig. 2. The visualization results of symmetry discovery in the two-body problem. (a): The top 6 smallest singular values solved by LieSD on the uniform dataset, which are
arranged in descending order. (b): The Lie algebra basis corresponding to the minimum singular value solved by LieSD on the uniform dataset. (c¢): The Lie algebra basis learned
by LieGAN with 1 channel on the uniform dataset. (d-f): Results corresponding to (a-c) on the non-uniform dataset.

Basis 16
Singular Value 0.4
50
0.3
45 4
0.2
40 <
01
E; 35
. 0.0
30 1 —01
1 -0.2
20 A —03
lll ll2 1‘3 ll4 1‘5 1'6
Index —-0.4
(a) Singular value (b) Lie algebra basis

Fig. 3. The visualization results of LieSD (k-NN) in the two-body problem (uniform dataset). (a): The top 6 smallest singular values, which are arranged in descending order. (b):
The Lie algebra basis corresponding to the minimum singular value.

dpyl(Al)édpyz(Al) = diag(a, a, a)@diag(—a, —a, —a) = 0 and dpy(A;) = 0. On the other hand, when we treat the moment of inertia matrix
Therefore, basis 27 corresponds to the case where group representa- as a flattened vector, LieSD computes 26 nearly zero singular values
tions of the input and output spaces are both trivial. and obtains a series of meaningless Lie algebra bases as shown in
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Table 2

Neural Networks 188 (2025) 107481

The space error and orthogonality error of symmetry discovery in predicting the moment of inertia matrix. We present the
results in the format of averages (minimum ~ maximum). Using the tensor form of LieSD allows for accurate computation
of the Lie algebra space, while using the vector form of LieSD fails.

Dataset Method Space error Orthogonality error
LieSD (tensor) 7.08 x 107 (6.66 x 1075 ~ 7.55 x 107%) 1.17x 107! (591 x 1072 ~2.22x 1071
w/o noise  LieSD (k-NN, tensor)  6.06 x 10~ 1.67x 1073
LieSD (vector) 3.44x 10! (3.43x 10" ~3.45x 10") 456 x 1075 (1.78 X 1075 ~ 8.88 x 1077)
LieSD (tensor) 1.99 x 1073 (1.69 x 1073 ~ 232 x 1073) 6.91 x 1072 (4.09x 1072 ~ 8.17 x 1072)
w/ noise LieSD (k-NN, tensor) 6.06 x 107! 2.08 x 1073
LieSD (vector) 3.44 % 10! (3.43x 10" ~3.45x 10") 8.70 x 1073 (6.27x 107 ~ 1.06 X 1074)
Singular Value
Basis 23 03 Basis24 Basis 25
5000 -
4000 A '
£ 3000 §
S
le-5
2000 1 Basis 26 Basis 27
75
1000 4 5.0
' 25
o
; , . - . - x 0.0
0 5 10 15 20 25
Index -2.5
(a) Singular value ) Lie algebra basis representation in X;
Basis 23 03 Basis24 Basis 25 Basis 23 03 Basis 24 Basis 25
0.2 0.2 % 0.2
0.2 0.2
0.0 0.0 ' 0.0
0.1 01
0.2 -0.2 : -0.2
0.0 0.0
Basis 26 Basis 27 0.4 Basis 26 Basis 27 0.0
0.2 0.3 0.2 -0.1
0.0 0.2 0.0 -0.2
-0.2 0.1 —0.2) -0.3
0.0 -0.4

(c) Lie algebra basis representation in );

(d) Lie algebra basis representation in )

Fig. 4. The visualization results of symmetry discovery in predicting the moment of inertia matrix (dataset without noise) of LieSD. (a): The computed singular values, which are

arranged in descending order. (b-d): Lie algebra bases corresponding to five nearly zero singular values in spaces

index i.

