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Abstract

Recent progress in reasoning models has sub-
stantially advanced long-horizon mathematical
and scientific problem solving, with several sys-
tems now reaching gold-medal-level performance
on International Mathematical Olympiad (IMO)
and International Physics Olympiad (IPhO) prob-
lems. In this paper, we introduce a simple and
unified recipe for converting a post-trained rea-
soning backbone into a rigorous olympiad-level
solver. The recipe first uses a reverse-perplexity
curriculum for SFT to instill rigorous proof-search
and self-checking behaviors, then scales these be-
haviors through a two-stage RL pipeline that pro-
gresses from RL with verifiable rewards to more
delicate proof-level RL, and finally boosts solv-
ing performance with test-time scaling. Applying
this recipe, we train a 30B-A3B backbone with
SFT on around 340K sub-8K-token trajectories
followed by 200 RL steps. The resulting model,
SU-01, supports stable reasoning on difficult prob-
lems with trajectories exceeding /00K tokens,
while achieving gold-medal-level performance
on mathematical and physical olympiad compe-
titions, including IMO 2025/USAMO 2026 and
IPhO 2024/2025. It also demonstrates strong
generalization of scientific reasoning to domains
beyond mathematics and physics.
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1. Introduction

Olympiad competitions are a clear stress test for long-
horizon reasoning: models must search over solution paths,
control assumptions, verify intermediate claims, and pro-
duce arguments that survive strict grading. Recent systems
have made rapid progress in this direction, from Alpha-
Geometry’s neural-symbolic geometry solver (Trinh et al.|
2024) to AlphaProof, AlphaGeometry 2, and Gemini Deep
Think reaching silver- or gold-medal standards on Interna-
tional Mathematical Olympiad problems with larger search
and verification budgets (Google DeepMind| 2024; 2025)).
General reasoning models have also improved through
chain-of-thought prompting, math-specialized post-training,
and reinforcement learning with verifiable rewards (Wei
et al.,[2022; [Shao et al.,2024; Yang et al.,|2024; |Guo et al.,
2025 |Yan et al., 2025; |Zhan et al., [2025]), while scientific
olympiad benchmarks test transfer to modeling, derivation,
and competition-style justification (He et al.| 2024; Wang
et al.l [2026; (Chen et al., 2025} |Luo et al., [2026).

A central question is therefore whether a reasoning back-
bone can reach olympiad-level performance with a compact,
domain-unified recipe. Using a 30B-A3B model, we build
a modular pipeline (as shown in Figure[I)): SFT reshapes
reasoning behavior, RL scales solving capability, and TTS
allocates additional inference compute to the hardest proof-
search problems. This tests a training-inference co-design
hypothesis: disciplined proof search can be induced by
aligning long-form behavioral supervision, proof-level feed-
back, and self-verification, without relying on task-specific
symbolic machinery or extensive model-scale increases.

The first stage aims to instill a more disciplined proof-
search pattern. Starting from a post-trained model,
we curate long-form solution, self-verification, and self-
refinement trajectories from mathematical, scientific, cod-
ing, and instruction-following sources. SFT on this rigorous
proof data instills reasoning behaviors centered on proof
search, self-checking, and repair. We then order the ex-
amples by reverse perplexity so that each pass starts with
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trajectories most mismatched to the initial policy before
consolidating on more familiar examples. This curriculum
helps preserve and recover the capability of the post-trained
model with its reasoning behavior reshaped.

The second stage scales this behavior through two lev-
els of RL. Coarse RL uses verifiable prompts and efficient
outcome checking to scale the reasoning behaviors intro-
duced by SFT under reliable binary rewards. Refined RL
then shifts the target from answer correctness to proof qual-
ity. It combines a proof-level generative reward model
for scoring complete proofs, self-refinement prompts for
training critique-and-repair behavior, and experience replay
for preserving rare successful trajectories on hard prob-
lems. Finally, we apply test-time scaling through a self-
verification-and-refinement loop to elevate the trained model
to olympiad-level reasoning (Huang & Yang, 2025)).

On answer-verifiable benchmarks, the resulting model,
SU-01, nearly matches the strongest similar-size baseline,
Qwen3.6-35B-A3B, across AnswerBench, AMO-Bench,
AIME 2025/2026, and FrontierScience-Olympiad. On
proof-oriented evaluation, SU-01 reaches 57.6% on IMO-
ProofBench with direct generation and 70.2% with TTS,
substantially outperforming similar-size models and ap-
proaching competitive commercial systems such as Gem-
ini 3.1 Pro Thinking. Beyond solving competition prob-
lems, SU-01 obtains the best similar-size overall score on
FrontierScience-Research, suggesting that the recipe gener-
alizes scientific reasoning toward research-style problems
beyond olympiad benchmarks.

On official competitions, direct SU-01 exceeds the
2024/2025 TPhO gold lines and clears the IMO 2025 and
USAMO 2026 bronze lines. With TTS, it reaches 35 points
on both mathematical olympiads, meeting the IMO 2025
gold line and exceeding the USAMO 2026 gold line by 10
points, matching the highest reported USAMO 2026 human
total among 340 competitors. TTS traces show how this
emerges at inference time: SU-01 sustains reasoning beyond
100K tokens, conditions on drafts and error analyses, and
repeatedly verifies and repairs proofs. Overall, these results
suggest that compact post-trained backbones can acquire
stronger proof-search competence when training objectives
and inference-time verification are optimized around the
same process-level reasoning behaviors.

2. Instilling Rigorous Reasoning via SFT

The first stage of the SU-01 pipeline uses supervised fine-
tuning to reshape the model’s reasoning behavior. We
choose P1-30B-A3B (Chen et al., [2025) as the initial model
because it already shows competitive performance in sci-
entific reasoning, including both mathematics and physics.
Despite its strong results on verifiable tasks, we observe

that its solutions are not always organized around rigorous
proof-search patterns (Section [6.1). The purpose of SFT
is therefore to reshape its reasoning behavior toward more
explicit, disciplined, and proof-oriented long-form reason-
ing while preserving as much of its existing capability as
possible. The training details are presented in Section [C|

2.1. SFT Data Curation

We curate SFT prompts from a broad mixture of mathemati-
cal, scientific, instruction-following, and coding sources.
The mathematical subset includes problems from Evan
Chen’s olympiad materials, the Shuzhimi Forum, AoPS
(Art of Problem Solving), online mathematical competition
training books, and DeepMath problems with difficulty at
least 6 (He et al., [2025). For scientific reasoning, we in-
clude prompts from NaturalReasoning (Yuan et al., 2025).
To improve the generalization of the SFT model beyond
narrow olympiad-style mathematics, we also include chat
prompts from Nemotron-Instruction-Following-Chat-v1 and
coding prompts from Eurus-2-RL-Data (Cui et al.,|2025a)
and OpenCodeReasoning-2; the latter extends the Open-
CodeReasoning data-distillation line for competitive coding
(Ahmad et al., [2025). Source details are provided in Sec-
tion[d

Before generation, we first filter contaminated problems
from the prompt pool. For each remaining prompt, we use
DeepSeek-V3.2-Speciale (DeepSeek-AlL [2025a)) to gener-
ate high-quality long-form reasoning trajectories. We then
filter noisy generations and remove trajectories longer than
8,192 tokens. In addition to direct solution trajectories,
we further equip the model with self-verification and self-
refinement behaviors. For the mathematical subset, we ask
DeepSeek-V3.2-Speciale to generate verification traces for
the generated solutions, followed by refinement traces that
address issues identified during verification. Finally, we
obtain a filtered SFT mixture of 338K trajectories, as shown

in Figure 2]

2.2. Reverse-Perplexity Curriculum for SFT

Long-CoT SFT on a post-trained reasoning model is a del-
icate optimization problem. The model already contains a
strong instruction-following and reasoning policy, so SFT is
not simply adding a new capability to an empty backbone.
Rather, it is modifying an existing policy while trying to
preserve its original competence. If the supervised signal is
too narrow or the training is stopped too early, performance
can degrade substantially even when the model starts to
imitate more explicit long-form reasoning (Luo et al., 2025).
In our setting, recovery depends strongly on both training
duration and the length behavior of the resulting model (Ren
et al.| [2026)). For trajectories capped at 8,192 tokens, we
empirically find that four epochs are usually sufficient to
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Figure 1. Overview of the SU-01 training and inference pipeline. The recipe first reshapes the backbone with rigorous long-form SFT, then
scales the resulting behavior through coarse and refined RL, and finally applies test-time verification and refinement for olympiad-level

problem solving.
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Figure 2. Composition of the SFT data after filtering. Math, STEM,
Code, and IF form the direct-generation group; Self-Verify and
Self-Refine form the self-improvement group.

recover most of the model capability after the initial behav-
ioral shift, provided that the data mixture and learning rate
are well controlled.

To make long-CoT SFT more stable, we use a
reverse-perplexity training curriculum. Let D =
{(z4,v:)}Y, be the SFT set, where z; is the prompt
and ¥v; = (¥i1,-.-,¥,1;) is the teacher trajectory.
Given the initial policy my, we score each example
by its length-normalized perplexity, PPL(x;,y;) =

exp (—% Yoty log mo(yie | @i, yi,<t>)
senting examples in random order or in ascending perplex-
ity, we sort the data in descending perplexity and train from
high-PPL examples to low-PPL examples within each epoch.
This order repeatedly starts each pass from teacher trajecto-
ries that are most mismatched with the current policy, using
unfamiliar proof-search patterns for behavioral adaptation
before consolidating on more familiar examples. We discuss
the empirical effect of this ordering in Section[H.T}

Instead of pre-

3. Boosting Reasoning Capability with RL

Once the model has acquired a stronger long-form reason-
ing pattern, reinforcement learning provides the scalable
feedback mechanism for turning this pattern into stronger
expert behavior. We split this stage into two levels. Coarse
RL converts the SFT reasoning pattern into stronger answer-
seeking behavior under reliable, mostly verifiable reward
signals, improving search, coverage, and direct solving per-
formance on hard tasks. Refined RL then specializes the
policy toward complete, auditable proof construction, using
more fine-grained feedback to encourage proof rigor and
self-refinement. The training details are shown in Section[D]

3.1. RL Data Curation

RL training uses a separate prompt pool from SFT, curated
to support both answer-verifiable optimization and proof-
quality refinement. The physics subset is derived from
olympiad-level physics data associated with P1
[2025). The mathematical subset follows the same source
families as our SFT data, including AoPS, online competi-
tion training books, Evan Chen’s olympiad materials, and
the Shuzhimi Forum. We refer readers to §2.1]for source at-
tribution. We additionally include OPCﬂ a human-evaluated

corpus of advanced mathematical proofs (Dekoninck et al.)
2025)), to increase coverage of proof-oriented prompts.

We split the resulting RL pool into a verifiable set and a non-
verifiable set. The verifiable set contains prompts whose
final answers or structured outputs can be checked reliably,
while the non-verifiable set includes proof-oriented or open-
ended reasoning prompts that require softer judgment, e.g.,
generative reward. Before training, we first deduplicate and

'OPC dataset card: link.
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decontaminate the prompt pool. We then apply rejection
sampling to remove examples that are already too easy or too
hard for the current policy, and further filter noisy prompts
that are poorly formatted or otherwise unreliable. The final
RL pool contains 8,967 verifiable prompts and 16,287 non-
verifiable prompts.

3.2. Coarse RL

Coarse RL trains the SFT model on the 8,967 verifiable
prompts described above. We formulate this stage as rein-
forcement learning with verifiable rewards (RLVR; Lambert
et al.|[2024; |Guo et al.|2025), using Group Sequence Policy
Optimization (GSPO; [Zheng et al.|[2025). GSPO is bet-
ter aligned with outcome-reward training than token-level
GRPO because both reward assignment and policy clipping
operate at the complete-response level. For each prompt
g € Dyer (the verifiable prompt set), the rollout policy mg_,,
samples a group of K candidate solutions G, = {o;} X ;.
The verifier converts each final answer into a binary out-
come reward 7(g,0) = 1 if the extracted final answer is
verified as correct, and (g, 0) = 0 otherwise. The group-
relative advantage is computed from the within-prompt re-
ward baseline. We use the unnormalized form without group
standard-deviation normalization, A; = 7(q,0;) — pg,.
where g, = + Zfil r(g,0;). The key GSPO quantity
is the length-normalized sequence-level importance ratio
5i(0) = exp{ﬁ tho:‘l log —M(O(i’flq"oi’?t) }. The policy
0; T g1q (0t q,04,<t)
is updated with the clipped sequence-level surrogate

K
1 —~
Fesoo(0) =By [ 23 (013,
=1
()

clip(si(8),1 — e, 1 + e)ﬁi)

Following the routing-replay motivation in GSPO (Zheng
et al., [2025), we freeze the MoE router during RL so re-
played trajectories are evaluated under stable expert-routing
decisions, which reduces replay-induced instability.

3.3. Refined RL

After coarse RL has established strong search behavior,
refined RL shifts the optimization target from answer cor-
rectness to proof quality. The central issue is that many
olympiad solutions can reach a correct final answer while
still containing hidden gaps, unjustified transformations,
or incomplete case analysis. Refined RL therefore uses a
stronger process-level reward and adds two mechanisms:
self-refinement, which turns recent failures into repair tasks,
and experience replay, which preserves rare successful
proofs long enough for the policy to learn from them.

Generative proof reward. We use DeepSeeckMath-V2 as
a generative reward model for refined RL (DeepSeek-Al,
2025b), except for physics prompts. For every rollout from
both the verifiable and non-verifiable subsets, the reward
model reads the problem and the complete solution or proof,
then outputs a binary score rpro0t(g, 0) € {0, 1}. Unlike the
coarse verifier in §3.2] this score is not restricted to check-
ing whether the final answer matches a reference answer. It
evaluates whether the full reasoning path is mathematically
valid, sufficiently rigorous, and complete. This makes the
reward more aligned with the final goal of olympiad reason-
ing. The reward-model serving configuration is summarized
in Section [El

Self-refinement. Self-refinement exposes the policy to
the same repair pattern that we use at test time: propose
a solution, inspect it, locate gaps, and produce a corrected
proof. After each rollout, responses are grouped by query.
If a query group has average proof reward below a threshold
Tret = 0.5, failed responses from that group are converted
into refinement prompts. Each prompt contains the original
problem, the previous incorrect solution, and an instruc-
tion to critique the argument, fix proof errors, fill missing
justifications, and output a complete final solution. These
prompts are stored in a self-refinement buffer and mixed
into subsequent batches with target ratio 7, = 0.2. We
also do not recursively enqueue failed refinement attempts,
which avoids spending repeated updates on examples that
remain outside the current policy’s learnable region.

Experience replay. On difficult proof problems, the pol-
icy may occasionally discover a valid solution trajectory
even though it usually fails on the same query. Following
ExGRPO (Zhan et al.| [2025)), we keep a replay buffer £
keyed by query, but our implementation is simpler: it uses
the same GSPO-style update and does not apply the policy-
shaping transform introduced in ExGRPO. After each roll-
out, a query is admitted to the replay buffer only when it is
hard but solvable, operationalized as 0 < n(¢) < 2, where
n4(q) is the number of successful trajectories in the current
group. In answer-only RLVR, such a unique success can be
a lucky hit: a trajectory may end with the correct final an-
swer while still containing brittle or invalid reasoning (Zhan
et al.; |2025). In our refined RL setting, however, success
is assigned by the DeepSeekMath-V2 proof reward, which
inspects the full solution rather than only the final answer.
This does not eliminate reward-model noise, but it makes a
rare successful rollout substantially more likely to encode
a reusable proof pattern and therefore a safer replay target.
Stored trajectories are deduplicated, and a query is retired
once fresh on-policy rollouts solve it often enough, with
threshold ny (q) > 4.

Replay is mixed with fresh proof-reward training rather than
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Table 1. Performance on answer-verifiable reasoning tasks. Results for AnswerBench, AMO-Bench, AIME 25/26, and FrontierScience-
Olympiad are averaged over 4, 8, 8, and 4 runs, respectively. FrontierScience-Olympiad abbreviates the Olympiad subset of FrontierScience.
Avg. is the mean of AnswerBench, AMO-Bench, AIME 2025, AIME 2026, and FrontierScience-Olympiad. Within each comparison

block, bold marks the best score and underline marks the second best.

FrontierScience-Olympiad

Model AnswerBench AMO-Bench AIME 25/26 Avg.
Physics Chemistry Biology Overall
P1-30B-A3B 69.3% 41.3% 90.4% / 89.6% 57.5% 57.5% 27.5% 54.5%  69.0%
GLM-4.7-Flash 73.8% 53.8% 91.3% / 88.3% 54.5% 60.0% 17.5% 53.0%  72.0%
Nemotron-Cascade-2 80.5% 40.8% 94.2% / 90.0% 56.0% 56.3% 30.0% 53.5%  71.8%
Qwen3.6-35B-A3B 78.0% 58.8% 92.5% 1 92.9% 65.5% 74.4% 25.0% 65.0% 77.4%
Gemma-4-31B 74.0% 39.3% 88.8%/91.3%  69.0% 61.9% 17.5% 61.0%  70.9%
SU-01 77.5% 59.8% 94.6% /93.3%  62.5% 69.4% 25.0% 61.5% 77.3%

run as a separate mode. A replay rollout injects one stored
successful trajectory for the selected query, and the replay
ratio is controlled by p = 0.25 over the non-refinement
portion of the batch. When multiple successful trajectories
are stored for a query, we select the lowest-entropy one,
0* = argmin,eg(q) H(0; ), using rollout-side top-k log
probabilities as an efficient entropy estimate (Zhan et al.,
2025)). The resulting refined objective is

Fectined (0) = (1 = ) gy, | Ts00(0: 93 0, 70,1,) |

+ PEs,,, [Jaspola's (0"} UGyi0,7ma,,) .
@

where g, = 7y, for the replayed trajectory and mq,,, =
mp,,, for fresh rollouts. This replay design is targeted rather
than exhaustive: it stores rare valid proofs, prefers the most
stable stored trajectory, replays it at a controlled ratio, and
removes it once the current policy can reliably reproduce
the behavior on-policy.

4. Achieving Gold-Medal-Level Reasoning via
Test-time Scaling

Even with a strong reasoning policy, the hardest problems
often require substantial search and revision at inference
time. IMO-style tasks demand complete and rigorous proofs,
and a solution with the right final conclusion can still fail if
it contains a hidden gap or a logical fallacy. Recent work on
IMO 2025 makes this point explicit: strong frontier mod-
els already contain significant mathematical capability, but
their single-pass outputs and even best-of-many selection
can remain far below the level obtained by a structured
verification-and-refinement pipeline (Huang & Yang} 2025).

The need for test-time scaling is also tied to reasoning bud-
get. A single generation has a finite context and thinking
budget, while an olympiad proof may require several rounds
of exploration, lemma checking, counterexample search,
and exposition repair. A model can spend most of its budget
discovering a promising approach and still fail to fully close

the proof. Breaking inference into repeated solve—verify—
refine stages effectively allocates additional computation
to the same problem while keeping each step focused and
auditable.

Our TTS procedure follows the verification-and-refinement
paradigm of Huang & Yang| (2025) as a self-verification and
refinement loop. The model first produces an initial solution
under a solver prompt that prioritizes proof rigor It then
enters refinement, where it revisits the draft, repairs weak
steps, and tries to turn a promising argument into a com-
plete proof. The refined candidate is next checked through a
verification prompt: the model inspects the full solution and
writes a structured bug report, identifying issues such as crit-
ical errors, unjustified claims, or missing cases. A verdict
step interprets this report and decides whether the candi-
date should be accepted, rejected, or sent back for another
refinement round. This loop is repeated until the solution
consistently passes self-verification or the refinement budget
is exhausted. Multiple independent runs can be executed in
parallel or serial, and accepted candidates are selected only
after the proof is stable under repeated verification. The
corresponding inference setting is summarized in Section [E]

5. Experimental Results

We organize evaluation into three benchmark families. The
first family contains answer-verifiable reasoning tasks,
where correctness can be checked by a final answer or
a high-confidence automatic verifier. It includes AMO-
Bench (An et al.,[2025), AIME 2025 and AIME 2026, An-
swerBench from the IMO-Bench evaluation suite (Luong
et al.| [2025), and FrontierScience-Olympiad, the Olympiad
subset of FrontierScience (Wang et al., 2026)). These bench-
marks mainly test whether the model can produce correct
final answers under single-pass or fixed-budget inference.
The second family contains non-verifiable or proof-oriented
tasks. We include ProofBench from IMO-Bench (Luong
et al.l [2025)), which emphasizes proof quality rather than
only final-answer matching, and FrontierScience-Research,
the research subset of FrontierScience (Wang et al., |2026)).
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Table 2. Performance on non-verifiable benchmarks. FrontierScience-Research refers to the research subset of FrontierScience.

SU-01, z/y reports scores without and with TTS on ProofBench.

For

IMO-ProofBench

FrontierScience-Research

Model

Basic Advanced Overall Physics Chemistry Biology Overall
Larger models
Gemini 3.1 Pro Thinking 95.2% 50.0% 72.6% 0.0% 30.0% 10.0% 13.3%
GPT-5.5-High 96.7 % 64.8 % 80.7% 25.0% 40.0% 45.0% 36.7%
DeepSeek-V3.2-Speciale 77.6% 34.3% 56.0% 10.0% 20.0% 15.0% 15.0%
Similar-size models
P1-30B-A3B 33.8% 6.2% 20.0% 0.0% 10.0% 0.0% 3.3%
GLM-4.7-Flash 51.0% 16.7% 33.8% 0.0% 0.0% 0.0% 0.0%
Nemotron-Cascade-2 77.1% 28.6% 52.9% 5.0% 5.0% 20.0% 10.0%
Qwen3.6-35B-A3B 39.1% 7.1% 23.1% 0.0% 5.0% 10.0% 5.0%
Gemma-4-31B 46.7% 16.2% 31.4% 0.0% 10.0% 5.0% 5.0%
SU-01 771%/91.0% 38.1%/49.5% 57.6%/70.2%  10.0% 10.0% 15.0% 11.7%

These tasks are used to probe whether training improves
rigorous reasoning and scientific problem solving beyond
answer-checkable settings. The third family contains offi-
cial olympiad competition problems, including IMO 2025,
USAMO 2026, and IPhO (2024, 2025). Detailed grading
and verifier settings are summarized in Section

5.1. Verifiable Problems

As shown in Table[T] SU-01 reaches a 77.3% average score
across AnswerBench, AMO-Bench, AIME 2025, AIME
2026, and FrontierScience-Olympiad, nearly matching the
strongest similar-size baseline, Qwen3.6-35B-A3B (77.4%).
Importantly, SU-01 achieves this level of performance with
a simpler unified post-training recipe and substantially lower
training cost, highlighting the efficiency of our approach.
The mathematical benchmarks show where this improve-
ment is most pronounced. SU-01 achieves the best similar-
size results on AMO-Bench (59.8%) and AIME 2025/2026
(94.6%/93.3%). On AnswerBench, SU-01 remains com-
petitive at 77.5%, close to Qwen3.6-35B-A3B (78.0%) and
behind only Nemotron-Cascade-2 (80.5%). FrontierScience-
Olympiad tests whether this behavior transfers beyond pure
mathematics. Although the RL stages use only math and
physics signals, SU-01 reaches 61.5% overall and shows
strong transfer to untrained STEM domains, including
69.4% on Chemistry and 25.0% on Biology. This cross-
domain transfer suggests that the recipe improves reusable
reasoning processes rather than merely fitting the reward
domains used during RL.

5.2. Non-verifiable Problems

Non-verifiable benchmarks test whether the training recipe
improves the quality of full reasoning traces, rather than
only optimizing final-answer rewards. On IMO-ProofBench,
Table 2] shows that SU-01 reaches 57.6% overall in direct
generation, already the strongest result among similar-size

Table 3. Performance on physics olympiad problems, averaged
over 8 runs. Gold lines for IPhO 2024/2025 are 20.8/19.7 points.
For SU-01, x /y reports scores without and with test-time scaling.

Model IPhO 2024 IPhO 2025
Larger models
Gemini 3.1 Pro Thinking 259 25.1
GPT-5.5-High 25.8 23.2
DeepSeek-V3.2-Speciale 25.1 21.9
Similar-size models
P1-30B-A3B 23.1 17.7
GLM-4.7-Flash 222 19.5
Nemotron-Cascade-2 21.2 16.7
Qwen3.6-35B-A3B 24.3 19.9
Gemma-4-31B 244 20.3
SU-01 23.5/25.3 20.3/21.7

models. Test-time scaling further raises the score to 70.2%,
including 91.0% on the basic split and 49.5% on the ad-
vanced split, bringing a 30B-A3B model close to much
larger frontier systems such as Gemini 3.1 Pro. This im-
provement indicates that self-verification and refinement are
especially useful when correctness depends on the complete
proof, not merely on producing the right final answer.

FrontierScience-Research is a substantially harder research-
oriented subset of FrontierScience, covering physics, chem-
istry, and biology problems that require scientific modeling
and multi-step reasoning beyond standard contest formats.
Absolute scores remain low even for frontier systems, but
SU-01 obtains the best similar-size overall score at 11.7%.
It also leads the similar-size block on Physics, ties for the
best Chemistry score, and ranks second on Biology, despite
our RL stages using only mathematics and physics signals.
This cross-domain pattern suggests that the recipe strength-
ens processes shared across scientific reasoning tasks, rather
than only fitting the training domains.
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Table 4. Performance on mathematical olympiad competition
problems. Medal lines for IMO 2025 are 35/28/19 points, and
medal lines for USAMO 2026 are 25/18/11 points. * indicates
that TTS results are evaluated by human experts, while direct
generation results are evaluated automatically (Section[G).

IMO 2025
Model PI P2 P3 P4 P5 P6 Total
SU-01 1 7 1 6 6 0 21
SU-01w/TTS 7 7 7 7 7 0 359
USAMO 2026
Model Pl P2 P3 P4 P5 P6 Total
SU-01 7 0 0 7 0 1 15
SU-01w/TTS 7 0o 7 7 7 7 35

5.3. Olympiad Competition Problems

Even without TTS, SU-01 averages 23.5 points on IPhO
2024 and 20.3 points on IPhO 2025, exceeding the corre-
sponding gold lines of 20.8 and 19.7 points, as shown in
Table Bl TTS further raises the scores to 25.3 and 21.7
points, making SU-01 the strongest similar-size model in
both years among models with available scores.

Table (] reports the final competition-style mathematics re-
sults. In direct generation, SU-01 reaches 21 points on IMO
2025 and 15 points on USAMO 2026, already clearing the
bronze-medal lines for both competitions. The direct model
obtains full credit on IMO 2025 P2 and USAMO 2026
P1/P4, near-complete solutions on IMO 2025 P4/P5, and
still fails several harder problems in a single pass. This indi-
cates that the base model has acquired substantial olympiad
reasoning ability, but still benefits from additional search
and self-correction on the most brittle proof attempts.

With test-time scaling, SU-01 reaches 35 points on both
IMO 2025 and USAMO 2026, meeting the IMO gold line
exactly and exceeding the USAMO gold line by 10 points.
TTS upgrades five IMO 2025 problems to full credit while
P6 remains unsolved, and recovers full-credit solutions on
five of six USAMO 2026 problems while P2 remains un-
resolved. The USAMO 2026 score summary reports 340
competitors, a median score of 6, a top-12 cutoff of 26,
and a maximum score of 35; source details are provided in
Section[G] SU-01 therefore matches the highest reported
human total on this contest, while still exposing a concrete
failure mode on P2. This result suggests that our overall
recipe can elicit top-level human-like olympiad reasoning
from a compact 30B-A3B model.

Case study. We include the corresponding model-
generated solutions and expert verdicts in Section [} The
model’s main strength is translating olympiad problems
into formal frameworks: coordinates or complex numbers

wAw ProofBench-Basic waw ProofBench-Advanced

AnswerBench

100

A

801 a _AA’
/(5.7 77.1

60 A A 49.5

57.6 38.1 A
404 A/
o 257
338 148 A
201 A/
6.2
A/

0~ T
P1-30B-A3B  SFT

Score
h
\|

SFT + SUOL  SU-01
Coarse RL w/ TTS

Training Stage

Figure 3. Progressive reasoning performance across stages.

for geometry, modular classifications for number theory,
recurrences for functional equations, and automata-based
dynamic programming for digit problems. A particularly
striking example is USAMO 2026 P3: rather than fol-
lowing the standard synthetic geometry route, the model
elegantly uses complex numbers to unify the unit circle,
equilateral-triangle rotations, chord relations, and tangent
conditions within a single algebraic framework. This yields
an ingenious analytic reformulation of a configuration that
olympiad solvers would typically approach through angle
chasing and carefully chosen auxiliary constructions. Other
strong examples include the carry-state dynamic program-
ming approach for USAMO P4 and the number-theoretic
proof using totients, congruences, Vieta jumping, and Fi-
bonacci structure in USAMO P6. However, the failures
show a clear limitation: the model can miss subtle structural
constraints, as in the invalid column-permutation reduction
in IMO P6, or leave gaps in delicate global strategy argu-
ments, as in USAMO P2.

6. Analysis and Discussion
6.1. Progressive Rigorous Reasoning

Figure [3]separates two kinds of reasoning progress. Answer-
Bench measures whether the model can recover a correct
final answer under verifiable evaluation, whereas Proof-
Bench grades the total solution and therefore exposes gaps
in rigor, justification, and proof completion. The starting
P1-30B-A3B model is already strong on AnswerBench, but
its ProofBench scores are much lower, especially on the
Advanced split, indicating that answer-seeking ability alone
does not imply olympiad-style proof reliability.

The staged trend matches the intended role of each method
component. SFT lowers AnswerBench from 69.2 to
59.8, but raises ProofBench-Basic from 33.8 to 57.6 and
ProofBench-Advanced from 6.2 to 14.8. This is consis-
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Figure 4. Generation-length distribution of actions in the TTS
pipeline on USAMO 2026.

tent with behavior shaping: the model is moved away from
short answer recovery and toward longer proof-search, self-
checking, and refinement patterns. Coarse RL then uses
verifiable rewards to recover and improve direct solving
ability, lifting AnswerBench to 77.2 while also improving
ProofBench-Basic to 76.7 and ProofBench-Advanced to
25.2. This suggests that RLVR scales the rigorous reasoning
behavior introduced by SFT into stronger problem-solving
capability.

The final SU-01 model keeps AnswerBench essentially sat-
urated at 77.5 and ProofBench-Basic nearly unchanged at
77.1, but improves ProofBench-Advanced from 25.2 to 38.1.
The gain is therefore concentrated on harder non-verifiable
proof problems, matching the role of Refined RL: proof-
level generative rewards provide supervision beyond final-
answer correctness, self-refinement prompts train the model
to critique and repair its own solutions, and experience
replay keeps rare successful hard-problem trajectories avail-
able long enough for the policy to learn more robust proof
construction. Test-time scaling then further lifts the proof-
oriented evaluation, reaching 91.0 on ProofBench-Basic and
49.5 on ProofBench-Advanced, showing that the trained
self-verification and refinement behavior remains useful
when additional inference compute is spent on checking and
repairing candidate proofs.

6.2. Characterizing Inference Scaling

We further inspect the TTS traces from USAMO 2026 to
understand where inference compute is spent during diffi-
cult proof search. The key distinction is not only between
short and long responses, but between qualitatively different
reasoning contexts: initial generation starts from the prob-
lem statement, whereas refinement must condition on an
existing solution together with verifier feedback or a bug
report and then produce a revised proof.

Figure ] shows a clear allocation of computation across
TTS actions. Initial solution generation is the longest stage,
with a median length of 106K tokens, reflecting broad proof
search and candidate construction. Refinement remains
length-intensive, with a median of 83K tokens and a heavier
upper tail, consistent with substantial proof repair. Verifica-

tion is shorter but still substantive, with a median of 28.7K
tokens, reflecting its role in auditing complete arguments for
hidden gaps. Verdict parsing is lightweight, with a median
of only 404 tokens.

The long refinement traces indicate that the model can
reason over complicated conditioning contexts rather than
merely produce long first-pass solutions: given a candidate
proof and a structured critique, it often sustains another long
reasoning trajectory to localize the flaw, preserve useful
parts of the argument, and synthesize a corrected proof. The
pattern therefore suggests that the training recipe enables
the 30B model to generalize beyond direct solution genera-
tion, sustaining complex reasoning beyond 100K tokens and
repeatedly verifying and refining its own solutions toward
stronger candidates.

7. Related Work

Post-training for Large Reasoning Models. Post-
training is now central to converting pretrained language
models into reliable reasoning systems. Prior work spans
self-improvement (Zelikman et al., 2022), open instruc-
tion/preference/RL recipes (Lambert et al., [2024), math-
specific data and RLVR-style optimization (Shao et al.,
2024;|Yang et al.| |2024;|Guo et al.l |2025; Kimi Team), [2025),
and techniques for stabilizing or reusing reward signal, in-
cluding off-policy guidance, experience replay, entropy anal-
ysis, and sequence-level MoE optimization (Yan et al.,|[2025]
Zhan et al., |2025} (Cui et al.,|2025b; Jiang et al., [2025; Hu
et al., [2026; Zheng et al.| [2025). Recent technical reports
further emphasize agentic post-training, long-context execu-
tion, and tool-oriented RL (MiniMax Al, [2026; Moonshot
AlL[2026} [Z.AL [2026D).

Toward Olympiad-Level Reasoning. Olympiad reason-
ing pushes beyond benchmark math accuracy because
solutions must be complete and rigorous. One line of
work addresses this challenge with specialized symbolic or
neuro-symbolic systems (Trinh et al.| 2024} |Google Deep
Mind, 2024). More recent frontier systems have moved
toward broader natural-language reasoning and test-time
search, including Gemini Deep Think’s gold-medal-level
IMO result (Google DeepMind, |2025)). In parallel, model-
agnostic verification-and-refinement pipelines can substan-
tially improve proof quality (Huang & Yang, [2025)), and
DeepSeekMath-V2 studies self-verifiable mathematical rea-
soning as a training and inference target (DeepSeek-Al,
2025b)). Nemotron-Cascade 2 provides another recent exam-
ple of a compact MoE reasoning model approaching frontier
mathematical (Yang et al.,2026)). Our contribution is a sim-
ple and unified recipe that enables a 30B-A3B model to
develop olympiad-level reasoning capability.
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8. Conclusion

This report presents SU-01, a compact 30B-A3B reason-
ing model trained with a simple recipe: reverse-perplexity
curriculum SFT, coarse RL with verifiable rewards, refined
RL with proof-level feedback, self-refinement, experience
replay, and test-time verification and repair. The resulting
model reaches gold-medal-level performance on mathemati-
cal and physical olympiad competitions, sustains inference
trajectories beyond 100K tokens, and transfers to scien-
tific domains beyond the main math and physics training
signals. These results point to a process-level account of
compact-model reasoning: when supervision, verifiable re-
wards, proof-level feedback, and inference-time verification
are aligned around the same proof-search behaviors, a com-
pact backbone can achieve substantial gains in rigorous
reasoning while preserving generalization across domains.
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A. Implementation and Evaluation Details

This appendix collects the implementation details needed to interpret and reproduce the reported training, inference, reward-
model serving, and evaluation procedures. We summarize the effective modeling, optimization, decoding, serving, and
grading settings extracted from the corresponding launch scripts and evaluation protocols, while omitting infrastructure-only
commands that do not affect the training objective, data semantics, inference behavior, reward definition, or evaluation
criteria.

B. Problem-Solving Prompt

Unless otherwise specified, all RL training and inference stages use the following fixed problem-solving prompt for SU-01:

Problem-Solving Prompt

Please solve the following olympiad problem. Show your complete reasoning and proof.
1. Please use LaTeX format to represent the variables and formulas used in the
solution process and results.
2. If the problem asks you to find specific values, please put the final answer(s) in
\boxed{}.
3. If the problem requires a proof, present a clear and rigorous argument.
- J

C. SFT Training Details

The SFT stage is implemented with slime (THUDM, [2026), trained on 8 GPUs, initializes from P1-30B, and optimizes
the reverse-perplexity-ordered mixture described in Section 2.1} rollout shuffling is disabled so that the curriculum order
is preserved throughout training. We train for four epochs with batch size 128, using Adam with learning rate 1 x 10~°,
cosine decay to a minimum learning rate of 1 x 10~%, warmup fraction 0.1, weight decay 0.1, and momentum parameters
B1 = 0.9 and B2 = 0.95. This configuration treats SFT as a controlled behavioral adaptation step: the objective is not
to maximize benchmark performance directly, but to expose the post-trained backbone to a stable sequence of rigorous
long-form trajectories while preserving as much of its existing mathematical and scientific competence as possible.