Fig. 5. In Table 2, we can confirm that using the tensor form of
LieSD allows us to solve the correct Lie algebra space, while using
the vector form of LieSD leads to completely incorrect Lie algebra
space. Therefore, when the input or output is in tensor form, employing
Theorem 4 instead of flattening into vectors and then using Theorem
2 to discover symmetries (essentially imposing formal constraints on
Lie algebra representations) can help us more accurately identify the
correct Lie algebra space. The reason why the orthogonal error in the
tensor case is greater than in the vector case is that the orthogonality of
dpy, (A) and dpy, (A) does not guarantee the orthogonality of dpy,(4) =
dpy, (A)édpyz(/\)-

Similar to the two-body problem, we further evaluate the results of
LieSD based on k-NN. The number of neighboring points k is set to the
number of points in the dataset, which we found to be the most accurate
setting for gradient estimation. As shown in Table 2 and Fig. 6 (we do
not report error bars for the quantitative results because the gradient
estimation based on k-NN is not random), we once again confirm that
the symmetry findings of LieSD based on k-NN are generally correct,

X, Y,,Y,, where basis i corresponds to the singular value with

but the accuracy is not as high as that of LieSD based on a trained
neural network.

7.4. Top quark tagging

Top quark tagging (Yang, Walters et al., 2023) is a task of clas-
sifying hadronic tops from QCD background. It takes as input the
four-momenta p! = (p?,p!, p?,p}) € R* of the 20 jet constituents with
the highest transverse momentum p; produced in particle collisions and
predicts labels for the particles, where p? € R is the energy component
of the ith jet constituent, and (p}, p, p}) € R3 are the spatial momentum
components. This task possesses SO(1,3)* and scaling invariance. Ro-
tations in three-dimensional space, boosts, and scaling transformations
will not alter the classification result.

We use top quark tagging to illustrate the advantage of LieSD in
accurately determining the number of Lie algebra bases, while LieGAN
requires manual specification. Similar to the moment of inertia matrix
prediction, we introduce uniformly distributed random noise of +10%
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Fig. 5. The visualization results of the ablation study on symmetry discovery in predicting the moment of inertia matrix (dataset without noise). (a): The computed singular values,
which are arranged in descending order. (b-c): Lie algebra bases corresponding to the five smallest singular values in spaces &; and Y, where basis i corresponds to the singular

value with index i.

Table 3

The space error and orthogonality error of symmetry discovery in top quark tagging (dataset without noise). We present the
results in the format of averages (minimum ~ maximum). Compared with LieGAN, the Lie algebra space solved by LieSD is
more accurate, and the Lie algebra bases are almost strictly orthogonal. What is more, incorrectly specifying the number of

Lie algebra bases for LieGAN will make the results even worse.

Dataset Method Space error Orthogonality error
LieSD 1.47 x 1073 (119X 1073 ~ 2.11 x 1073) 1.72 x 107° (1.46 X 1070 ~ 2.07 x 107°)
w/o noise  LieGAN (7 channels) 249 (1.28 ~ 4.07) 5.82x 107! (2.14x 107" ~ 1.26)
LieGAN (9 channels) 2.22 (1.65 ~ 2.75) 1.13 (5.54% 107" ~ 1.43)
LieSD 9.47 x 1072 (6.65%x 1072 ~ 1.74 x 107") 2.57x 107° (2.11 x 107 ~ 3.03 x 107%)
w/ noise LieGAN (7 channels)  6.07 (5.31 ~ 6.49) 1.50x 1070 (124 x 107" ~ 1.82x 1071
LieGAN (9 channels) 6.69 (6.42 ~ 6.87) 1.22 (1.20 ~ 1.25)

to the dataset to evaluate the robustness of LieSD against real-world
disturbances. We will set different numbers of Lie algebra bases for
LieGAN and compare the differences in their results. We provide im-
plementation details in Appendix B.3. We also present the space error
and orthogonality error in Table 3, and the visualization results in the
dataset without noise in Fig. 7.

As shown in Fig. 7, LieSD solves for 7 singular values that are
almost zeros, indicating that the number of Lie algebra bases is 7.
Therefore, bases 10-16 in Fig. 7(b) are correct while bases 8-9 are
not. Among them, basis 16 corresponds to scaling, bases 12, 13 and
15 correspond to rotations in three-dimensional space, and bases 10, 11
and 14 correspond to boosts. On the other hand, although we accurately
set the number of Lie algebra bases for LieGAN to 7, LieSD can still
outperform it in terms of accuracy and orthogonality as shown in Table
3. Furthermore, when we mistakenly set its number of Lie algebra bases
to 9, LieGAN results in worse performance. It learns incorrect bases 5
and 7 as shown in Fig. 7(d), and we cannot distinguish them. In short,

the Lie algebra bases obtained by LieSD are ordered, and the singular
value can tell us which ones are valid, while LieGAN cannot achieve
this because the Lie algebra bases it obtains are disordered.