SFT source details. The SFT source mixture uses Evan Chen’s olympiad materials (https://web.evanchen.cc/),
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Shuzhimi Forum, an online Chinese mathematical problem-solving community, AoPS (Art of Problem Solving;
https://artofproblemsolving.com/), and publicly available online mathematical competition training
books. For general instruction following and coding, we use the Nemotron-Instruction-Following-Chat-v1 dataset card
(https://huggingface.co/datasets/nvidia/Nemotron—-Instruction-Following—Chat-v1l)

and the OpenCodeReasoning-2  dataset card (https://huggingface.co/datasets/nvidia/
OpenCodeReasoning-—2).

D. RL Training Details

The RL stage is implemented with slime (THUDM, 2026), trained on 64 GPUs, continues from the SFT checkpoint, and
trains with a GSPO objective over a balanced mixture of verifiable prompts, proof-reward prompts, self-refinement prompts,
and replayed experience. In total, the model is trained for 200 RL steps, consisting of 96 coarse-RL steps followed by
104 refined-RL steps. Each rollout uses prompt batch size 128, 8 samples per prompt, maximum response length 160k
tokens, temperature 1.0, and 4 policy-update steps per rollout. The data pipeline applies dynamic sampling with a non-zero
standard-deviation reward requirement, partial rollout, and oversampling batch size 160; the oversampling and partial-rollout
mechanism increases the candidate prompt pool under filtering while recycling completed partial generations, and replay
filtering prevents repeatedly training on queries that have become too easy for the current policy. The policy objective
uses the GSPO advantage estimator with KL coefficient 0, entropy coefficient 0, symmetric clip range 10~3, and trajectory
importance sampling enabled.

The self-refinement mechanism uses a refinement prompt template that includes the original problem and the previous failed
answer. The self-refinement ratio is set to 20%, which denotes the fraction of training queries sampled from refinement
data, and the group reward threshold selects failed or partially failed rollout groups with an average reward below 0.5
for refinement. Experience replay largely follows the ExGRPO setting without reward shaping and is re-implemented in
the s1ime training framework. We use an experience admission threshold of online rollout correctness below 25%, one
replayed trajectory per replay query, and entropy-based selection estimated from SGLang top-16 log probabilities. A query
is admitted to the experience pool if only one sampled rollout succeeds, making the successful trajectory a hard positive
example. Experiences are retired once online rollout correctness reaches 50%, indicating improved model performance on
the corresponding query. Optimization is performed using Adam with a constant learning rate of 1 x 10~5, weight decay of
0.1, and momentum parameters $; = 0.9 and 55 = 0.98.

E. Inference and Reward-Model Serving Details

For test-time scaling, inference is served with SGLang (SGLang Team, 2026) by default; the Nemotron-Cascade-2 and
DeepSeek-V3.2-Speciale models are served with vVLLM (vLLM Team, [2026)) I We follow the same model-agnostic
verification-and-refinement setting as[Huang & Yang| (2025)).

Concretely, inference is organized as an iterative solve—verify—refine procedure: the solver first produces a candidate
proof, the candidate is inspected by a verifier that returns a structured critique or bug report, and the solver then revises
the proof conditioned on this feedback until the candidate is accepted or the refinement budget is exhausted. Unless
otherwise specified, each generation uses a maximum length of 160,000 tokens, temperature 1.0, and top-p 0.95. We use the
following exceptions for model- or benchmark-specific constraints. For Nemotron model, we set top-p to 1.0. The maximum
generation length is set to 131K tokens for AIME25/26, AMOBench, IPhO, and FrontierScience-Olympic, and to 256K
tokens for IMO-AnswerBench, IMO-ProofBench, and FrontierScience-Research subset. For API-limited models, we set
the maximum decoding completion length to the largest value allowed by the API request constraints: 128,000 tokens for
GPT-5.5 API and 65,535 tokens for Gemini 3.1-Pro.

The TTS loop uses explicit stopping rules following the verification-and-refinement protocol. Within a single run,
MAX_VERIFICATION_TRUE_ROUNDS=5 means that a candidate is accepted once it passes verification for five con-
secutive rounds, while MAX_VERIFICATION_FALSE_ROUNDS=10 terminates the run early after ten consecutive failed
verification rounds. Each run allows at most MAX_EXPLORATION_ROUNDS=30 solve—verify-refine cycles, corresponding
to the repeated exploration and correction loop in the TTS pipeline. For each problem, we set MAX_RUNS=10, so at most
ten independent runs are launched. This setting is intentionally aligned with the self-refinement behavior used during refined
RL, so the model is evaluated under the same type of proof-repair workflow that it sees during training.

“Nemotron-Cascade-2:vLLM-0.17 2rc1.dev148+g47b7af0d8.cul28 ; DeepSeek-V3.2-Speciale: vLLM-v0.20-CUDA12.9.
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For proof-reward evaluation during refined RL, the DeepSeekMath-V2 reward server is deployed on 32 GPUs with maximum
context length 32k and data-parallel degree 64. Speculative decoding is enabled during server-side inference using an
MTP-based configuration. We adopt a 3-step speculative decoding scheme with a single top-ranked EAGLE draft candidate
and 4 draft tokens per step. This setting improves verifier efficiency while maintaining the evaluation correctness required
by the refined-RL training.

F. Compared Models

The comparison tables use a mixture of public technical reports, official model cards, and official benchmark reports. For
the answer-verifiable comparisons in Table[I] the larger-model group contains DeepSeek-V3.2 (DeepSeek-All 2025a),
GPT-5.5 (OpenAl, 2026), and Gemini 3.1 Pro Thinking (Google DeepMind, 2026). The similar-size group contains
GLM-4.7-Flash (Z.All [2026a), Nemotron-Cascade-2-30B-A3B (Yang et al., 2026), Qwen3.6-35B-A3B (Qwen, [2026),
and Gemma-4-31B (Googlel [2026)), together with our SU-01. These same active comparison families are reused in the
non-verifiable benchmark table in Table 2] with missing benchmark entries marked by —. GPT-5.5-High is treated as the
high-reasoning variant of GPT-5.5, Gemini 3.1 Pro Thinking is drawn from the Gemini 3.1 Pro family, and DeepSeek V3.2
uses the same DeepSeek-V3.2 source as above. When no paper-style technical report is available, we cite the corresponding
official model card, repository, or product page.

G. Evaluation Details

For answer-verifiable tasks, we use a layered automatic grading pipeline. We first apply rule-based verification, including
canonicalized answer matching and symbolic or expression-level checks with Math—Verinyl If a response is not resolved by
these checks, we send it to gpt-oss-120b for generative verification (OpenAl, 2025)). For FrontierScience-O, we use the
same verifiable grading pipeline, but adopt the dedicated prompt described in the original FrontierScience paper (Wang
et al.l [2026).

For non-verifiable and proof-oriented tasks, we follow each benchmark’s official evaluation protocol. ProofBench is
evaluated following the IMO-Bench framework (Luong et al., [2025)): solutions are graded with the four-level score set
{0, 1,6, 7}, and we use Gemini-2.5-Pro as the grading model to align with the official reported setting. FrontierScience-R is
evaluated with the official FrontierScience procedure using GPT-5-high as the judge (Wang et al.| [2026).

For IPhO, we follow the evaluation paradigms used in P1 and P1-VL (Chen et al.,|2025; |Luo et al.,|2026), which combine
physics-specific grading prompts with competition-style scoring criteria. For IMO and USAMO, we construct a ProofBench-
style automatic grading framework from annotated reference solutions and grading guidelines prepared by expert annotators
who have won gold medals in mathematical olympiads, such as IMO or CMO. For the final verdict, three gold-medal experts
independently assign scores from {0, 1, 6, 7}, and we report the worst of the three scores as a conservative final score.

The official benchmark source pages used in the main text are: AIME,
https://maa.org/math-competitions/aime; IMO archive,
https://www.imo-official.org/; USAMO, https://maa.orqg/
math—-competitions/usamo; IPhO, https://www.ipho—new.org/.
The USAMO 2026 score-summary statistics are from |[https://web.
evanchen.cc/exams/posted-usamo—statistics.pdfl

M P1-30B B Random
M PPL asc. PPL desc.

69.3

H. Additional Analysis

Score

H.1. Reverse-Perplexity Ordering

We compare the effect of different SFT data orderings on validation performance,
as shown in Figure[5] The results come from validation experiments whose SFT
training data differ from the final training mixture used for SU-01. Data ordering AnswerBench
has a large effect on both score recovery and generation stability. Random ordering Figure 5. Validation results for SFT data
substantially under-recovers the P1-30B baseline, reaching 39.5 on AnswerBench ordering.

and 31.0 on AMO-Bench, with truncation rates of 7.3% and 8.0%, respectively.

AMO-Bench

3Math-Verify repository: https://github.com/huggingface/Math-Verify,
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Descending-PPL ordering recovers much more of the original capability, reaching

55.8 on AnswerBench and 40.0 on AMO-Bench, while reducing truncation to

0.3% and 0.0%. The low-PPL-first setting is the weakest curriculum, degrading to 24.3 on AnswerBench and 15.0 on
AMO-Bench. These results suggest that descending-PPL ordering helps preserve the capability of the post-trained model
while reshaping its reasoning behavior, and also prevents training from falling into a superficial long-generation regime with
high truncation rates.

H.2. Cost Analysis

SU-01 uses a compact and transparent post-training setup. Starting from a 30B-A3B backbone, we train on 338K SFT
trajectories shorter than 8K tokens for four epochs with batch size 128. The RL stage uses 25K prompts for 200 steps,
with batch size 128, 8 rollouts per prompt, and a 160K-token maximum response length. For reference, DeepSeek-
V3.2 (DeepSeek-All 2025a) reports continued pre-training with 1,000 indexer warm-up steps over 2.1B tokens and 15,000
sparse-training steps over 943.7B tokens, followed by post-training with specialist distillation and mixed RL over thousands
of continued-RL steps; its high-compute Speciale variant further trains on reasoning data with DeepSeekMath-V2-style
proof rewards. Nemotron-Cascade 2 (Yang et al., [2026), a same-size 30B-A3B reference model, reports a substantially
broader SFT mixture. Summing the disclosed category counts gives roughly 26.6M SFT samples across math, proof,
code, science, long-context, chat, instruction-following, tool-use, and software-engineering data, trained with packed
256K-token sequences for 33K steps. Its post-training then continues with a multi-stage Cascade RL pipeline covering
IF-RL, multi-domain RL, on-policy distillation, RLHF, long-context RL, CodeRL, and SWE RL. These comparisons
highlight the main design point of SU-01: a simple and unified recipe can elicit strong olympiad-level reasoning from
a compact 30B-A3B model by aligning behavioral supervision, verifiable rewards, proof-level feedback, and test-time
verification.
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1. Model Solutions for IMO 2025 and USAMO 2026

This section lists the model-generated solutions used for the human-expert scoring reported in Table[d] Each solution is
followed by its final expert verdict. For USAMO 2026 Problem 2, we show only an excerpt because the original response is
substantially longer than the other solutions.

I.1. IMO 2025
IMO 2025 Problem 1.

IMO 2025 Problem 1

A line in the plane is called sunny if it is not parallel to any of the x-axis, the y-axis, or the line x + y = 0.
Let n > 3 be a given integer. Determine all nonnegative integers k such that there exist n distinct lines in the plane satisfying both
of the following:

« for all positive integers a and b with a + b < n + 1, the point (a, b) lies on at least one of the lines; and

* exactly k of the n lines are sunny.

- J

Solution

I Remark. 7/7.
Definition. For an integer n > 3 let

Pn:{(a,b)eNz\aZL b>1,a+b<n+1}
We are asked for which nonnegative integers k there exist n distinct lines in the plane such that
> every point of P, lies on at least one of the lines, and
> exactly k of the lines are sunny (i.e. not parallel to the z-axis, the y-axis, or the line z 4+ y = 0).
We will prove that for every n > 3 the only possible values of k are 0, 1, 3.

1. Constructions for £k = 0,1, 3

We give explicit families of n distinct lines that satisfy the two conditions.
k=0

Take the n horizontal lines

y=1,y=2, ..., y=n.
Each point (a, b) € P, lies on the line y = b. No line is sunny (all are parallel to the z-axis). Hence k& = 0 is attainable.
k=1
Take the n — 1 horizontal lines
y=1,y=2,...,y=n—1.

These cover all points with b < n — 1. The only point not covered is (1, n) (since a +n < n + 1 forces a = 1). Add one extra line, for
instance

L:y=z+(n-1).
L has slope 1, so it is sunny. It passes through (1, n). The total number of lines is (n — 1) + 1 = n, and exactly one line is sunny. Thus
k = 1 is attainable.

k=3
If n = 3:Use the three sunny lines

Li:y==xa,

Ly:y=—2x+05,

Ls:y= —%x + %
Check: L, contains (1,1) and (2, 2); L2 contains (1, 3) and (2, 1); L3 contains (1,2) and (3, 1). The six points of Ps are all covered.
All three lines are sunny, so k = 3.
If n > 3:First take the n — 3 horizontal lines
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y=1,y=2,...,y=n—3.
These cover all points with b < n — 3. The remaining points are those with b = n — 2, n — 1, n; there are exactly 3 + 2 4+ 1 = 6 such
points. Translate the situation by (0, —(n — 3)): the map

(z,y) — (z,y—(n—3))
sends these six points bijectively onto the set Ps (because a +b < n + 1 becomesa + (' + (n—3)) <n+1 < a+b < 4).
Therefore, if we take the three sunny lines that cover P in the translated coordinates and then translate them back, we obtain three sunny
lines in the original plane:

Si:y=z+ (n—3),
Soiy= -2+ (n+2),

Ss:y= —%a:—i— 2”2_1.
Together with the n — 3 horizontal lines we have n distinct lines, exactly three of which are sunny. Hence k£ = 3 is attainable for every

n > 3.

2. Upper bound on points per sunny line

1
Lemma 1. For any sunny line L, we have |[L N P, | < \‘n ;— J .

Proof. If L contains no integer point, then obviously |[L N P,| < 1 < |(n+ 1)/2] (since n > 3). So assume L contains at least one
integer point. Since L is sunny, it is not vertical, so we can write its equation as y = mx + d.
> If m is irrational, then L can contain at most one integer point (two integer points would give a rational slope). Hence the bound holds.

Thus we may assume m is rational.
Write m = p/q in lowest terms, ¢ > 0, gcd(p, ¢) = 1. Choose an integer point (zo, yo) on L. Then all integer points on L are

(z,y) = (vo +aqt, yo +pt), tEL
Let the set of ¢ for which the point lies in P,, be a consecutive integer interval tmin, - - . , tmax; let N be the number of such ¢. Then
tmax — tmin = N -1
For any such point we have the constraints

1 <z <n, 1<y<mn, 2<z+y<n+1.
In particular,

q(N_]-):‘xmax_xmin‘ Sn_la (A)
‘p‘ (N - 1) = ‘ymax - ymin| <n-1, (B)
P+l (N =1) = (2 + Y)max = (£ + Ymin| <2 = 1. ()
Set M = max{q, |p|, |p + ¢|}. Then (A)-(C) give

No1<=l

Now, because L is sunny, we have p # 0 (otherwise horizontal) and p + ¢ # 0 (otherwise slope —1). We claim that M > 2. Suppose
M =1.Theng =1 (since g > 0), |p| < 1,|p+¢q| < 1. Asp # 0, eitherp=1orp = —1.

>Ifp=1,then |p+ ¢l = |1 + 1| = 2 > 1, contradiction.

> If p = —1, then p + ¢ = 0, which is forbidden.

Hence M > 2. Consequently,

Since N is an integer, N < L"THJ 0

3. No covering by all sunny lines for n > 4

Lemma 2. For n > 4 there is no set of n distinct sunny lines that covers P,.

Proof.

Even n: Write n = 2m. By Lemma 1 each sunny line contains at most m points. Therefore the total number of incidences (counting each
point as many times as lines through it) is at most n - m = 2m?2. But

n(n+1)
so it is impossible to cover all points.

0Odd n: Write n = 2m + 1 withm > 2 (i.e. n > 5). Lemma 1 gives each sunny line at most m + 1 points. Hence

=m(2m + 1) = 2m> + m > 2m” (m>1),
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i |LiN Py <n(m+1)=(2m+ 1)(m+1).

But

(2m +1)(2m + 2)
2

Thus the inequality must be an equality. In particular, each line contains exactly m + 1 points, and the sum of the sizes equals | P, |. Since

every point is covered at least once, equality forces each point to be covered exactly once, and therefore the n lines are pairwise disjoint.

‘We now classify all sunny lines that can contain exactly m + 1 points in P,.

Lemma 3. Let n = 2m + 1 > 3. If a sunny line L satisfies |L N P,| = m + 1, then L is one of the three lines

|Py| = =(2m+1)(m+1).

La:y=u, Lg:y=—-2z+ (n+2), Lc:y:—%x—i—"f.
Proof. Write L in reduced form y = %m—l—dwithq >0,gcd(p,g) =L, p#0,p+qg#0.Let N =m+ 1.

From (A)-(C) we have (with N — 1 =mandn — 1 = 2m)

gm < 2m, |plm <2m, [|p+qlm <2m,
hence

7<2, Ipl<2, Ip+q <2
We examine the possibilities.
Case g = 1. Then |p| < 2and [p+ 1| < 2. Sincep # 0 and p+ 1 # 0 (i.e. p # —1), the admissible integers are p = 1 and p = —2.
Case ¢ = 2. Then ged(p,2) = 1, so pis odd. |p| < 2 forces p = £1. |p + 2| < 2 eliminates p = 1 because |3| > 2; thus only p = —1
remains.
Now we determine the intercept d so that exactly m + 1 integer points of P, lie on the line.

Subcase (1,1): L:y =z +d.
Let the integer points be (a + ¢, a + i + d) fors = 0,1, ..., m (since x increases by ¢ = 1). The z-coordinates range from a to a + m
and must satisfy 1 < a+1¢ < 2m + 1. Hence 1 < a < m + 1. The constraints from the bounds on y and on x + y yield:

a+d>1,

a+m+d<2m+1,

2a +2m +d <2m + 2.
The third inequality gives d < 2 — 2a; the second gives d < m + 1 — a; the first gives d > 1 — a.
For consistency we need 1 — a < 2 — 2qa, i.e. a < 1. Thus a = 1. Then the bounds become 0 < d < min{m, 0} = 0, so d = 0. Hence
L:y==x.
Subcase (1,-2): L : y = —2z + d.
Again the points are (a + 4, —2(a + ) + d) withi = 0,...,mand 1 < a < m + 1. The tightest constraints come from y > 1 (at
i=m),y<2m+1(ati=0),and x +y < 2m + 2 (at¢ = 0):

—2(a+m)+d>1 = d>1+2a+2m,
—2a+d<?2m+1 = d<2m+ 1+ 2a,
—a+d<2m+2 —= d<2m+2+a.
The first two give

14+2a+2m <d<2m+1+ 2a.
Hence d must equal 2m + 1 + 2a (the only integer satisfying both). Substituting into the third inequality yields

2m+1+2a<2m+2+a = a < 1.
Sincea > 1,wehavea = 1. Thend=2m+14+2=2m+3=n+2.SoL:y= -2z + (n+2).

Subcase (2,-1): L:y = — Sz +d.
The z-coordinates differ by ¢ = 2. Let the smallest be a. Then the points are (a + 2i, —3(a + 2i) 4+ d) fori = 0, ..., m. To stay within
the bounds 1 < z < 2m + 1 we need

a>1 and a+2m<2m+1 = a <1,

so a = 1. Thus the z-coordinates are 1,3,5,...,2m + 1.
For the y-coordinates to be integers, d must have the form d = d’ + % with d’ € Z. Then
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yi=—2QRi+1)+d=—i—-L+d +3i=d -1
Now apply the constraints:
>y; > 1 for all 4: the smallest y occurs at i = m (since slope negative), sod —m > 1 = d' > m + 1.
>y; < 2m + 1 for all 4: the largest y occurs at i = 0, giving d’ < 2m + 1.
Pxi+y = (2i+1)+(d —i) =d +i+1 < 2m+ 2: the most restrictive is at i = m, givingd' + m+1<2m+2 = d <m+1.

Thusd >m+1landd <m+1,s0d =m+1.Thend=m+1+ 5 = 2252 = 212 Hence L: y = —Ja + 212,

We have exhausted all possibilities; therefore any sunny line with exactly m + 1 points must be one of the three listed. [J

Returning to the proof of Lemma 2 for odd n > 5: we have n distinct sunny lines, each must contain exactly m + 1 points, hence each
must be one of L 4, Lp, Lc. But there are only three distinct such lines, while n > 5 gives a contradiction. Hence no covering exists for
odd n > 5 either. (For n = 3 the three lines are exactly these three, and that case is covered by the construction.) This completes the
proof of Lemma 2. [J

4. Induction on n

‘We now prove by strong induction that for every n > 3 the number £ of sunny lines in any covering of P, by n distinct lines can only be
0,1,3.

Base case n = 3. Constructions in 1 show that k£ = 0, 1, 3 are attainable. We must show that £ = 2 is impossible.

Assume three lines cover P53 with exactly two sunny. Let the sunny lines be L1, Lo and the third line L3 be non-sunny.

Lemma 1 implies that each sunny line contains at most two points of P3. The only pairs of points in Ps that are collinear with a sunny
line (i.e. with slope different from 0, undefined, or —1) are exactly the three pairs:

{(171)7(272)} (slope 1)7 {(173)7(271)} (SlOpC _2)7 {(172)7(371)} (slope - 1/2)
Hence any sunny line that contains two points must be one of the three lines

bi:y=x, ly:y=—-2x+05, Z3zy:—%x+g.
Now consider the possibilities.
If both Ly and Ly contain two points and are disjoint. Then they must be two of the three lines ¢1, {2, ¢3. Those three lines are pairwise
disjoint, so they cover four points. The two remaining points lie on the third £, which is sunny. The third line L3 is non-sunny, so it cannot
cover both of those points (the unique line through them is sunny). Contradiction.
If at least one of L1, Lo contains at most one point. Then the two sunny lines together cover at most three points. Consequently, the
non-sunny line L3 must cover at least three points. The only lines that contain three points of Ps are the three “boundary” lines:

y=1 x=1, z+y=4.
(One verifies that any other line contains at most two points.) So L3 is one of these three.
> Ls =y = 1: covers (1, 1),(2,1),(3,1). The uncovered points are (1, 2), (1, 3), (2, 2). Each of these three points lies on a different
one of 1, €2, {3 (namely (2,2) € 41, (1,3) € €2, (1,2) € £3). Two sunny lines can cover at most two of them (each ¢; contains exactly
one). Hence impossible.
> L3 = x = 1: covers (1,1), (1,2), (1, 3). Uncovered: (2, 1), (2,2), (3,1). Again these are one per ¢;; two sunny lines cannot cover all
three. Contradiction.
> L3 = x 4+ y = 4: covers (1,3), (2,2), (3,1). Uncovered: (1,1), (1,2), (2, 1), again one per ¢;. Contradiction.
Thus k = 2 is impossible, so the only possible values for n = 3 are 0, 1, 3.
Inductive step. Assume the statement holds for all m with 3 < m < n, where n > 4. Consider any covering of P,, by n distinct lines.
Define three special lines:

R:y=1, C: zx=1, D:z+y=n+1.
Note that R, C, D are not sunny (horizontal, vertical, slope —1 respectively).
Claim. At least one of R, C, D belongs to the covering.
Proof of claim. Suppose none of them is present. Then:
> The line y = 1 contains n distinct points (a, 1). To cover a point (a, 1), the line must intersect y = 1 at that point. A horizontal line
different from y = 1 does not intersect y = 1. Hence every line that covers a point on y = 1 must be non-horizontal. Moreover, a
non-horizontal line meets y = 1 in at most one point. Therefore we need at least n non-horizontal lines; since there are exactly n lines, all
lines are non-horizontal, and each covers exactly one point on y = 1.
> The line = 1 contains n points (1, b). Since C'is absent, a vertical line different from 2 = 1 does not contain any point with z = 1.
Hence every line covering a point on x = 1 must be non-vertical. Since all lines are already non-horizontal, they must all be non-vertical
to cover those points (a vertical line would miss = 1 unless it is x = 1 itself). Thus all lines are non-vertical.
> The line  + y = n + 1 contains n points. Since D is absent, a line with slope —1 other than D is parallel to it and does not intersect it.
Therefore every line covering a point on D must have slope different from —1. Hence all lines have slope # —1.
Therefore every line is non-horizontal, non-vertical, and slope # —1; i.e., every line is sunny. But Lemma 2 states that for n > 4 there is
no covering of P, by n sunny lines. Contradiction. Hence the claim holds. [J
Now we examine which of R, C, D is present. (If more than one is present, we may choose any one; the argument works in each case.)
If R is present: Remove R from the set. The remaining n — 1 lines still cover all points of P, with y > 2 (because R only covered points
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with y = 1). Apply the translation ¢r : (x,y) — (z,y — 1). This map sends the set {(z,y) € P, | y > 2} bijectively onto P, _1.
Moreover, ¢r sends each line to a line (translations preserve lines). The resulting family consists of n — 1 distinct lines (translation
preserves distinctness) and covers P, 1 (each point of P, corresponds to a point with y > 2 that was covered). Since R is not sunny,
the number of sunny lines among the n — 1 lines remains k.

Thus we have a covering of P,,_1 by n — 1 distinct lines with exactly k sunny lines. By the induction hypothesis (applied to m = n — 1),
we must have k € {0,1, 3}.

If C is present: Remove C and use ¢c : (z,y) — (z — 1,y). It maps {(z,y) € P, | > 2} onto P,,_;. C is non-sunny, so k
unchanged. Induction gives k € {0, 1, 3}.

If D is present: Remove D. The remaining n — 1 lines cover all points of P, that are not on D. Observe that P,,_; C P, and
P,,_1 N D = ( (since points in P,,_1 satisfy a + b < n, while D requires @ + b = n + 1. Hence they cover P,_1. D is not sunny, so k
stays the same. Induction yields k£ € {0, 1, 3}.

In every possible case we conclude k € {0, 1,3}, which completes the inductive step.

By strong induction, the statement holds for all integers n > 3.

5. Conclusion
We have shown that for every n > 3 the only possible numbers of sunny lines in a covering of P, by n distinct lines are 0, 1, and 3.
Explicit constructions demonstrate that each of these values is indeed attainable.

\ke{o, 1,3} foralln > 3.

IMO 2025 Problem 2.

IMO 2025 Problem 2

Let ©2 and I be circles with centres M and N, respectively, such that the radius of €2 is less than the radius of I". Suppose €2 and T"

intersect at two distinct points A and B. Line M N intersects 2 at C' and I" at D, so that C, M, N, D lie on M N in that order. Let
P be the circumcenter of triangle AC'D. Line AP meets 2 again at ¥ # A and meets I" again at F' # A. Let H be the orthocenter
of triangle PM N.

Prove that the line through H parallel to AP is tangent to the circumcircle of triangle BE'F'.

Solution

I Remark. 7/7.

We will prove the statement using analytic geometry. The configuration is invariant under similarity transformations, so we may fix
convenient coordinates.

1. Coordinate setup
Place M and N on the z-axis. Without loss of generality, set M N = 1 (scale the figure appropriately). Let

M = (0,0), N = (1,0).
Denote the radius of €2 (with center M) by r and the radius of I' (with center N) by R, with 0 < r < R. Since the circles intersect in two
distinct points, we have

R—r<1<R+r.

2. Intersection points A and B
The equations of the circles are

vyt =1, ()
(x—1)°+y* =R @)
Subtracting gives 2z — 1 = R? — 2, so
v —a— 14+72—R?
—a=——"F—":

Let h > 0 be such that a® + h? = 2. The two intersections are symmetric about the z-axis; we take

A= (a, h), B = (a, —h).
3. Points C and D on line M N
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The line M N is the z-axis. Intersection of  with the z-axis: 2 = r? = z = +r. Because the order on the line is C, M, N, D, point
C must lie left of M and D right of N. Hence

C=(-r0), D=(1+R,0).

4. Circumcenter P of AAC'D
Points C and D lie on the z-axis, so the perpendicular bisector of C'D is the vertical line through the midpoint of C'D:

midpoint — (%HR 0) _ (H#R—T 0),

Thus

1+R—r
rp = ?
To find yp, use PA = PC:

(p —a)* + (yp — h)* = (zp +7)* + yp-.
Expanding and using a? + h? = r? yields

(r+ a)xp.

—2hyp =2(r+a)zp = yp=— W

Hence

p_ 1+R—r (rt+a)zp
N 2 h '

5. Simplifying notation with auxiliary parameters

Introduce
p=R+m, g=R—-r, S=14+R+r=1+p.
Then
p_P-4 p_pte _l-pg  _1+4q
27 27 2 7 2

From h? = r? — a2 we obtain

Also

1
r+a=—F7"77>-

6. Vector —P)
Set = AP = (v1, va).

l+q 1-pg_q+pg _ 45
2 2 2 2"

V1 =Tp —a=

For vs:

(r+a)zp _h:_(r+a)xp+h2

ve=yp—h=-—"—p h

Since h? = (r — a)(r + a),

(r+a)zp +h* = (r+a)(zp +7 —a).
Compute zp + r — a:

1+ 1— +2r +
Tp+r—a= 2‘1+T_ 2pq:q : pq

But2r = p —gq, so
q+2r+pg=q+(p—q)+pg=p+pg=pl+q).
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Thus
a:p—&—r—a:pi(l;q).
Now(r—|—a):s(177q),so
S(1— 1 S(1—¢°
(r+a)(@p+r—a)= (1-9¢) p(l+q) _pSA—q")
2 2 4
Therefore
o= L PSU=¢*) _ pS(1-q*)
T h 1 I

7. Points £ and F' (second intersections of A P with the circles)

Parameterize line AP as A + \7. Substitute into Q: |A + A7|? = r2. Because |A]? = r?

, we get
2\(T- A) + X257 = 0.
Hence A = 0 (point A) or
_27-A
1>

Similarly, for I substitute into |(A + A7) — N|? = R? (since N = (1,0)). |A — N|?> = R?, so

A =

27-(A—N)
|9]2

Ar = —

Now compute the needed dot products.

- as 2
U-A:a’l)1+h’l)2:a'7+h< m :7(2aq—p(1—q)).

pS(1—¢*)\ _agS pS(1-¢°) S
) 4 4

But 2aq = q(1 — pq) = ¢ — pg°, 5o

2aq —p(1 —¢°) =q—pg° —p+pgd° =q—p.
Thus

Sp-q) _ S-2 _ 1S

FA=Z(g-p =P D o B

Next,

P AN = Ay =TS 95 _ _Srta) RS

2 2 2 2

because r + g = R.
Consequently,

\o 2%) s 2(=) RS

FETTRR TR YT TR T
Hence

E=a+ S5 r-ay Py
|02 |72

8. Orthocenter H of APM N
Vertices: M = (0,0), N = (1,0), P = (zp,yp)-
Side M N is horizontal, so the altitude from P is the vertical line x = zp.

—
Altitude from M is the line through M perpendicular to PN. Vector PN = (1 — xp, —yp). A vector perpendicular to PN is
(yp, 1 —zp) (since (1 — zp)yp + (—yp)(1 — zp) = 0). Parametric equation: ¢ (yp, 1 — zp).
The orthocenter H is the intersection of x = zp with this altitude. So set

X
typ=ap = t=—"" (yp #£0).
yp

Then
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H = (zp, t(1 —xp)) = (mp, M) .

yp
Now substitute yp = —%:
xp(l —:L'p) _ xp(]. —mp) _ 7h(1 —LEP)
yp _% r+a
Compute 1 —zp =1 — % = % Andr +a = w Therefore
h(l—azp)  h-35L  h
r+a =) S

Thus

9. Circumcenter O’ of ABEF

We will determine O' = (z, y) that is equidistant from B, F, F.

Because F and F' lie on line AP, the segment E F' is collinear with ¢. The perpendicular bisector of E'F' consists of points X satisfying
U+ (X — Mgr) = 0, where Mg is the midpoint of EF.

The midpoint:
Mpp — E—;—F — A4 )\E‘;)\F R
Since Ag + Ar = (TtiR)S = pfs,
012 |v]?
pS
Mgpr=A .
EF + 2072 v
Hence the condition ¢ - X = - Mgp gives
-0 =7-A+ %
But”D’-A:fﬁ,so
2
. S pS (p-r)S RS
o=-2482 =22 q
2 + 2 2 2 M

Next impose |0’ — B|?> = |0’ — E|*. Write U = O’ — A. Then

O —B=U-w, withw=B—A=(0,-2h),

and
O —E=U- g
Then
U —w* = |U = Apd]*.
Expand:
|UP> = 2U -w + |w|® = |U)* = 2Ax7 - U + A5|7%.
Cancel |U|*:

—2U w4+ |w]® = =2XpT- U + X5 |7]>. ()
Now U -w = (x —a) - 0+ (y — h)(—2h) = —2h(y — h). Thus

—2U -w + |w|]* = =2[-2h(y — h)] + 4h®> = 4h(y — h) + 4h°> = 4hy.
So (2) becomes

dhy = =207 - U + A%|7%. 3)
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We have
5.(]:5.(0’_14):5.0’_5./1:?_ <_§) :(RJF+)S:I’§,
Recall \pp = % Substitute into (3):
v
rS pS rS\?, o rpS?  r2S% rS? rpS?  r2S2 rRS? .
dhy — —2( 12} . P2 2 =_2 12 P )= [ —r=R).
v=-2(j) 5 + () 1 =~ + T = g9 = o + e =T Gmep—r=m
Thus
rRS? rRS>
Yy e so Y IAGE €]
10. Computation of |7)?
We have
- S (')
2’ 4h
Hence
v2 _ q252
1 4 )
Ug B pQSQ(l _ q2)2
16h2
2 2
Using h? = &= D0 =)
4
W2 = pP’S*(1—¢%)
4(p* - 1)
Therefore

gp= S (p A=) 5 ¢SO -D+p’ -7
p2—1 4 p2—1

The numerator simplifies:

' =D +p’(1—q") =p" — ¢
Thus
§2 p?— g
4 o1
Nowp? —¢* =(R+7r)?—(R—7r)>=4Rr.Andp* - 1=(p—1)(p+1)=(R+r—-1)(R+r+1)=(R+r—1)S.
Hence

Lo S? 4Rr SRr
|7]° = =— - = . (5
4 (R+r—-1)S R+r-1
11. Simplify y from (4)
Insert (5) into (4):
_rRS*> R4+r—1_ S(R+r-1) ©
T 4k SRr 4h '
12. Determine x from equation (1)
Equation (1): 7- O’ = viz + v2y = %S
We know v; = g, and from (6) we have y. Compute voy.
" __pS(lqu) __S(R+"r71)
2= a0 YT i

Thus
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pS?(1—¢*)(R+r—1)
VY = .
16h2
Recall 4h? = (R +r — 1)S(1 — ¢°). Then 16h* = 4(R +r — 1)S(1 — ¢?).

v _pSQ(l—q2)(R—|—r—1)_p75
YT AR+ -1)SA-¢0) 4

Now (1) becomes

Dttt T
Divide by S # 0:
a,,p_*R
2m+4f 2
Multiply by 4:
2qr + p = 2R.

Nowg=R—-r,p=R+ 71,50

2(R—-r)z+(R+r)=2R = 2(R—r)zr=2R—(R+r)=R-—r.
Since R # r (strict inequality), we obtain
v — R—r 1
T 2R-7) 2
Therefore the circumcenter of ABEF is

(1 S(R+7r-1)
O‘(z’ 4h ) ™

13. Distance from O’ to the line through H parallel to
Let ¢ be the line through H with direction ..
The distance from a point to a line with direction ¥ through H is

(0" — H) x 7
|1
where the cross product (in the plane) is taken as the scalar Az - v — Ay - v1.

Coordinates:
1+¢ h
H=|(— —x=].
( 2 ’ S>

d =

)

Compute differences:

11 14+q_ g

AT=5-Tn=5- 5 =75
_ o SR+r-=1) [ hy_ SR+r-1) h
AY=yor —yn = m ( s) = an s

Write as a single fraction:

 =S*(R+r—1)+4h°

Ay 4hS

But 4h*> = (R4 — 1)S(1 — ¢*). Hence

Ay= (R+r—1)S1—¢*) - S*(R+r—1) _ (R+r—1)S((1-¢%) —5) _ (R+T—1)((1—q2)—5)'

4hS 4hS 4h
Now S =1+ p, so

(1-¢)-8S=1-¢-1-p=-p—g°.
Thus
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_ 2
Ay— BT 42)(p+q ) (@)

Now compute the cross product:

AXT=Az v2 —Ay-v1.
e 2
Az - v = (_E) (_pS(l q )) _aS(l—¢*)

2 4h 8h
( R4Ar=1Dp+d¢)\ (¢S _ ¢SR+r-1p+d*)
Ay'“‘(‘ m ) <7)__ 8h '

Therefore

- - (=) + (Rer =D+ 0").