7.5. Rotated MNIST

Finally, we evaluate the performance of LieSD in real high-
dimensional scenarios on Rotated MNIST. For data generation, each
image in MNIST is randomly rotated by an angle 6, where 6 is sam-
pled from a uniform distribution U'(—a, ). We set the rotation range
a = {0, izr, %7[, %n,zz} to simulate different levels of uniformity in the
dataset. Note that the rotation transformation is applied to the image
coordinates x € R?, and all pixel coordinates share the same trans-
formation, which means we can treat it as a multi-channel scenario.
However, since the neural network takes the grayscale values I(x)
of the image as input, automatic differentiation is applied to obtain
V,f instead of V,f. Therefore, we further estimate the gradient of
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Fig. 6. The visualization results of symmetry discovery in predicting the moment of inertia matrix (dataset without noise) of LieSD (k-NN). (a): The computed singular values,
which are arranged in descending order. (b-d): Lie algebra bases corresponding to five nearly zero singular values in spaces X;,Y,,Y,, where basis i corresponds to the singular

value with index i.

Table 4

The space error and orthogonality error of symmetry discovery in rotated MNIST. We present
the results in the format of averages (minimum ~ maximum). LieSD exhibits stronger robustness

on real-world high-dimensional data.

Rotation range  Method Space error Orthogonality error
-0 LieSD 6.33x 107! (3.56x 107" ~9.31x 1071 0 O ~0)
*= LieGAN 2.00 (1.99 ~ 2.00) 0 O~0)
el LieSD 1.08x 107" (678x 1072 ~132x107") 0  (0~0)
i LieGAN  1.97 (1.92 ~ 2.00) 0 (0~0)
| LieSD 445%1072 (441x103~799%x102) 0 (0~0)
a=
LieGAN 1.96 (1.94 ~ 1.98) 0 0 ~0)
3 LieSD 3.08x 1072 (823x 107 ~550x1072) 0 (0~0)
a==-r
4 LieGAN 1.99 (1.99 ~ 2.00) 0 O ~0)
_ LieSD 3.48x 1073 (5.28x 107* ~ 5.35x 1073) 0 O ~0)
o= LieGAN  1.97 (1.92 ~ 2.00) 0 (0~0)

the grayscale values with respect to the coordinates VI using central
differences, and obtain V,f = V;f - VI using the chain rule. For
comparison, we specify the Lie algebra basis number of LieGAN as 1.
More implementation details are provided in Appendix B.4. We also
present the space error and orthogonality error in Table 4, and the
visualization results in Fig. 8.

In Figs. 8(a)-8(e), we observe that although the accuracy of LieSD
on the dataset with a smaller rotation range « is not as high as on that
with a larger rotation range «, it still manages to capture the overall
correct symmetry. This further confirms the capability of LieSD to
handle cases with insufficient representation of rotational symmetry.
On the other hand, LieGAN does not perform as expected in this task as

shown in Fig. 8(f), while LieSD demonstrates stronger robustness when

dealing with real-world high-dimensional data.

8. Conclusion

This work proposes a mathematical approach to discover symme-
tries via trained neural networks. The theorem we propose allows
for measuring the equivariance in neural networks without the need
for data augmentation or group sampling. Based on this theorem, we
obtain the Lie algebra space by solving a system of linear equations,
where the number of zero singular values corresponds to the dimen-
sion of the Lie algebra space. Furthermore, we extend the method to
the multi-channel and tensor cases to adapt to different data types.
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Fig. 7. The visualization results of symmetry discovery in top quark tagging (dataset without noise). (a): The singular values obtained by LieSD, which are sorted in descending
order. (b): Lie algebra bases solved by LieSD, where basis i corresponds to the ith largest singular value. (c): The Lie algebra bases learned by LieGAN with 7 channels. (d): The
Lie algebra bases learned by LieGAN with 9 channels.
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Fig. 8. The visualization results of symmetry discovery in rotated MNIST. (a-e): Under different values of the rotation range a, the singular values obtained by LieSD and the Lie
algebra basis corresponding to the smallest singular value. (f): The Lie algebra basis learned by LieGAN with 1 channel at the rotation range « = 7.
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Compared with methods based on GANs that discover symmetries from
the dataset, our approach does not rely on data distribution, thus
performing well on non-uniform datasets.