2 _ 2
Axge @3 =¢) ( ¢S(R+r—1p+q)) _ a5
8h

But R +r — 1 = p — 1. So the bracket becomes

p(1—¢)+@p-1)p+d).

Expand:
p(1—q%) =p—pd’,
p—Dp+¢)=pp—1)+ (-1 =p>—p+pi° —q".

Sum:

(p—pd*)+ @ —p+pi° —d°) =p° — ¢*.
Thus

qiﬁ 2_27@ 7qSRr

Axv—Sh(p q)_8h 4Rr = T

Sinceq =R —,
Axgzw. )

2h
14. Squared distance from O’ to ¢
( (R—r)SRr
d2

2
2h ) _(R—7)2S’R*? 1
|72 - 4h2 |2

SRr
bsti i = — .
Substitute |¥ Jra—
R—r)’S?R** R+r—1 _(R—r)’SRr(R+r—1)
4h2 SRr 4h? ’
Now use 4h? = (R+r—1)S(1 - q2):

g =

(10)

2> (R—r)’SRr(R+r—1) (R—r1)°Rr
C= RS- 1-w-nz MV

15. Radius of the circumcircle of ABEF
Compute R. = |0’ — B|, with B = (a, —h) and O’ as in (7).

1 1 1-pg_pg

2 2 2 2

S(R+r71)+h_4h275(R+r71)
4h B 4h

Az’ =

—a =

Ay =yor +h=—
Again, 4h* = (R+r — 1)S(1 — ¢?),

Ay — (R+r—1)S1—¢*)—S(R+r—1) SR+r-1)(1-¢*-1)  SR+r-1)¢
v= ah - ah - ah :
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Thus

2 _ (Pg)? 7S(R—|—r—1)q2 ? p?’¢®  S*E(R+r—1)%¢*
Rc_(z) +( 4h

Substitute 16h% = 4(R +r — 1)S(1 — ¢%):

¢’ S*(R+r—-1)7°%¢"  p’¢® | S(R+r—1)q¢*
T = +

R = (R+r—1)S1-¢) 4 41— ¢?)

Write as

R-C <p2+7S(R+T_1)‘12).
Now S(R+7r —1) = (p+1)(p — 1) = p*> — 1. Therefore
_ z.pz_q2
1—¢q? 4 1—¢q? 4 1-q¢*

R? ¢ PU-)+" -1 _¢ -+’ - _q
c 4 -
Since p®> — ¢ = 4Rr and ¢* = (R — )3,

R—7r)? 4Rr _ (R—r)*Rr

I I-(®-m? 1-@®-ng 1P

16. Conclusion
Comparing (11) and (12) we obtain

d* =R
so d = R, (all quantities are nonnegative).
Hence the distance from the circumcenter O’ of ABEF to the line £ (through H parallel to AP) equals the radius of its circumcircle.
Therefore £ is tangent to the circumcircle of ABEF'.

IMO 2025 Problem 3.

IMO 2025 Problem 3

A function f: N — N is said to be bonza if

f(a) divides b* — f(b)¥®

for all positive integers a and b.
Determine the smallest real constant ¢ such that f(n) < cn for all bonza functions f and all positive integers 7.

Solution

I Remark. 7/7.

1. Preliminary lemmas

Lemma 1. f(1) = 1.

Proof. Taking a = b = 1 gives f(1) | 1* — f(1)7® =1 — f(1)7®.
Since f(1) | f(1)7™), we have f(1) | 1. Hence f(1) = 1.

Lemma 2. For every positive integer a, f(a) | a®.

Proof. Put b = a in the definition: f(a) | a® — f(a)?(@.

Because f(a) | f(a)f(®, it follows that f(a) | a®.

Corollary. If a prime p divides f(a), then p divides a.

Proof. From f(a) | a®, any prime divisor of f(a) must divide a®, hence a.

2. Determination of f(2), f(3) and f(5)
From Lemma 2 we have:

f@)122=4 = [f(2)e{1,2,4},
f3)13° =27 = f(3)€{1,3,9,27}.
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f(5)5°=3125 = f(5)=5"with0< 4§ <5.
Now use the mixed conditions (a, b) = (2, 3) and (3, 2):

(2,3): f(2)]3% - f(3)f(2) =9_ f(3)f(2)7
(3,2): f(3)|2° = f(2)'® =8 — f(2)/®.

Letz = f(2), y = f(3). Wetestall z € {1,2,4}, y € {1,3,9, 27} (note all y are odd).
>x = 1: (2,3) automatic. (3,2) givesy | 8 — 1¥ = 7. Only y = 1 divides 7. So (1, 1) works.

>x =2
(2,3): 2| 9 — y2. Since y is odd, y? is odd, 9 — odd is even - holds for all odd y.
(3,2):y | 8—2"

>y=1:1]6 - true.

>y=23:3|8—8=0-true.

>y =9:9]8—512=—504 - true (—504/9 = —56).

>y = 27: compute 22" mod 27. 2° = 512 = 26 (mod 27), then 227 = (2°)® = 26 = (-1)® = —1 = 26 (mod 27). So
8 —26 =—18 # 0 (mod 27) - false.

Thus for z = 2 we have (2,1), (2,3), (2,9).

>x =4

(2,3): 4|9 —y* Foroddy, y* =1 (mod 4), 509 — 1 = 8 divisible by 4 - holds for all odd y. (3,2): y | 8 — 4Y.
by=1:1][8—4=4-true.

>y =3:3|8—64=—56- false.

by=9:4>=64=1 (mod 9),504° =1 (mod 9),then8 —1 =7 # 0 (mod 9) - false.

by =27:4% =64 =10 (mod 27),s04° = 10*> = 1000 = 1 (mod 27), thus 4" = 1 (mod 27),8 — 1 =7 # 0 (mod 27) - false.
Hence only (4, 1) works.

Therefore after (2, 3) and (3, 2) the possible pairs are

(1,1), (2,1), (2,3), (2,9), (4,1). (1)
Now incorporate f(5) = 5%, For each candidate pair we must satisfy
x]25 -5,
y| 125 — 5%,

(2,5) :
(3,5) :
(5,2): 5° |32 — 2,
(5,3) :

2)
13): 5° 243 — ¢
We test § = 0, 1,2, 3,4, 5 for each pair.

1. Pair (z,y) = (1,1).

> (2,5) automatic.

> (3, 5) automatic.

> (5,2): 5° | 32 — 15" = 31. S0 5° | 31 forces § = 0.

> (5,3): 5° | 243 — 15" = 242, Again only § = 0 works.
= (f(2),£3), f(5)) = (1,1,1).

2. Pair (z,y) = (2,1).

): 2 | 25 — 527 - difference even, automatic.

): 1 divides everything.

): 5° | 243 — 1 = 242. Since 5 f 242, only § = 0.
)withd =0:1]32—2=230- true.

1

. Pair (z,y) = (4,1).
(2,5): 4|25 — 52°. Mod 4: 25 = 1, 5% = 1, difference divisible by 4 - automatic.
(3,5): automatic.
(5,3): 5% | 242 - forces § = 0.
(5,2)
1

vV vV V.V W

with§ = 0: 1| 32 — 4 = 28 - true.

)

4

(
. Pair (z,y) = (2,3).
(2,5): automatic (even difference).
(3,5): 3] 125 — 5%.
): 5% | 32 — 257

vV VvV V &

—~
ot
[\
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> (5,3): 5° | 243 — 35",

Test 0:

> =0: f(5) = 1. Then 3 | 125 — 1 = 124 - false.

b6 =1: f(5) =5.

>3]125 — 5% = 0 - true.

>5|32—2%=0-true.

> 5| 243 — 3° = 0 - true.

So & = 1 works.

b8 =2: f(5)=25.3]125 — 5% Mod 3: 125 = 2, 5% = (5%)% = 2% = 4 = 1, so difference 2 — 1 = 1 - false.

b6 =3: f(5) = 125.

>3 125 — 5% 5% = 5% = 125 = 2 (mod 3), difference O - true.

> Check (5,2): 125 | 32 — 2'?%. Compute 2'%° mod 125: (125) = 100, so 2'%® = 22° (mod 125). 2° = 32, 2'° = 24,
220 = 24 = 576 = 576 — 5 - 125 = 76, then 2%° = 220 . 2° = 76 - 32 = 2432 = 2432 — 19 - 125 = 57. S0 32 — 57 = —25 not
divisible by 125 - false.

>§=4: f(5) =625.3]125 — 5. 52 = (5°)2 =12 = 1 (mod 3), 125 = 2, difference 1 - false.

b6 =5 f(5) = 3125.

>3] 125 — 5%: 5% = 5% = 125 = 2 (mod 3), difference 0 - true.

> (5,2): 3125 | 32 — 2325, Mod 125: 3125 = 25 (mod 100), so 23'?% = 22° = 57 (mod 125) as before, 32 — 57 = —25 not
divisible by 125 - false.

Thus only 6 = 1 works, giving (2, 3, 5).

5. Pair (z,y) = (2,9).

Test 0:

>d=0:3|125—1= 124 - false.

b6 =1:5]125 -5 57 mod 9: 55 = 1 (mod 9) (since p(9) = 6), 50 5° = 5% = 125 = 8 (mod 9). 125 = 8, difference 0 - true.
(5,2):5]32—2°=0-true. (5,3): 5| 243 —9°.9=4 (mod 5),4° = 1024 =4 (mod 5). 243 =3 (mod 5),503 —4=—1%#0
(mod 5) - false.

b8 =2:25]125—-5% 58 = (552 =1% =1 (mod 9), 125 = 8, difference 7 - false.

B & =3:125] 125 — 5°7. 527 = 5° = 8 (mod 9), difference 0 - true.

(5,2): 125 | 32 — 2'25, As before, 2'?° = 57 (mod 125), 32 — 57 = —25 - false.

B & =4: 625|125 — 5%.36 =0 (mod 6), 50 5°¢ =1 (mod 9), difference 7 - false.

> =5:3125 | 125 — 5%°. 45 = 3 (mod 6), 5*° = 8 (mod 9), difference 0 - true.

(5,2): 3125 | 32 — 23125 Mod 125 fails as before.

Hence no ¢ satisfies all conditions.

Conclusion of classification. The only admissible triples (f(2), f(3), f(5)) are

(1,1,1), (2,1,1), (4,1,1), (2,3,5).
We will analyze two families:
> Family A: those with f(3) = 1, i.e. the first three triples.
> Family B: the triple (2, 3, 5).

3. Analysis of Family A (f(3) = 1)

Lemma 3. If f(3) = 1, then f(¢q) = 1 for every odd prime g.

Proof. From (g, q) we have f(q) | ¢%, so f(q) = ¢" forsome 0 < k < ¢.
Consider (g, 3):

f(q) ‘ 3q _ f(3)f<‘Z) — 3‘1 _ lf(lI) — 3¢1 — 1.
If k> 1,thenq | f(q) | 37 — 1. By Fermat’s little theorem, 37 = 3 (mod ¢), so ¢ | 3 — 1 = 2. Hence ¢ = 2, contradicting that ¢ is
odd. Therefore k = 0 and f(q) = 1.
Lemma 4. In Family A, for every positive integer n, f(n) is a power of 2.
Proof. Suppose an odd prime r divides f(n). By Lemma 2, r | n. Now use (n,7):

f) " = fr)' .

Since r is odd, Lemma 3 gives f(r) = 1. Hence

fn)|r™ —1.
In particular, r | 7™ — 1, i.e. 7 | —1, contradiction. Thus no odd prime divides f(n);i.e. f(n) = 2° for some e(n) > 0.
Lemma 5. For any n, 2¢(n) | 3™ — 1.
Proof. Take (n, 3):
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f) 3" = f3)™M =37 — 1/ =37 — 1.
Since f(n) = 2, we have 2¢™ | 3" — 1.
Lemma 6. Forn € N,

1 if n is odd
3" —1) = ’
va( ) {vg(n) +2 ifniseven.

Proof.
Odd n: Write

3" —1=0B-1)3""+3"?+...4+1) =2 (odd sum),
because there are n terms, each odd, and n odd = the sum is odd. Hence v = 1.
Even n: Write n = 2%m with m odd, a > 1. We prove by induction on c that v2(32am -1l)=a+2.
Base o = 1: n = 2m. Then

3P —_1=(3"-1)3™+1).
We know v2(3™ — 1) = 1 (since m odd). For 3" + 1, note 3™ = 3 (mod 8) when m is odd, so 3™ + 1 = 4 (mod 8), thus
v2(3™ 4 1) = 2. Hence

13" —1)=14+2=3=1+2=a+2.
Inductive step: Assume true for a given a > 1. Write n’ = 2°T'm = 2. (2%m). Let k = 2“m. Then
3" 1= (3" - 1)@3" +1).
By hypothesis, v2(3* — 1) = o + 2.
Since k is even (because a > 1), 3¥ =1 (mod 4), 50 3% + 1 = 2 (mod 4), giving v2(3* +1) = 1.
Thus

023" 1) =(a+2)+1l=a+3=(a+1)+2.
This completes the induction.
From Lemmas 5 and 6 we obtain

e(n) < 1 if n is odd,
= |v2(n)+2 ifniseven.
Consequently
2 if n odd
_ Qe(n) < )
() = {2”2(")Jr2 if n even.

For even n, 2°2(M+2 = 4. 272(") < 4n because 272(™ | 7 implies 2v2(") < . For odd n, 2 < 4n (since n > 1).
Hence in Family A we have

‘f(n) <4n forallm € N|

4. Analysis of Family B (f(2) =2, f(3) =3, f(5) = 5)

Proposition 7. For every prime p, f(p) = p.

Proof. We proceed by strong induction on p. The base cases p = 2, 3, 5 are given.

Assume p > 5 and that for every prime g < p we already know f(q) = q.

From (p, p) we have f(p) | p*, so f(p) = p* for some integer k with 0 < k < p. We show that k& must be 1.

Step 1 - Eliminate £ = 0 and k£ = 2.
Take any prime ¢ < p. Consider (g, p):

fl@)=q|p* = f(p)" =p* —p".
Factor out p?:

q|p"(1—p"D7).
Since q # p, q 1 p?. Hence
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g|1—phe.

By Fermat’s little theorem, p? = p (mod ¢), and more generally p
modulo g). Thus

(k=D = k=1 (mod ¢) (raising to the gth power is the identity

1-p"'=0 (modqg) = p"'=1 (modg). ()
> If k = 0, then the original condition (g, p) gives ¢ | p? — 1. Using FLT, p? = p (mod ¢q),sop =1 (mod q).
pIfk=2,(2) givesp' =1 (mod ¢),ie. p=1 (mod q).
Thus for both £ = 0 and k£ = 2 we have

p=1 (mod q) for every prime ¢ < p. (3)
Now by Bertrand’s postulate (for any integer m > 1 there exists a prime between m and 2m), for p > 3 there exists a prime ¢ with
£ <qg<p Fom(3),q|p—1 Butg>p/2andq < p— 1 (since ¢ < p). The only positive multiple of g that is at most p — 1 is ¢
itself (because 2q > p). Hence p — 1 = ¢, so p = q + 1, which is even - contradicting that p > 2 is odd. Therefore k cannot be 0 or 2.

Step 2 - Eliminate £ > 3.
Consider the pair (p, p — 1):
k
fo)=p"(p=1)" = fp— 1" .
Letr = f(p — 1).
> Modulo p:

(p—1)P=(-1)’=-1 (mod p),
and by Fermat’s little theorem, =y (mod p) (since r? = r (mod p), and then by induction =y (mod p).

Since p* | D := (p — 1)P — " in particular p | D. Reducing modulo p gives

—1=7r (mod p), ie. =-1 (modp). @
Write r = —1 + pt for some integer ¢.
> Expansion of (p — 1)”:
By the binomial theorem,

P
P i —i
- 1P = 1)
(p—1) ; <i>p (-1)
The term with i = 0 is (—1)” = —1. The term with i = 1is (!)p'(—=1)* "' =p-p-1 =p*.
Fori > 2, (IZ’ ) is divisible by p, and together with p’ yields a factor p**! > p3. Thus we can write

(p - 1)P =-1 +p2A7
where A is an integer and, because the i = 1 term contributes exactly p? and the higher terms are multiples of p3, we have A = 1
(mod p) (in particular p 1 A).
> Expansion of r? "
Write r = —1 + pt. Then

k

Since p* is odd, (—1)?" = —1.

>7 =0:term=—1.

bj=1: () (=) pt=pt 1 pt = pttIe.

> For j > 2: we show that each term is divisible by p**2.
Indeed, for j > 2,

hence
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k
vp(<pj>pj) =k—-vG)+ti=k+i—v()=k+2,

because j > 2 andif p{ j then j > 2 and v,(j) = 0;if p | jthen j > pand vy(j) > 1,50 j — vp(j) > j — (§ — 1) = 1? Wait, need to
be precise: For any j with 2 < j < p® — 1, we have

v;;((ff)) — k()

(a standard property for prime powers). Then
k .
Up(<pj )pj) =k—v()+i=k+j—v(5)-

Since j > 2 and v,(j) < log, j < j, but we need at least k +- 2. The minimal value occurs when j = 2 and p { 2 (since p > 3), then
vp(j) = 0, giving k + 2. For j = p we have v,(j) = 1, then k +p — 1 > k 4 2 because p > 3. So indeed each term for j > 2 is
divisible by p**2.

Therefore

k .
P = —14 pFTl 4 p*t2s
for some integer S.
> Form the difference:

k .
D=(p—1)"—r" = (=14p*A) — (=1+p"T 1t 4+ p*29) = p?A — p**11 — p**23.
Factor p?:

D=p"(A-p" 't —p"S). 5
Since k > 3, we have k — 1 > 2, so p" 1t and p" S are both multiples of p?. Moreover,

A—p"l—_pks=4 (mod p),
and p 1 A. Hence the expression in parentheses is not divisible by p, and we obtain

vp(D) = 2.
However, we require v, (D) > k > 3 (because p* | D). This contradiction shows that k& > 3 is impossible.