9. Discussion

Since LieSD is based on the infinitesimal criterion of group symme-
try as shown in Eq. (4), one of its limitations is the inability to discover
discrete generators. A possible extension is to consider cases where

some discrete generators {A;} f‘;’ , are known in advance, i.e., the group

elements in Eq. (1) can be rewritten as g = exp Zilll a‘-A/-> Hﬁl hy,.
Then, we can add a constraint in Eq. (4) so that LieSD can obtain
infinitesimal generators on several connected components:

Vie{l,2,...,D},je{l,2,.... M}, xe X :
dpy(ADpy(hy) f(x) =V f(px(h;)x)dpx(A)px(h))x.

We anticipate that in the future, LieSD can be integrated with methods
for discovering discrete symmetries to capture full symmetries.

Heavy reliance on gradient estimation is another limitation of
LieSD. Although experiments on rotated MNIST have demonstrated
the ability of LieSD to handle real-world high-dimensional data, our
method may underperform when shattered gradients appear on more
complex data manifolds (Dombrowski et al., 2023). As we attempt to
combine LieSD with k-NN, we anticipate that more robust gradient
estimation models in the future could further enhance the robustness
of LieSD.
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Appendix A. Complete proofs

A.1. Proof of Theorem 1

Theorem 1. Given a simply connected Lie group G, its group repre-
sentations on the input space X C R” and output space Y C R"™ are
denoted respectively as py(g) : G — GL(n) and py(g) : G — GL(m).
The function f : X - Y is equivariant:

py(@)f(x) = flpx(g)x), 3)

if and only if the corresponding Lie algebra bases of py(g) and py(g) in
equation Eq. (2) satisfy:

VgeiG,xe X :

Vi€ (L2.....D).x€X 1 dpy(A)f(x) = VS(x)dpy(4)x. @
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Proof. First, we prove Eq. (3) = Eq. (4). Substitute Eq. (2) into Eq. (3),
and note that different coefficients of the Lie algebra bases correspond
to different group elements:

VaE]RD,xeX:

D D
h(a) = exp (2 aidpy(A,-)> fx)—-f <exp (2 a,-de(A,-)) x> =0.

i=1 i=1

(AD

Taking the derivative element-wise with respect to «, and then setting
a = 0, we obtain:

vie(l,2,...D)xex: IR = dpy(A)f () =V f(x)dpx(A)x = 0.

a=0

i

Then, we prove Eq. (4) = Eq. (3). For convenience, we denote

B = Z,ﬂ | 2;A;. By the linearity of the Lie algebra representation, we

have dpy(B) = Y7, aidpx(A;) and dpy(B) = Y2 a;dpy(A,). What is
more:

dpy(B)f(x) = Vf(x)dpx(B)x.

Replace x with exp(f - dpy(B))x:

dpy(B)f(exp(f - dpy(B)x) = V f(exp(B - dp(B))x)dp (B)exp(B - dp(B))x.
(A.2)

Define h : R —» R™ as:

h(p) = exp(B - dpy(B)) S (x) = f(exp(f - dpx(B))xX).

Taking the derivative with respect to g:

% = dpy(B)exp(f - dpy(B)) f(x)
— Vf(exp(B - dpy(B))x)dpy(B)exp(f - dpy(B))x.
Substitute Eq. (A.2):
% = dpy(B)exp(f - dpy(B))f (x) — dpy(B) f(exp(B - dpx(B))x)
= dpy(B)h(p).
Solving the differential equation, and note that A(0) = 0:
R(B) = exp(B - dpy(B))A(0) = 0.
Let § = 1, we obtain:

exp(dpy (B))f(x) — f(exp(dpy(B))x) = 0,

which is equivalent to Eq. (A.1). Therefore, Eq. (3) is proven. []

A.2. Proof of Theorem 2

Theorem 2. Suppose that the input space X C R” and the output space
Y C R™ are both single-channel vector spaces. The function f : X - Y
is equivariant with respect to a simply connected Lie group G. Sample
N data points D = {x"}¥ from the input space X, and let:

—-Vf(xM)y @ xOT
—Vf(x?) @ x@T

I, ® fT(x")

I, ® /1)

c(D) = 5)

—Vf(x(N)) ® xMT I,® fT(x(N))

Assume that D makes rank(C(D)) reach its maximum. Formally
speaking, Vx € X : rank(C(D U {x})) = rank(C(D)). Then the number of
zero singular values of C(D) is the dimension of the Lie algebra space of
group G, and the right singular vectors corresponding to zero singular
values are the vector expansion forms of the orthogonal Lie algebra
basis representations on X and Y.
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Proof. Flatten the Lie algebra representation in Eq. (4) from matrices
into vectors:

VxeX: [, ® fT(lvecdpy(A) = [VS(x) ® x" vec(dpy(A)).