Since k cannot be 0, 2, or > 3, the only remaining possibility is K = 1. Thus f(p) = p.
Proposition 8. In Family B, f(n) = n for all positive integers n.
Proof. Fix any n and any prime p. Using the bonza condition with a = p, b = n:

f(p) =p|n” = f(n)".

By Fermat’s little theorem,

n” =n (mod p), f(n)? = f(n) (mod p).
Therefore

pln—f(n).
This holds for every prime p. The only integer divisible by all primes is 0, so n — f(n) = 0, i.e. f(n) = n.
Hence in Family B we have f(n) = n < 4n for all n.

5. Upper bound summary

We have shown:

> In Family A, f(n) < 4n for all n.

> In Family B, f(n) = n < 4n.

Therefore for every bonza function f and every n € N,

6. Sharpness: a bonza function attaining 4n
Define a function h : N — N by
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and for n > 2:

1 if n is odd,
h(n) =44 ifn =2,
2v2(M+2  ifpisevenand n > 2.
We verify that h is bonza, i.e.,

h(a) | b* — h(6)™™ foralla,b € N.

Verification

We consider cases based on a.

> Case 1: a is odd.

Then h(a) = 1 (by definition: for odd n > 1, h(n) = 1; and a = 1 gives 1). Since 1 divides any integer, the condition holds trivially.
> Case 2: a = 2.

Here h(2) = 4. We must show

46> = h(b)* forallb.
> If bis odd: b is odd, h(b) = 1, so h(b)* = 1. Then b® — 1 is divisible by 4 because for an odd b, b> = 1 (mod 8), hence certainly by
4.
bIfb = 2: b? = 4, h(b) = 4, h(b)* = 4* = 256. Then 4 — 256 = —252, and —252 is divisible by 4.
> If bis even and b > 2: write b = 2°¢c with 3 > 1, ¢ odd. Then h(b) = 2°72 (since b > 2 even). Then h(b)* = 24(F+2) = 946+8
which is divisible by 4. Moreover, b? is divisible by 4 (since b is even). Thus b? — h(b)* is a difference of two multiples of 4, hence itself
a multiple of 4.
Therefore the condition holds for a = 2.
> Case 3: a iseven and a > 2.
Let o = w2 (a) (so > 1; note that if @ is even and > 2, then either & > 2 or o = 1 with a = 2m, m odd > 3). Then h(a) = 2°*2.
We need to prove

202 | p* — p(b)>" "

‘We split into subcases according to b.
> Subcase 3a: b is odd.
Then h(b) = 1. So we need 2°72 | b — 1.
Since a is even, write a = 2%m with m odd.
Claim: For any odd integer b and any integer s > 1,

b =1 (mod 2°F?).
Proof of claim. For s = 1, any odd b satisfies b = 1 (mod 8), i.e. modulo 23. Assume the claim holds for some s > 1. Then

b =142°7°K
for some integer K. Squaring gives
b28+1 _ (1 + 2s+2K)2 -1 + 23+3K + 225+4K2 =1 (mod 23-&-3)7
because the extra term is divisible by 2573, This proves the claim.
Applying the claim with s = « yields

v =1 (mod 2°72).
Then

b = (b*)"=1" =1 (mod 2°7?),
and therefore b* — 1 is divisible by 272
> Subcase 3b: b = 1.
Then b* = 1, h(b) = h(1) =1, s0 h(b)2a+2 =1,and 1 — 1 = 0 is divisible by any integer.
> Subcase 3c: b = 2.
Here h(b) = h(2) = 4. So we need
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ga+2 5.90+2 ga+3

2a+2 | 20 _ 42”+2 — 9% _ (22)

. The 2-adic valuation of a difference of two powers of two is

=2-2 2 —2

ga+3

Let D =2 —2

a ifa < 29F3,
va(D) = ¢ 2°F3  ifq > 2973
higher if a = 2%"3 (then D = 0).

We claim v2 (D) > « + 2.
Lemma 9. If a is even and a > 2, then a > « + 2 where o = v2(a).
Proof. Write a = 2% - m with m odd.
> If « = 1, then @ = 2m with m odd. Since a > 2, we have m > 3,s0 a > 6. Meanwhile « + 2 = 3. Soa > 3.
>If « > 2, then a > 2%. It remains to show 2% > « + 2 for a« > 2. This is true for « = 2 (4 > 4), and if true for «, then
20Tt = 9.2 > 2(a +2) = 2a+4 > (a+ 1) + 2 for a > —1, which holds. Hence a > o + 2.
Now we have two possibilities:
bIfa < 2°73 then v2(D) = a (if a < 2°T®) or D = 0 (if @ = 2°T®). In either case, since a > a + 2, we get va(D) > a + 2.
>If a > 2973, then v2(D) = 29%3 Since a > 1,297 > 24 = 16 fora = 1, and a + 2 = 3; clearly 29" > o + 2 (e.g. fora = 1,
16 > 3; for larger « it’s even larger). Thus v2 (D) > a + 2.
Therefore 2°72 | D.
> Subcase 3d: b is even and b > 2.
Write b = 2°¢ with 8 = va(b) > 1 and ¢ odd. Since b > 2, we have 8 > 1; note that if b = 2 we already handled.
Then h(b) = 2°2 (by definition, because b is even and b > 2).
We need to show 2412 divides
bt — (2742)2" S pe g0t
Observe that the second term is a power of two, and its exponent is (3 + 2)20‘+2 > 29%2 (since B > 1 gives 8 + 2 > 3). Hence it is
certainly divisible by 2%72,
For the first term,

b = (2%¢)* = 279",
Since c¢* is odd, the 2-adic valuation of b is Sa. By Lemma 9, a > « + 2. Therefore
Ba>a> o+ 2.
Thus 272 | b7,
Consequently both b and the second term are multiples of , so their difference is also a multiple of
All subcases are exhausted, and in each the required divisibility holds.

2a+2 2cx+2

Thus h is bonza.

Now evaluate h(n) for powers of two:
bh(2)=4=2-2.

> For any ¢ > 2, n = 2" is even and > 2, so

h(2') = 2U2DF2 —9t+2 ot — gy,
In particular, h(4) = 16 = 4 - 4. Hence
h(n)

——L =4 foralln=2"(t > 2).
n

If ¢ < 4, then for n = 4 (or any 2¢ with ¢ > 2) we have

h(4) =16 > c- 4,
so ¢ cannot satisfy f(n) < cn for all bonza functions. Therefore no constant smaller than 4 works.

7. Conclusion
We have proved that 4 is an upper bound for f(n)/n and that this bound is attainable. Consequently, the smallest real constant ¢ with the
property that f(n) < cn for every bonza function f and every n € N is

[4]
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IMO 2025 Problem 4.

IMO 2025 Problem 4

An infinite sequence a1, as, ... consists of positive integers has each of which has at least three proper divisors. Suppose that for
eachn > 1, an+41 is the sum of the three largest proper divisors of a,,. Determine all possible values of a;.

Solution
I Remark. 7/7.

Let a1, ag, . .. be an infinite sequence of positive integers such that each a,, has at least three proper divisors, and for eachn > 1

an+1 = sum of the three largest proper divisors of a,.
Define the function f by f(NN) = sum of the three largest proper divisors of N.

1. A useful formula for f(N)
Let the positive divisors of N be

l=di<da<---<dr =N,

where k > 4 because NN has at least three proper divisors. The three largest proper divisors are di—3, dk—2, dr—1. Using the divisor
pairing d; - dp+1—, = N, we get

N N N
dp—1=—, dr—2=—, dp—3=—.

da ds da
Thus
N N N 1 1 1
N="g 2y Y N (1),
f() d2+d3+d4 <d2+d3+d4) ()
2. Fixed points
A fixed point satisfies f(N) = N. From (1) this is equivalent to
1 1 1
—+—+—=1. (2
do  ds + da @

Leta=dz, b=ds, c=ds (s02<a<b<c).Solvel/a+1/b+1/c=1.

>If a = 2, then 1/b + 1/c = 1/2. Multiplying gives 2(b + ¢) = bc or (b — 2)(c — 2) = 4. With b < ¢, the only solution is
b—2=1, c—2=4,ie, (a,bc)=1(2,3,6).

>Ifa = 3,then 1/b + 1/c = 2/3. But the maximum for b > 4,¢ > 5is 1/4 4+ 1/5 = 9/20 < 2/3, so no solution.

>If a > 4, the sumisatmost 1/4+1/5+1/6 = 37/60 < 1.

Hence the unique triple is (2, 3, 6). Therefore a fixed point must have

Interpretation:

>2| N (so N even),

>3 | N,

> There is no divisor between 3 and 6;i.e.,4{ N and 5t N.

> Because 2 is the smallest divisor > 1, we must have v2(IN) = 1 (otherwise 4 | N would be a divisor < 6).
Thus the set F of all fixed points is

‘]—":{NENWQ(N):L 3| N, 5J(N}.‘

3. Special case: 12 | N
If 12 | N, then 2,3,4 | N and these are the three smallest proper divisors (since 4 is the smallest possible after 2, 3). Then

4. Lemma on odd numbers
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Lemma 1. Let X be an odd positive integer with at least three proper divisors. Then f(X) < X and f(X) is odd.
Proof. All divisors of an odd number are odd. The three smallest divisors greater than 1 are at least 3, 5, 7. Therefore

11,1 11 1T

do d3 da =3 5 7 105 '
so f(X) < X. Moreover, each quotient X /d; is odd (odd divided by odd). The sum of three odd numbers is odd, hence f(X) is odd.
An immediate corollary:
In an infinite orbit, no term can be odd, because starting from an odd term the sequence would be strictly decreasing and infinite -
impossible. Hence every term of an infinite sequence is even.

5. Lemma for even numbers not divisible by 12
Lemma 2. Let Y be an even integer with at least three proper divisors and 12 1 Y. If the orbit of Y is infinite, then Y € F.
Proof. Since 121Y and Y is even, we have either 4 { Y or 31 Y (or both). Consider two cases.

Casel:3|Y

Because 12 1 Y, we must have 4 1 Y; thus v2(Y') = 1. Write Y = 2M with M odd. Since 3 | Y and gecd(2,3) = 1, we get 3 | M.
The three smallest proper divisors are d2 = 2 and d3 = 3. The fourth divisor d4 depends on 5.

> Subcase 1a: 5| M. Then 5 | Y and 5 < 6, s0 ds = 5. Then

Y Y Y 31
Y)==—4+=-4+—=_—-Y>Y.
1) 2 + 3 * 5 30 >
Moreover, Y is divisible by 30 (it contains factors 2, 3, 5), so Y = 30Z with Z odd. Then f(Y) = 31Z, which is odd. By Lemma 1, the
orbit from an odd number is strictly decreasing and finite - contradiction to infinite orbit. Hence this subcase cannot occur.

> Subcase 1b: 5 1 M. Then no divisor equals 4 or 5; the next divisor after 2,3 is 6 = 2 - 3. Hence d4 = 6, and

IW)=5+5+5 =Y.

Thus Y is a fixed point, i.e., Y € F.
Therefore, if the orbit is infinite, we must be in Subcase 1b,so Y € F.

Case2: 31Y
Then Y is even but not divisible by 3. For any such Y we have

1,11 1,1 1 19
d2 d3 das =2 4 5 20 ’

so f(Y') < Y. If the orbit never contained a term divisible by 3, then we would have an infinite strictly decreasing sequence - impossible.
Hence there exists a smallest index m > 2 with 3 | am,. Then am,—1 is not divisible by 3, and am = f(am—1) < @m—1.

Now examine am—1.

> Subcase 2a: a.,—1 is odd. By Lemma 1, @, = f(am—1) is odd and less than a,,—1. Since a, is odd and divisible by 3, Lemma 1
again implies that from a,, onward the sequence is strictly decreasing and odd - finite, contradiction.

> Subcase 2b: a,,,—1 is even. Write Y = am—1 = 2M, with M odd. Since 3 1 Y, we have 3 M. We will show that a,, is odd,
reducing to Subcase 2a and giving a contradiction.

Letr = Y mod 3 (r = 1 or 2). For any divisor d of Y (which is coprime to 3), we have d = 1 or 2 (mod 3) and d~* = d (mod 3)
(because 1-1 =1, 2-2=1 (mod 3)). Hence

=r-d (mod 3).

=

Thus

f(Y) = T(dg +ds + d4) (mod 3)
Since r # 0, the condition 3 | f(Y) is equivalent to

24+d3s+ds=0 (mod 3) (4)
Now, ds = 2. Determine d3, d4.
First, 4 cannot divide Y. If 4 | Y, then d3s = 4, and (4) gives 2+ 4 + ds = 0 = dy = 0 (mod 3), impossible because 3 1 Y. So
vo(Y)=1:Y = 2M with M odd, and 4 { Y.
Thus the smallest divisor greater than 2 is an odd number; call it p. Since 31Y, p # 3,s0p > 5.
The next divisor d4 is the smallest divisor larger than p. Since 4 1 Y, the next even divisor would be 2p. So either
> d4 = ¢ (an odd divisor, p < ¢ < 2p) if such an odd divisor exists, or
> d4 = 2p (if there is no odd divisor between p and 2p).
Check the two possibilities against (4) with dz = p:

24p+di=0 (mod3). (5
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>Ifds = 2p, then 2+ p+ 2p = 24 3p = 2 (mod 3), not 0. Hence d4 cannot be 2p. Therefore there exists an odd divisor ¢ with
p<q<2pandds =gq.
Then (5) becomes 2 + p + ¢ = 0 (mod 3). Since p,q Z 0 (mod 3), the only way is

p=q=2 (mod 3).

Now compute f(Y):
TR Y]
2 p q P q
Because p, g divide M (they are odd divisors of Y = 2M), the fractions are integers. Now
> M is odd,
D% :2-%iseven,

> % is even.
Thus f(Y) = odd + even + even = odd.

Hence a,n, = f(Y) is odd. But 3 | an, (by definition of m). So an, is an odd multiple of 3. By Lemma 1, the orbit from a, is strictly
decreasing and odd - finite, contradiction.

Both subcases lead to contradiction. Therefore Case 2 cannot occur. The only possibility is Case 1, and specifically Subcase 1b, which
forces Y € F.

6. Necessity - form of a; in an infinite orbit
Assume the sequence is infinite. Let N = a;. Define

t =max{k > 012" | N}.
Write N = 12° R with 12} R.
We claim that for s = 1,...,t, the term a; is divisible by 12. Proof by induction: a; = 12°R is divisible by 12 (if ¢ > 1). Suppose
a; is divisible by 12. Since 12 | a;, we have by (3) that a;41 = %ai. If we write a; = 12° - S with 12 { S and s > 1, then
ai+1 = 12°71(135). Since 12 1 S and 13 is coprime to 12, we have 12 { 13S. Thus a;41 is divisible by 12°*. Starting with s = ¢ at
1 = 1, after ¢ steps the exponent of 12is ¢ — ¢ + 1. Hence as long as 7 < ¢, the exponent is at least 1, i.e., 12 | a;.
Thus we can apply (3) exactly ¢ times:

13’ 130 '
at+1—(ﬁ) al—E12R—13R

Now 12 1 R and ged(13,12) = 1,50 12{ 13'R; i.e., 121 ay1.
The orbit of a4 is also infinite (tail of an infinite sequence). By the corollary of Lemma 1, a;+1 cannot be odd; hence a1 is even. Also

each term has at least three proper divisors. Therefore a;+1 satisfies the hypotheses of Lemma 2 (even, not divisible by 12, infinite orbit).
Lemma 2 then yields

at+1 € F.
Recall a;+1 = 13'R. Since 13" is coprime to 30, the properties defining F must already hold for R:
> Vg(at+1) = Z/Q(R) = 1,
>3 |art1and 3113 = 3| R,
>54fai+1 and 5113 = 5{ R.
Thus R € F. We have shown

a1 =12" - K witht >0, K € F|

7. Sufficiency - every such number works

We prove by induction on ¢ that if a; = 12°K with K € F, then the sequence is infinite.

> Base case t = 0: a1 = K € F. By definition of a fixed point, f(K) = K. Hence the sequence is constant: a,, = K for all n. Since
K has at least three proper divisors (as shown when characterizing F), the sequence is infinite.

> Inductive step: Assume the statement holds for all starting values with parameter ¢ — 1 (where t > 1). Let a1 = 12K with K € F.
Because 12 | a1, we can use (3):

az = f(a1) = %al = % 12K =127 (13K).
Now, because K € F, we have vo(K) =1, 3 | K, 51 K. Multiplying by 13 (coprime to 30) preserves these properties, so 13K € F.
Thus

as =12'7'L with L = 13K € F.
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By the induction hypothesis, the sequence starting from as is infinite. Consequently, the whole sequence from a; is infinite.
This completes the induction, establishing sufficiency.

8. Final characterization
Combining necessity and sufficiency, the possible values of a; are exactly those positive integers that can be written as

a=12""K (t>0, K€ F),
where

F={KeN|wnK)=1,3|K,5{K}.
Equivalently, in terms of prime exponents:

Z/Q(al) is Odd, 1/3((11) > %Z/Q(al), 5’((11.
More explicitly, writing

t:w(;l)J’ t=wvs(ar) = (t+1) >0,  ged(R,30) = 1,

we have

2t+1 t+14+4
ap = 2%t gttIHE L R,

a1 = 12" - K with t > 0 and K satisfying 2 || K, 3 | K, SfK.‘

‘(ll = 22t+1 . 3t+l+l : R7 taé Z Oa ng(R7 30) =1 ‘

This completely solves the problem.

IMO 2025 Problem 5.

IMO 2025 Problem 5

Alice and Bazza are playing the inekoalaty game, a two-player game whose rules depend on a positive real number A which is
known to both players. On the nth turn of the game (starting with n = 1) the following happens:

* If n is odd, Alice chooses a nonnegative real number x,, such that
1+ 22+ -+ < An.

 If n is even, Bazza chooses a nonnegative real number x,, such that

x%+x§+~~+xi§n.

If a player cannot choose a suitable x,,, the game ends and the other player wins. If the game goes on forever, neither player wins.
All chosen numbers are known to both players.
Determine all values of A for which Alice has a winning strategy and all those for which Bazza has a winning strategy.

g J

Solution

I Remark. 7/7.

We begin by setting notation and a couple of useful lemmas. For each n > 1, let

n n

2

Sn = E i, Qn = E .
i—1 i=1

The rules are:

> On odd turns n, Alice chooses x,, > 0 with .S,, < An.

> On even turns n, Bazza chooses x,, > 0 with @Q,, < n.

If a player cannot make a legal move, the game ends and the other wins. If it continues forever, the result is a draw (no winner).

Two elementary lemmas
Lemma 1. After any even turn n, we have S, < n and Q,, < n.
Proof. The condition for even n is @, < n. By the Cauchy-Schwarz inequality,
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S2<n-Qn<n-n=n°
hence S,, < n.
Lemma 2. Suppose that on all odd turns up to 2 Alice plays O (so the only nonzero numbers are Bazza’s choices on even turns). Then
after turn 2\ we have

Sonr < M\/§
Proof. Write y; = xo, fori =1,..., M. Then

M M
Som = Zyu Q2m = Zy?
i=1 i=1
By Cauchy-Schwarz,

Sane <M - Qam.
Lemma 1 with n = 2M gives Q21 < 2M. Therefore

Sour <M -2M =2M°> =  Soy < MV2. O

1. The case \ > - Alice wins

1
V2
Alice will force a win in a finite number of moves. Choose an integer M large enough so that

A2M 4+ 1) — MV2 > V2. (1)

(Such M exists because A > 1/4/2 implies 2\ — 1/2 > 0, so the left-hand side tends to +oco as M — oc.) Her strategy is:
>Onturns 1,3,5,...,2M — 1 (all odd turns before 2M + 1) she plays z,, = 0.

> On turn 2M + 1 she plays zanr+1 = A(2M + 1) — Sou.

We must check that the zeros are legal and that the move on turn 20 + 1 is well-defined.

Legality of the zeros
After each even turn 2k (1 < k < M), by Lemma 2 we have Sz, < k+v/2. For the odd turn 2k + 1, Alice wants to choose 0; this is
allowed iff

Sar +0 < A2k +1).

Since Sar, < kv/2, it suffices to show kv/2 < A(2k -+ 1). Rewrite as \ > ;Z*f 7+ The function k — — +21 increases with k (its limit
is \/5/2 = 1/\/5). Because A > 1/\/5, we have A > 22\_/31 for every k; hence kv/2 < A(2k + 1). Thus each 0 is legal.

The decisive move
After turn 2M, Lemma 2 gives Sop < M V2. Define

a=xom+1 = AM2M + 1) — Sanr.
From (1) and the bound on Sa/,

a>A2M +1)— MV2>v2>0,
so a is nonnegative and satisfies Saar + a = A(2M + 1), hence the sum constraint on turn 2M + 1 is met.
Now we analyze the sum of squares after this move. Let S = Saas. Then

Qanvi+1 = Qanm + a?.
By Cauchy-Schwarz applied to the M numbers x2, x4, . .., T2 We have

2

S
S?<M-Qov = Qom > U

Therefore

SQ 2
Qa1 > i +a?

I
Jr
>
o
S
J’_
=
!
n
o

Define the function
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£(S) = SM +(A2M +1)-8)*,  0<S<MV2
We need a lower bound for f(S).
Monotonicity of f. Compute
s 28 B 1 e 2
F'S) =22 —20eM+1) - 8) =2(S(1+ ;) - AEM+ D), f1($) = +2>0,
Thus f’ is strictly increasing. The critical point f'(S) = 0 gives
S — M -A\2M +1)
T T M1

Because A > 1/+/2, we have 2)\ > /2, and for sufficiently large M (which we may assume)

So > M+V2.
(Simply check that So > M+/2 <= A(2M 4+ 1) > v/2(M + 1), which holds for large M since the left grows like 2AM and the right
like v2M.)
Since f’ is increasing and So > M+/2, we have f'(S) < f'(So) = 0 forall S < M+/2. Hence f is strictly decreasing on [0, M /2].
Consequently its minimum on the interval is attained at S = M+/2:

O<Sniilr\1/[\/§f(5) = f(MV2) = % + (A2M +1) — MV2)? =2M + (A2M + 1) — MV2)".

Thus
Qonrt1 > 2M + (A2M + 1) — MV/2)°.
But condition (1) says A(2M + 1) — M2 > /2,50

(A2M +1) — MV2)* > 2.
Therefore

Qanr+1 > 2M + 2.
Now it is Bazza’s turn (turn 2M + 2). He must choose z2a7+2 > 0 such that

Qanrr2 = Qanrr1 + Toprpe < 2M + 2.
Even if he plays z2nr4+2 = 0, we obtain Qanr+2 = Q2nm+1 > 2M + 2, which violates the constraint. Hence Bazza has no legal move,
and Alice wins.

2. The case )\ < % - Bazza wins
Bazza will use the following strategy on every even turn n:

Tn=vN—Qn-1.

In words, he takes the largest possible number that still keeps the sum of squares at most n. We will prove by induction that after each of
his moves (i.e., after turn 2m) we have

(i) Qam =2m, (i) Sam > mV2. (2)
Base case m = 1 (turn 2). After turn 1, Alice has chosen some a; > 0 with a; < A. Then

To =4/2 —a?

Q2=ai+(2—al)=2.

(which is real because a? < A% < 1/2 < 2). We get

For the sum,

Squaring gives
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S5 =al+(2—al) +2a14/2 — a2 =2+ 2a1,/2 — a2 > 2,

50 So > /2. Thus (2) holds for m = 1.
Inductive step. Assume (2) is true for m — 1, i.e., after turn 2(m — 1) we have

QZ(m—l) = 2(m - 1), SQ(m—l) > (m - 1)\/5
Turn 2m — 1 (odd): Alice chooses a > 0 with
Turn 2m (even): Bazza computes

Tom = v/2m — Q2m—1.

First we verify that the square root is defined, i.e., Q2m—1 < 2m.
‘We have

Q2m-1 = Q2(m—1) + a = 2(m—1) + a>.

Hence we need a? < 2, or a < v/2. To see that this always holds, use (3) and the inductive lower bound on S5y, _1):

a<A2m —1) = Som_1) < A2m —1) — (m — 1)V2. (@)
We claim that the right-hand side of (4) is at most V2. Indeed,

A2m —1) — (m—1)V2 < V2 <= A2m—1) <mV2.
Because \ < 1/\/5, we have 2\ < /2. Then

A2m —1)=22m - A<V2m— A <V2m,
so the inequality holds (the left side is 2A\m — ), the right side is /2 m; since 2 m < vV2m, we get \(2m — 1) < V/2m. More
formally:

A2m —1) <V2m <= (2A—V2)m < A
The left-hand side is < 0 (because 2X — v/2 < 0), while the right-hand side is positive, so the inequality is true for all m > 1. Therefore
a < V2, s0a® <2, and the square root is defined.
Now compute:

Tom = \/2m— (2(m—1)—|—a2) =1/2 — a?.

Then

Qam = Qam—1 + T2, = (Z(m -1+ a2) +(2— a2) = 2m.
For the sum:

Szm = Sg(mfl) +a—+ 2— a2.

Observe that for any a with 0 < a < /2,

(a+V2—a2)® =2+2a\/2 - a2 >2,
hence a + v/2 — a2 > /2. Using the inductive bound So(m—1) = (m — 1)v/2, we obtain

Som > (m—1)V2+ V2 =mv2.

This completes the induction.

Alice loses
From (2) we have Sa2,, > mv/2 for every m. Since A\ < 1/\/5, we have v/2 — 2)\ > 0. Choose m large enough so that

mv2 > A2m+1). (5)

(Such m exists because m (/2 — 2X) > A eventually holds.)
Consider turn 2m + 1. After turn 2m,

Sam > mV2 > A(2m + 1)
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by (5). Therefore, even if Alice tries to play 2,41 = 0, we have
Som+1 = Sam > A(2m + 1),
which violates the sum constraint. Consequently she has no legal move, and Bazza wins.

1
3. The case A\ = — - Draw
V2

We show that neither player has a winning strategy by exhibiting a strategy for each that prevents the opponent from winning.

Bazza prevents Alice from winning
Bazza uses the same maximal strategy as in case 2: on each even turn n, set x,, = v/n — Qn—1. We check that the induction in case 2
still works when A = 1/+/2.

For the inductive step, from (3) and the lower bound Sy, 1y > (m — 1)\/5 we obtain

a<A2m—1)— (m—1)V2.
With A = 1/v/2,

2m —1 _2m—-1-2(m-1) 1
7 —(m—-1)V2= % =7

Thusa < 1/ V2 < /2,50 a? < 1/2, and the square root v/2 — a? is well-defined. The rest of the induction is unchanged, yielding

A2m —1)— (m—1)V2=

Qom = 2m, Som > my/2 forallm. (6)
Now consider any odd turn 2m + 1. Alice must choose a’ > 0 such that

’ 2m +1
Som +a’ <A2m+1) = NRR
From (6), Som > mvV2 = 2—m Therefore
V2
g mtl g _2mil 2m 1
V2 V2 V2 V2

1
Consequently a'? < 3 and

1
Q2m+l:Q2m+a/2:2m+a/2§2m+§ < 2m + 2.

Thus after Alice’s move, we have Q2m+1 < 2m + 2. Bazza can then reply with z2,,42 = 0 (or any number keeping Q2m+2 < 2m + 2).
In particular, Bazza always has a legal move, so Alice cannot force a win.

Alice prevents Bazza from winning
Alice adopts the strategy: on every odd turn she plays 0.
Then the only nonzero numbers are Bazza’s even-turn choices. By Lemma 2, after turn 2m we have

Sam < mV2.
The sum constraint on turn 2m + 1 is
2m + 1
32m+1 - SQm + T2m+1 S )\(Qm + 1) = \/§ .
Since
2m 2m + 1
Som <mV2 =22 < ,
e NI

the choice z2.,,+1 = O satisfies the inequality. Hence Alice never loses on her turn.

Moreover, with this strategy Bazza cannot force a win, because Alice always has a legal move (namely 0). Therefore Bazza does not
possess a winning strategy.

Since both players have strategies that thwart a forced win, the game is a draw; it can also be continued indefinitely (e.g., with Bazza
always choosing 0 as well). So A = 1/+/2 leads to no winner.

Conclusion
We have determined the outcome for all positive A:
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Alice has a winning strategy if and only if A > i
v
Bazza has a winning strategy if and only if A < —.
1 v2
When A = —, the game is a draw (no winner).
NG g ( )

IMO 2025 Problem 6.

IMO 2025 Problem 6

Consider a 2025 x 2025 grid of unit squares. Matilda wishes to place on the grid some rectangular tiles, possibly of different sizes,

such that each side of every tile lies on a grid line and every unit square is covered by at most one tile.
Determine the minimum number of tiles Matilda needs to place so that each row and each column of the grid has exactly one unit
square that is not covered by any tile.

Solution
I Remark. 0/7.

Let n = 2025. The grid consists of n? unit squares. We must choose a set of squares to remain uncovered such that each row and each
column contains exactly one uncovered square; equivalently, the uncovered squares form a permutation matrix. The remaining n*> — n
squares must be covered by non-overlapping axis-aligned rectangles (tiles) whose sides lie on the grid lines. The goal is to minimize the
number of tiles.

1. Reduction to the diagonal configuration

Let the uncovered square in row ¢ be at column ¢;; then ¢1, ¢z, . . ., ¢y, is a permutation of {1, ..., n}. Consider the column permutation
o defined by o(c;) = i. Applying o to the column indices (i.e., renaming column j to o (7)) transforms the uncovered squares into the
diagonal positions (4, 7). The tiling is transformed by moving each tile together with the columns; this does not change the number of tiles,
and the covering properties remain valid because the grid structure is preserved (only the labels of columns are changed). Therefore, the
minimum number of tiles over all configurations is the same as the minimum over configurations where the uncovered squares are exactly
the main diagonal {(7,7) | 1 <7 < n}.

Consequently, we may assume without loss of generality that the diagonal squares are the only uncovered ones.

2. A construction using 2n — 2 tiles

‘We now exhibit a tiling of the board with the diagonal uncovered, using exactly 2n — 2 rectangles.

> Lower triangle (¢ > j): For each column 5 = 1,2,...,n — 1, place a vertical tile that covers every cell in column j whose row index
is greater than j. Formally,

R ={(i,5) | j+1<i<n}.
These n — 1 rectangles are pairwise disjoint (they lie in different columns) and cover all squares with ¢ > j.
> Upper triangle (¢ < j): Foreachrow ¢ = 1,2,...,n — 1, place a horizontal tile that covers every cell in row ¢ whose column index is
greater than ¢:

U P . .
R ={(@.5)|i+1<j<n}
These n — 1 rectangles are also pairwise disjoint (they occupy distinct rows) and cover all squares with ¢ < j.
The two families are disjoint because a square with ¢ > j belongs to some Rg-L) (column j) and a square with ¢ < j belongs to some

R§U> (row 7); no square can satisfy both conditions. The diagonal squares (%, ¢) are not covered by any tile. Thus we have a valid covering
of all off-diagonal squares using

k=n—-1)4+n-1)=2n-2
tiles.

3. Lower bound: at least 2n — 2 tiles
Now take any tiling 7 of the board that leaves exactly the diagonal squares uncovered. Partition the off-diagonal squares into two sets:

L=A@g)li>j4}  U={@G4)]i<j}.
Lemma 1. Every tile T € T is entirely contained either in L or in U.
Proof. Suppose a tile T" contains a square from L and a square from U. Represent 1" as the Cartesian product of an interval of rows and an
interval of columns:
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T={(j)]a<i<b c<j<d},
withl <a <b<n,1<c¢<d< n. Ifthe intervals [a, b] and [c, d] intersect, then there exists an integer r € [a, b] N [c, d], and the
square (r, r) belongs to T, contradicting the fact that diagonal squares are uncovered. Hence [a, b] and [c, d] are disjoint.
>If b < c, then for any (¢,7) € T wehave : <b < ¢ < j,s04 < j;thus 7' C U, contradicting the presence of an Lsquare.
>Ifd <a,thenj <d<a<isoi>j,givingT C L, contradiction.
Therefore a tile cannot contain squares from both L and U; it must lie wholly in one of them.
Lemma 2. In the lower triangle L, consider the n — 1 cells

Dy ={(i,i—1)]|i=23,...,n}.
No tile that is a subset of L can contain two distinct cells from Dy, .
Proof. Let T C Lbe atile, so T = [a, b] X [c,d]. Because T C L, we have i > j for every (¢, j) € T'. In particular, the cell (a, d) (the
topmost row and rightmost column of the tile) satisfies a > d.
Assume, for contradiction, that 7" contains two distinct cells (i,¢ — 1) and (j,j — 1) with ¢ < j. From (i, — 1) € T we obtain

a<i<b, c<i—1<d.
Since a > dandd > i — 1, we have a > 7 — 1, hence a > i. Combined with a < i, we get a = 1.
Now a =iand a > dimply i > d,i.e.,d < i. Butd > ¢ — 1 from the containment, sod =7 — 1.
Now apply the same reasoning to (j,7 — 1) € T. We obtain a = j and d = j — 1. But we already have a = i, so i = j, contradicting
¢ < j. Hence T cannot contain two cells of Dr,.
Lemma 3. In the upper triangle U, consider the n — 1 cells

Dy ={(t,i+1)|i=1,2,...,n—1}.
No tile that is a subset of U can contain two distinct cells from Dy .
Proof. Let T C U be atile, T' = [a,b] X [c,d]. Since T C U, we have ¢ < j for every (¢,j) € T. In particular, the cell (b, ¢) (the
bottommost row and leftmost column) satisfies b < c.
Suppose T contains (4,7 + 1) and (j, 7 + 1) with ¢ < j. From (3,7 + 1) € T we have

a<i<b, c<i+1<d.
Because ¢ > band b > i, we get ¢ > ¢, thus ¢ > ¢ + 1. But ¢ < ¢ + 1 from the containment, so ¢ = ¢ + 1.
Moreover,c > b >diandc =14+ 1 imply b < i + 1, i.e., b < i. Combined with ¢ < b, we obtain b = 4.
Now from (j,j + 1) € T' we similarly deduce ¢ = j + 1 and b = j. Sincec =i+ 1, we have i + 1 = j + 1, so ¢ = j, contradiction.
Hence T" cannot contain two cells of Dy;.
Lower bound argument. The sets D, and Dy each contain n — 1 squares, and every square must be covered. By Lemma 1, any tile that
covers a square from L is entirely contained in L; similarly, any tile covering a square from U is entirely in U.
> Dy, must be covered by tiles that lie in L. Lemma 2 tells us that each such tile can cover at most one element of Dy,. Therefore at least
|Dr| = n — 1 tiles are required that belong to L.
> Dy must be covered by tiles that lie in U, and Lemma 3 says each such tile can cover at most one element of Dy, so at least n — 1 tiles
are needed that belong to U.
A tile cannot be in both L and U because L and U are disjoint. Hence the total number of tiles is at least

n—1)+Mn-1)=2n-—2.

4. Minimum number of tiles

We have shown:

> There exists a tiling with 2n — 2 tiles (Construction).

> Any tiling uses at least 2n — 2 tiles (Lower bound).

Therefore the minimum possible number of tiles is exactly 2n — 2.
Substituting n = 2025 gives

2 x 2025 — 2 = 4050 — 2 = 4048.

1.2. USAMO 2026
USAMO 2026 Problem 1.
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USAMO 2026 Problem 1

Let n be an integer greater than 1. For which real numbers z is

ine) = >~ 5

maximal, and what is the maximal value that this expression can take?
Note: | z| denotes the greatest integer less than or equal to z.

Solution
I Remark. 7/7.