Note that equivariance implies a one-to-one correspondence between
the Lie algebra representations of the input space and the output space.
We concatenate them together:

vxex: [-Vfx)®x' 1m®fT(x)][

vec(de(A))] -0 (A.3)

vee(dpy (A))

Sample N data points {x®} from the input space &, then Eq. (A.3)
holds for any element x”). We obtain a system of linear equations:

-V @xWT 1@ 1)
“VENHRxAT I, & fT(x?) [vec(dpx(A»

C(Dy = vec(dpy (A))

_ _ ] =0. (A4)
VM) @ xMT [ ® fT(xM)

Obviously, (dp(4,),dp(A;)) = 0 is equivalent to (v;,v;) = 0. Therefore,
the problem transforms into finding the bases {v; },.[i :
spanned by v that satisfies Eq. (A.4).

Perform singular value decomposition on the coefficient matrix

c(D):

x> o] [PT
C(D)U:U[O OHQT]Uzo.

Then we can obtain the solution space of Eq. (A.4):

of the subspace

D
v=0p=Y 4p
i=1

where {q,-}[.li , are the column vectors of matrix Q, and {ﬂ‘-}ill , are
their corresponding coefficients. In other words, the column vectors of
matrix Q form the bases of the solution space:

[vec(de(Ai)) _
vec(dpy(4A;))

In general, the number of zero singular values of the coefficient matrix
C(D) in Eq. (A.4) matches the dimension of the Lie algebra space, and
the corresponding right singular vectors are the vector expansion forms
of the Lie algebra bases.

We are concerned that the discretization of Eq. (A.3) may lose in-
formation, which could lead to the solution of redundant and incorrect
Lie algebra bases. In Eq. (A.4), note that v € R7™+m If the row rank
of C(D) is r, then the dimension of the solution space v is n*> + m? — r.
Therefore, as long as we ensure that the row rank of C(D) reaches its
maximum, that is n> + m> — D, we can completely obtain the correct
D Lie algebra bases. This assumption can be formalized as Vx € X :
rank(C(D U {x})) = rank(C(D)). [

v; =gq;, lG{l,z,,D}

A.3. Proof of Theorem 3

Theorem 3. Suppose that the input space X = @f;l X; and the output
space Y = @f; . Y, are both multi-channel vector spaces. The function
f 1 X > Y is equivariant with respect to a simply connected Lie group
G. Sample N data points D = {x?}¥ from the input space X, and let:

C)({l) C}(,l)
(2) 2)

co=|S G, %)
C)EN) C}(,N>
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where

c®
-VAD @
-VAED @

VA @

-VAHED) @ xPT

-Vf (x(ci)) ® xii)T
—V o) @ x0T

Vi, @x"T —Vf ) @xy)T Vo, ) @ xOT

€Y = diagll,,, ® S (V). L, ® £ (<)o 1, @ FT(O)],

x; and f;(x) are the ith channels of x and f(x) respectively, Vf;(x;) is
the gradient of f;(x) with respect to x;, and m; represents the dimension
of the ith output channel.

Assume that D makes rank(C(D)) reach its maximum. Formally
speaking, Vx € X : rank(C(D U {x})) = rank(C(D)). Then the number of
zero singular values of C(D) is the dimension of the Lie algebra space of
group G, and the right singular vectors corresponding to zero singular
values are the vector expansion forms of the orthogonal Lie algebra
basis representations on {Xi}fi] and {)7,-};1 -

Proof. We can express Eq. (4) as:

c 110
[édﬂy@) 19| -

- £ ()

VAl Vi) Vi) . X1
VAG) Vi) Ve ([ & A)] .
Vi) Vi) e Vi | e

In other words:

Vie{l.2,...c,.x€X 1 dpy (A)fi(x)= ZVf,-(xj)dpx/(A)xj.

Jj=1
Similar to the single-channel case, we flatten the Lie algebra represen-
tation from matrices to vectors:

Vie{l,2,....c,},xeX:

(L, ® f; ()lvec(dpy, (A) = Y[V i(x)) ® x] Jvec(dpy, (4)). (A.5)

j=1
We discretize Eq. (A.5) using N data samples and obtain a system of
linear equations:

C>(cl) C)(,I)
(2) (2)
cow=|G" G [”] =0,
H H Uy

CiN) C}(}N)

(A.6)

where
c®
VA @ VA @x)T

VA @ VA @x)T

Vi) @ x0T
=V /2,(x0) @ x0T
Vi, @x"T —Vr ) @xy)T -/ (x0) @ x0T
¢y =diagll,, ® ] (x"), I, ® £ (x),.... I, ® fT(x")],
vec(dp,, (A)) vec(dpy, (A))

vec(dpy, (4)) vec(dpy, (A)

x

> y

vec(dpy, (A)) vee(dpy, (4))

Then we use the same method as in the single-channel case to solve Eq.
(A.6) and obtain the Lie algebra representation for each
channel. [
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A.4. Proof of Theorem 4

Theorem 4. Suppose that the input space X = X, ® X, = R">*" and
the output space Y = Y, ® Y, = R™>*™ are both matrix spaces. The
function F : X — Y is equivariant with respect to a simply connected
Lie group G. Sample N data points D = {X?”}N from the input space
X, and let:

D A D D
CX 1 C"z CYl Cyz
@ A O A0
cpy=|G G G G ©
N AN AN AN
CX] sz Cyl CYz

where
cV=-3" vixHex?T, c=-3" vix")ex",
L, ® Fl.(X)

; ; y | Iy, ® F.(XD)
(i) _ T i) _ m 2
Gy =1, ® FTXD), Gyl =] ™

1, ® F, (X®)

f(X) € Rimxm)X1 js the vectorized form of the output matrix F(X) € Y,
X,. € R™™ and F,.(X) € R™*™ are the kth row vectors of X and F(X)
respectively, X, € R"*! is the kth column vector of X, Vf(X,) €
ROMXm)Xm and V £(X,..) € R0"*m)Xm denote the gradient of f(X) with
respect to X, and X,. respectively.

Assume that D makes rank(C(D)) reach its maximum. Formally
speaking, Vx € X : rank(C(D U {x})) = rank(C(D)). Then the number of
zero singular values of C(D) is the dimension of the Lie algebra space of
group G, and the right singular vectors corresponding to zero singular
values are the vector expansion forms of the orthogonal Lie algebra
basis representations on {Xi}?zl and {yi}le.

Proof. Eq. (4) can be written as:

[dpy, (A) ® 1y, + Iy, ® dpy, (A (x) = Vf(X)dpx, ® 1, + I, ® dpy,Ix,
(A.7)

where x € RO*)X1 is the vectorized form of the input matrix X € X.
To rewrite Eq. (A.7) in a form similar to Eq. (4), we obtain:
dpy, (A)FT(X)
T
vee(dpy, (AF(X)) +| P20

dpy,(AF, (X)
ny ny
Y VX Q)dp (AX g+ Y V(X )dpa, (AX],
k=1 k=1

Similar to Eq. (6), we construct a system of linear equations:

(1) (1) (1) (1)
G G, S ¢ Uy,
) 2) (2) @ |lv
C(Dy = G Gy, Gy Gy, 2 1=0, (A.8)
. . . . v
: : : : 1
(N) (N) (N) N || v
Cy Cy, S, G, 72
where
cV=-3" vixHex?, cl=-3" vix")ex",

L, ® Fl.(X9)

) . ) I, Q®F ,(X("))
(i) (i) 2
Cyll = ]ml ® FT(X(I))’ Cylz = " .

5

Ly ® F (XD)

vy, = VCC(dei(A)), v, = vec(dpyl(A)).

Therefore, we can obtain the Lie algebra space by solving Eq. (A.8).
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Appendix B. Implementation details

B.1. Two-body problem

For data generation, we follow the setup of Hamiltonian Neural
Networks (Greydanus et al., 2019), which we restate as follows. First,
we generate 1000 initial conditions with the center of mass at the origin,
total momentum of 0, and the distance between two particles r = ||¢, —
q, || within the interval [0.5, 1.5]. Gaussian noise with a scaling factor of
62 = 0.05 is added to the initial velocities. Then, we perform numerical
integration of the dynamics equations under gravitational force using
the fourth-order Runge-Kutta method to obtain 20 observation points
for each trajectory.

The two-body problem takes the positions and momentum coor-
dinates q;,p;,q,,p, of two particles on a plane as input and output.
Therefore, we use a 3-layer MLP with input dimension of 8, hidden
dimension of 384, output dimension of 8, and Tanh activation function
to fit the mapping of the problem. We choose the Adan optimizer (Xie
et al., 2024) for training and set the number of epochs to 10. To
shuffle the data distribution, for data points where g, is in the first or
third quadrant, we rotate both its input and output by 90 degrees. The
size of the training set is 18,000, and we use the entire training set
for symmetry discovery. We perform this experiment on a single-core
NVIDIA GeForce RTX 3090 GPU with available memory of 24,576 MiB,
and the execution time is approximately 3 min.

We consider the two-body problem as a multi-channel case, where
position and momentum coordinates transform independently. For the
equivariance discovery of such sequence prediction problems, we hope
that the group representation of the input space is the same as that
of the output space. Formally, py(g) = py(g) = p(g), and dpy(A) =
dpy(A) = dp(A). Setting v = v, = v, in Eq. (A.6), we obtain:

e 4

(2) (2)
cop= & TG Ju=o.

c™+cV

Then, C(D)TC(D) can be computed as follows:

N
cD)'CD) = Z‘f(cj(') +CHT(CP + .
iz

When conducting quantitative error analysis, we repeat experiments
with five different random seeds. The random factor for LieSD is the
parameter initialization of the neural network, while for LieGAN, it
is the parameter initialization of the generator and discriminator. We
report the average values of space error and orthogonality error in
Table 1 (in Section 7.2), and indicate their minimum and maximum
values in gray font.

B.2. The moment of inertia matrix prediction

For convenience, we assume that the mass of all particles on the
rigid body is 1. Therefore, the problem takes the spatial coordinates of
several particles x; € R3 as input and outputs the inertia tensor of the
rigid body M € R*3, In practice, we set the number of particles to
3. We generate the dataset by sampling x; € N'(0,1)> and computing
M according to the formula. To simulate real-world disturbances, we
introduce uniformly distributed random noise of +10% to the dataset.
Specifically, for each value v,,,,;, in the dataset, the perturbed value is
Onoise = Vorigin X (1 + €), where e ~ U(=0.1,0.1).

The input dimension of the three-layer MLP used for training is
9, the hidden dimension is 384, and the output dimension is 9, with
the ReLU function used as the activation function. We train for 100
epochs using the Adan optimizer (Xie et al.,, 2024). The size of the
training set is 100,000, and we use 1—10 of it for symmetry discovery. We
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perform this experiment on a single-core NVIDIA GeForce RTX 3090
GPU with available memory of 24,576 MiB, and the execution time is
approximately 20 min.

For this problem, the input is a multi-channel vector X = @, &,
and the output is a matrix Y = ¥, ® J,. Furthermore, different spatial
coordinates of particles should share the same group transformation.
Formally, py, (g) = -+ = = pa,, (&) = px(g), and dpy, (A) = - = d/’xcx 4) =
dpy(A). Combmlng Eqs (A 6) and (A.8), we obtam

(1) (1
C)H Y2

2) 2)
cop=[%" S G ||y, =0

e

: : : v
M oM e[

where

C)(:I) == Zji]

0] o7
VI ®x;,
I, ® Fi.(x")

o —| Im ®BG
2 . ’

A

O _ T (G
Cy) =1, ® FT(x"),
Ly, ® Fy

vy, = vec(dpyi (A)).

()

v, = vee(dpy(A)),

Similarly, we compute CT C to save memory overhead:

N DT G N AOT A N ADOT A
YN Ul D Vi S o
¥V, cOTed N cOTed g cOTed |,
Z, ]C(t)TC(I) Z, 1C(I)Tc(t) Z, ]C(t)TC(I)

N
Then, the real Lie algebra bases are {dpy(Ap}; = {dpy, (AD};

cD'cD) =

o 1 0/]O0O O 1|10 O Ol O O
{dpy,(Ap}; = {]-1 0 Off0 O OfJ0 O 1},J0 1 Ofh
0o 0 0]|]-1 0 0]]0 -1 0]]0 O 1

In the ablation study, we process the output as a single-channel vector,
which means the group representation on Y is a 9 x 9 matrix py(g) €
R?? instead of decomposing it into two 3 x 3 matrices py, (g) € R¥3
and py, (g) € R¥?. Then we transform Eq. (A.6) into:

_ Zcx Vf(x(.l)) ® x(.l)T Im ® fT(x(l))
_| -z v f(x(z)) ® x(z)T 1, @ fT(x®) [ [vec(dpr(A)] _
o= : vea(dpy (4D ~
-3 Vf<x§”>> @XM 1,8 1)

For quantitative error analysis, similar to Table 1 (in Section 7.2),
we conduct five repeated experiments with different random seeds and
report the average, minimum, and maximum values in Table 2 (in
Section 7.3).

B.3. Top quark tagging

For this task, we directly utilize a publicly available reference
dataset (Kasieczka et al., 2019). This dataset is generated using the
PYTHIA8 Monte Carlo event generator to simulate particle collision
events, and the ATLAS detector response is modeled using the
DELPHES software package. Similar to the moment of inertia matrix
prediction, we introduce uniformly distributed random noise of +10%
to the four-momenta of the jet constituents to verify the robustness
of LieSD against real-world perturbations. Formally, for the original
value of the four-momentum (p!),,,;,, the perturbed value is (p!'),p;5, =
(P origin % (1 + €), where e ~ U(=0.1,0, 1).

Top quark tagging takes the four-momenta p! € R* of 20 jet
constituents as input and predicts labels for the particles as output. We
set the input dimension of a 3-layer MLP to 80, the hidden dimension
to 200, and the output dimension to 1, choosing the ReLU function
as the activation function. We use the Adan optimizer (Xie et al.,
2024) for training, with the number of epochs set to 100. The size
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of the training set is 1,211,000, and we use % of the training set
for symmetry discovery. We perform this experiment on a single-core
NVIDIA GeForce RTX 3090 GPU with available memory of 24,576 MiB,
and the execution time is approximately 2 h.

For such problems with invariance, we strictly require py(g) = I,,,
i.e., dpy(A) = 0. Additionally, the four-momentum of different jet
constituents should share the same group representation. Setting v, = 0
and dpy (4) = - = deCX (4) = dpy(4) in Eq. (A.6), we derive the
system of linear equations:

— Z;‘x Vf(x(l)) ® X(I)T
Cx ) (2)T
- X VD) @

C(D)yv = vec(dpy(A)) =0
Cx (N) (N)T
—XL V) ey
The computation of C(D)"C(D) can be done as follows:
N ¢
C(D)TC(D) — Zl 21 Vf(xy))TVf(xE.‘)) ® x;r)xi_l)T.
i=1 j=

Then we conduct quantitative error analysis. Five different random
seeds are used for LieSD, and three for LieGAN. We report the average,
minimum, and maximum values of space error and orthogonality error
in Table 3 (in Section 7.4).

B.4. Rotated MNIST

Rotated MNIST takes 28 x 28 grayscale images of handwritten digits
as input, with the goal of predicting the digit labels. We use LeNet-
5 (LeCun et al., 1998) and the Adan optimizer (Xie et al., 2024) to
train this classic image classification task. The size of the training set is
60,000, and we use the entire training set for symmetry discovery. We
perform this experiment on a single-core NVIDIA GeForce RTX 3090
GPU with available memory of 24,576 MiB, and the execution time is
approximately 30 min.

For image data, group transformations act on the planar coordi-
nates x € R2. All pixel coordinates {x,-}:zil”’ share the same group
transformation, which implies that we can treat it as a multi-channel
case. A grayscale image can be formalized as a mapping from planar
coordinates to grayscale values I : R> — R, and the classifier is a
mapping from the grayscale values of n,,,, pixels to the probabilities
of n,,, categories f : By the chain rule, we can
derive the gradient of f(I},I,...,1 ) = fUG), I(x), ... ,1(x,,pm[))

Mpixel
with respect to x; as V, f(xj,%p,....%, ) = Vi Sy I, 2y )

R"pixel  — RMclass,

Mpixel
V. I(x;), where V, f is obtained through automatic differentiation of
the classifier, and VI is estimated using central differences. Substitut-
ing into Eq. (A.6) and setting v, =0, del (A) == deCx (A) =dpx(A)
similarly to top quark tagging, we have:

=XV S D) VI @ X

cop=| ~ T4 [V,_f(1<2>> VAP @ T

vec(dpy(A)) =0
_ Z plAe/[v f(I(N)) v I(x(N))] ® x(N)T

When conducting quantitative error analysis, we repeat experiments
with three different random seeds. We report the average, minimum,
and maximum values in Table 4 (in Section 7.5).

Data availability

Data will be made available on request.
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