Step 1. Reduction to the fractional part. Let n > 1 be an integer. For any real =, write = |z | + {z} = m + 6, where m € Z and
0 €0,1). Foreach k > 1,

lkz] = |km + kO] = km + k6],
because km is an integer. Hence the expression becomes

n

E(x)ZLnxJ—ZM:(nerLnGJ)f M:Lnﬂfztkikgj-

=k k=1 k k=1
Thus E(x) depends only on 0; we define
ko]
F(6 -_— 0 e10,1).
I; o efo,1)
Step 2. Value on the interval [1 — X, 1). Assume 6 € [1 — X, 1). Then > “~Land§ < 1,soforeveryk =1,...,n,
kO >k — L S >k—1,

and k6 < k. Consequently |k0] = k — 1 for all k. In partlcular |nf| = n — 1. Therefore

n

k—1

F(0) = (n—1) — .

k=1
Now

n n

k—1 1

S (1) =
k=1 k=1

where H, = 1+ % + -4 % (the n-th harmonic number). Hence

FO)=(n—-1)—(n—H,)=H,—1.
So on the whole interval [1 — %, 1) the expression is constant and equals H,, — 1.
Step 3. Upper bound: first decomposition. To prove that H,, — 1 is the maximum, we show F'(0) < H,, — 1 forall § € [0, 1). Let 0
be arbitrary and write

N =|nf] €{0,1,...,n—1}, B=nd—Ne€][0,1).
Sett = B/n € [0,1/n). Then

o=~ 44
n
Fork=1,...,n
k0:w+kt.
n

Write the division of kN by n:

kN {kNJ T
==+

n n
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where 7y, is the remainder, i.e. 7, = kN mod n with 0 < r; < n. Then

kO = {ﬂJjL(T—’Mth).
n n

integer in [0,2)

Define
{1 i TE Rt > 1,
O = n

“ )0 otherwise.
Then

Substituting into F'(6) gives

Since each 6 /k > 0, we obtain the important inequality

F(0) < A(N), where A(N)=N — -~ L5 .

k
k=1
Thus it suffices to prove A(N) < H,, —1foral N =0,1,...,n— 1.
Step 4. Simplifying A(N). Using | £Y | = E¥="k we compute
"\ kN — 7y
A(N)=N — -
(N)=N-> ——b
k=1
=~ N Tk
=N— 2k
(n nk)
k=1
N ~ 1 - Tk
—N-—|= 1 = _k
(n Z ) + n k
k=1 k=1
1 <7k 1 <=7k
=N-N+-S NI
+ = e @
k=1 k=1

Step 5. Introducing the greatest common divisor. Let d = gcd(N, n). Write

n=dn, N =d N,
with gcd(N1,n1) = 1.
Because 7 is the remainder of kN modulo n, we have rx = d - si, where

sk = (kN1) mod n1, 0 < sk <mni.

Moreover, as k runs from 1 to n, the values sy, take each integer from 0 to n1 — 1 exactly d times (this follows from the fact that k — kN
(mod n1) is a bijection over each block of length n,). Therefore

1nrk 1nd5k dnsk 1n8k
P E Tk Tk T @
k=1 k=1 k=1 k=1
Now decompose k as k = in1 + j withi = 0,1,...,d —land 5 = 1,2,...,n1. Then s = s; because Sin,+; = ((in1 +
J)N1) mod n1 = (jN1) mod n1 = s;. Hence
n Sk ni d—1 1
Sk _ 5 :
=k j=1 ’ =t
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Define the weights

d—
j=1,...,n1.
T

Observe that wj is strictly decreasing in j (since larger j makes denominators larger). Then

n1
>

= — SjWj.

ny 4 Wi
Jj=1

,_.

Step 6. Applying the rearrangement inequality. The set {s1,. .., Sn, } is a permutation of {0, 1,...,n1 — 1} (this is true for the indices
j =1,...,n1, because j/N1 mod n; runs through all residues exactly once). The weights w; are decreasing. By the rearrangement
1nequa11ty, the sum ) s;w; is maximized when the s; are also arranged in decreasing order. The decreasing order of the numbers
0,1,...,n1 —lis sy =n1 — 1,52 = n1 — 2, ..., sp; = 0. Hence for any permutation we have
ni ni
Zsjwj < Z(nl — w5
J=1 J=1
Consequently,
1
A(N) < — ni — (6)
(N) <~ J;( 1)

Step 7. Relating to the harmonic number. Compute the right-hand side:

ni ni d—1 d—1 ni
. niy — ]
Doy =3 (m =)y =D D =
=1 =1 i=0 im +J i=0 j=1 in+j o
Now the harmonic number H,, can be written as
d—1 niy
=0 j=1 an +‘7
Thus
d—1 nq
an =

Consider the difference

d—1 njy . d—1 ny
ZZ ny —J
Mt —m =-S5 = (ml—&—j_m)_nlizzml—i—]_nl

i=0 j=1 =0 j=1

Define

d—1 ni

T = (7

Then S < ni1H, — n; is equivalent to 7" > n.
Step 8. Proof that 7" > n;. Rewrite each term:

7 - mi

mni1+J m1 +J

Hence
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T )

=0 j=1
d— d—1 nq
= 17
_d’l’L1 — Tblg ;an—i—j

Let

2= Zmlﬂ

=0 j=1
The term with ¢ = 0 is 0. For ¢ > 1, note that inq + 7 > in; forall j > 1, so

ni

Zml—i-j JZE:E:

S| =

Multiplying by ¢ (positive) gives

ni

1
1 - - < 1.
;m1+]

Summing these inequalities fori = 1,2,...,d — 1 yields

d—1
Q<> 1=d-1. (8

If d = 1, then Q = O (the sum over ¢ is empty). Then

T=dni —mQ=mn (since d = 1).
If d > 2, we have () < d — 1, hence

T =dn, —n1Q>dn1 —n1(d—1) =
Thus in all cases T > n1, with equality exactly when d = 1.
Step 9. Final bound for A(N). From the equivalence established in Step 7, T > n; implies S < nqy H, — n1. Using (6) we obtain

AN) < L5 < L niH, —ni) = Hy - 1.

—n1 ni
Hence A(N) < H, — 1 forevery N.
Step 10. Equality conditions. We have the chain

F(0) < A(N) < H, —
To have F'(0) = H, — 1, both inequalities must be equalities.
> Equality in F(0) < A(N) requires ;' _, 6x/k = 0, i.e., 6x = O for all k. This means = + kt < 1 for every k.
> Equality in A(N) < H, — 1 requires that the upper bound we derived be attained. From the derivation, this happens exactly
when d = 1 (i.e., gcd(N, n) = 1) and the rearrangement inequality (5) is sharp. Since wj is strictly decreasing, the maximum of »_ s;jw;
is achieved when the s; are also decreasing. For d = 1, the set {s1,..., s} (since n1 = m) is a permutation of {0,1,...,n — 1}.
The decreasing order corresponds to s; = n — j for j = 1,...,n (with s,, = 0). This is equivalent to (jN) mod n = n — j for
all j = 1,...,n. This congruence simplifies to jN = —j (mod n), i.e., N = —1 (mod n). Because 0 < N < n — 1, this forces
N=n-1.
Now check that for N = n — 1 the condition d, = 0 indeed holds. Write N =n — 1,thend = ged(n — 1,n) = 1. Fork=1,...,n
ry = (k(n — 1)) mod n = n — k (for k < n) and r,, = 0. Then

%+kt:n (or 0 + nt for k = n).

Since t < 1/n, we have 2% 4 kt < 2= 4 k. L =1 and for k = n, nt < 1. Hence 6z = 0 for all k. Therefore F() = A(N) =
H, - 1.
Conversely, if € [1 — 2, 1), then N =n —landt =60 — (n — 1)/n € [0,1/n). As just verified, this yields F'(6) = H, — 1.
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Thus the maximum value H,, — 1 is attained precisely when the fractional part of  lies in the interval [1 — 1/n, 1).
Step 11. Conclusion. The maximal value of the expression is H,, — 1, where H,, =1 + % + -+ % and this maximum occurs exactly
for those real numbers x whose fractional part belongs to [1 — 1/n, 1).

1 1
H, —1, where H, =1+ 3 + -+ + —, and the maximum is attained iff {z} € {1 - 1)

L
n

USAMO 2026 Problem 2.

USAMO 2026 Problem 2

Annie is playing a game where she starts with a row of positive integers, written on a blackboard, each of which is a power of 2. On

each turn, she can erase two adjacent numbers and replace them with a power of 2 that is greater than either of the erased numbers.
This shortens the row of numbers, and she continues to take turns until only one number remains. Annie wins the game if the final
remaining number is less than 4 times the sum of the original numbers. Is it always possible for Annie to win, regardless of the
starting row of numbers?

Excerpted solution: the original response is very long, so only the beginning and ending portions are shown.

Solution

I Remark. 0/7.

We will prove that Annie can always win, i.e., for any initial row of powers of two, there exists a sequence of moves that ends with a
single number F satisfying F' < 4.5, where S is the sum of the original numbers.
Let S be the sum of the numbers, and let k = |log, S|, so that

2k < § < 2P,
The proof proceeds by strong induction on the number of terms n. We will show the following statement:
Claim. For any list of n powers of two, there exists a sequence of moves such that the final number F satisfies F < 4 - 2"
Once the Claim is established, we obtain Annie’s victory:
> If S is not a power of two, then 2k < S hence 4 - 2% < 4S and therefore F < 485.
> If S is a power of two, the same inductive proof (when analysed more carefully) actually yields the sharper bound F' < 25, which is
certainly < 45 for S > 0. (We will comment on this improvement at the end.)
Thus the main task is to prove the Claim by induction on n.

Base casen =1
There is only the number itself, so F' = S. Since S < 2F+1 < 4. 2% the Claim holds.

Inductive step

Assume the Claim holds for every list of size less than n. Consider a list of size n. Let its sum be S and let k = |log, S|.

Case 1: There exists an adjacent equal pair

Choose such a pair, say a; = a;+1 = a. Replace them by 2a (the smallest allowed power of two greater than a). The sum does not
change, so k remains the same. The new list has size n — 1, so by the induction hypothesis it can be reduced to a final number < 4 - 2.
Hence the same holds for the original list.

Case 2: No two adjacent numbers are equal

In this case we choose an adjacent pair (a;, a;+1) for which max(a;, a;+1) is as small as possible; denote the two numbers by = and y
with z < y. Replace them by 2y (again the smallest possible power of two greater than y). Let the new sum be

S =S5+ (y—2x).
Set k' = |log, S'|.
‘We now consider two subcases.
Subcase 2a: k' = k
Then S’ < 2FT!, so the floor has not increased. The new list has size n — 1; by the induction hypothesis it can be reduced to a final
number < 4 - 2 = 4.2%. So the original list also admits such a strategy.
Subcase 2b: k' = k + 1
In this situation 2F+! < 8" < 2%+2_ First note that y < 2% otherwise y > 2*+1 would force S > Yy > ok+1 contradicting S < ok+1,
Consequently 2y < 2F+1,
Now examine the list after the merge; it has size n — 1 and sum S’. Although its floor is k + 1, we can still use the induction hypothesis -
not directly on this list (which would give a bound of 4 - 2**1 = 8 . 2¥), but we can instead apply the induction hypothesis to the rest
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of the list - i.e., the numbers that were not part of the merged pair. However, after the merge the list is contiguous, so the “rest” is not
isolated. Instead we perform the following two step reduction:

1. Reduce the part of the list that does not contain the new number 2y (i.e., all other numbers) to a single number 7". Because the rest
consists of several (possibly one) contiguous blocks, we can reduce each block independently to a single number using the induction
hypothesis (the blocks have size < n). By doing so we obtain a list consisting of 2y and the numbers 77, 75, . . . (one per block). Each T);
satisfies T} < 4 - 2% because the sum of the corresponding block is < 2¥F! (since the total sum S < 2¥*! and we have removed at least
the two numbers x, y with y > 2, so the block sum is at most 2°*1 — 3? Actually a precise bound is not needed; we only need that every
suchT;is < 4- 2% Indeed, for any block, its sum is less than 2**!, so by the induction hypothesis (applied to that block) we obtain a
number < 4 - 2% (its floor is at most %, so the bound is 4 - 2%).

After this reduction, the list contains 2y and several numbers T}, each < 4 - 2*. Now we can merge these numbers one by one. A crucial
observation is that 2y < gk+1 <4- 2k for k > 0. Hence all numbers present are at most 4 - 2% When we merge two numbers each at
most 4 - 2, the result is at most 2 - 4 - 2% = 8 . 2, which is still too large. To keep the bound at 4 - 2¥, we must merge in a way that the
maximum never exceeds 21!, Notice that 2y < 2**!. If we can ensure that every Tj is also < 2%+1 then merging any two of them
yields at most 2°+2 = 4 . 2% Therefore the problem reduces to showing that each block can be reduced to a number < 2°*! rather than
the coarser 4 - 2.

But can we guarantee < 2°*1? Since the sum of a block is < 2°71, a direct application of the induction hypothesis would only give
< 4 - 2. However, we can prove a slightly stronger lemma that will serve our purpose:

Lemma. If a list has sum 7" with 2% < T < 2511 then there exists a strategy with final number < oL+1 provided that 7" < 3- ol=1t_1q,
(This lemma will be proved by induction on 7 in a moment.)

In our situation, each block sum is at most S — z — y < okt Moreover, because we are in Subcase 2b, the original list has no adjacent
equal and we chose the pair with smallest maximum. A detailed analysis (which we will carry out for the lemma) shows that the sum of
each block is actually < 3 - 281 — 1. Hence the Lemma applies, giving T; < 2k+1,

2. With all numbers < 2**! merging any two yields at most 2**2 = 4 . 2%, By continuing this process we eventually obtain a single
number < 4 - 2k,

Thus, if the Lemma holds, the Claim is established in Subcase 2b as well.

Proof of the Lemma
‘We now prove the Lemma stated above.
Lemma. Let L > 2 be an integer. For any list of powers of two whose sum 7" satisfies

ol « 7 <3287 1,
there exists a sequence of moves that ends with a number < 25+1,
Proof. We use strong induction on the number of terms n.
> Base n = 2. The two numbers are powers of two, say a < b. Since T' = a + b > 2%, we must have b > 2F. If b > 2%, then
b > oL+t implying 7" > 2L+1 which contradicts T < 3-28"1 —1 < 28+ (for L > 2). Hence b = 2%, Thena = T — 2% < 281 —1.
The only legal move is to replace (a, 2L) with a power of two greater than 2¥; the smallest such is 2“1, By choosing that, we obtain a
final number exactly 2571, which certainly is < 25T,
> Inductive step. Assume the Lemma holds for all lists of size smaller than n. Consider a list of size n with sum 7" in the prescribed
interval.
If there is an adjacent equal pair, merge it. The sum stays the same, so I" remains in the interval, and the size becomes n — 1. By the
induction hypothesis we get a final number < 2E+1,
If there is no adjacent equal pair, let (z,y) be the adjacent pair with the smallest maximum; = < y. Merge them to 2y and obtain a new
list of size n — 1 withsum 7" =T + (y — z).
We need to show that 7" still lies in an interval that allows us to apply the induction hypothesis (possibly with a different L) and still
obtain the bound 251,
First, bound y. Because the list has no adjacent equal numbers and its sum is less than 227!, the maximum element cannot exceed
2L=1 if we want to stay within the interval after the merge? Actually we can have y = 2¥, but then the structure of the list is very
restricted. We analyse the two possibilities:
>y < 2871 Then 2y < 2L, Also, y — 2 < 2F~ — 1. Consequently

T<T+@EF'—1n<@ 2V -+ @ —1)=4.2""1—2=2"_2
Moreover, T' > T > 2%. Hence T’ lies in (2%, 25"1). If 77 < 3-2%~! — 1, then 7" is still in the original interval for L, and the
induction hypothesis (applied to the list of size n — 1) gives F' < 2LH1 If 77 > 3. 2F=1 — 1, then T” is in (3 - 2F~1, 281, In this
range, we claim that 7" actually belongs to the interval for L + 1, i.e., 2571 < 77 < 3.2F —1? But 77 < 257, 50 it cannot be in
(251 .. .]. However, observe that 77 > 3 - 28=% 4 1 (since it exceeds the upper bound). But then 77 > 3 - 257! + 1. For L > 2,
3- 2571 4+ 1 may be less than 2T, but we need a bound of 2°7*. Since we are only required to obtain some final number < 257!, we
can simply note that 77 < 2! and therefore the floor of T” is at most L. If the floor is L (i.e., T" < 2ET1), then we can apply the
induction hypothesis for the same L? The induction hypothesis requires the sum to be > 2%. It is, but we also need the upper bound
32571 — 1 to use the Lemma? Actually the Lemma we are proving is exactly: for any list with sum in (27,3 - 2¥=! — 1] we can
achieve < 25+ If T” falls outside this interval (i.e., 7" > 3 - 2571 — 1), the Lemma does not directly apgly. However, we can then
apply the induction hypothesis for a different statement: for any list with sum < 27! we can achieve < 2“1, But is that universally
true? No, as the example [8, 4, 2] with L = 3 (sum 14) shows that the minimum final is 32, which is > 16 = 2. So we cannot claim
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that for every list with sum < 2°7" we can get < 27!, Hence we must be more careful.

>y = 2°. Then, because there are no adjacent equal numbers and the sum is at most 3 - —1 < 25F1 the list can contain at
most one copy of 27 (two would sum to at least 2571). Moreover, to avoid any adjacent pair with maximum < 2%, every other number
must be adjacent only to 2% (otherwise a pair of smaller numbers would have maximum < 2%). This forces the list to be of the form

2L71

[al,ag,...,ap,QL,bl,bg,...,bq]
where all a; and b; are powers of two less than 2% and no two of the a; (or two of the b;) are adjacent; in particular, p < 1 and ¢ < 1.
Thus the list has at most three elements. For size 2, the list is [2¥, ¢] or [c, 2%] with ¢ < 2%. That case is already covered by the base (size
2). For size 3, the list is [a, 2L, b] with a, b powers of two, a, b < 2L and a + b < 2871 — 1 (since the total sum is at most 3 - 2F~1 — 1),
Now, the pair with smallest maximum is either (a, 2%) or (2%, b), both have maximum 2. Choose one, say (a, 2~). Merging gives 2-+*
and the list becomes [2571 B]. Its sum is 2% + b. Since b < 257 — 1, we have

oF Tt ol L p <ol p ol 5. 087
For L > 2,5 - 2L~ _ 1 is still less than 6 - 2871 — 1 = 3. 2% — 1, so the sum lies in (ZLH, 3.2F — 1]. Now, by the induction
hypothesis (the Lemma for the larger index L + 1), we can reduce this list to a number < 24D+ — 9L+2 Byt we need < b+t
However, we are not forced to apply the Lemma for L + 1; we can directly finish the game: from [2L+1, b], the only move is to merge
the two numbers (they are different because b < 2% < 2%*1). The smallest possible result is 2772 (since we must replace them with a
power of two greater than max(25+1 b) = 25+ 50 the smallest is 222, That would give F' = 2°%2, which is larger than 2°**. But
we are free to choose a larger number if we wish; however, to achieve the bound < 25+ we would need to obtain exactly 2541 which is
impossible because the numbers are different and the rule requires a number greater than both, so the result must be at least 22+2. This
suggests that the Lemma might be false for lists of size 3 of this form? Let’s test with concrete numbers: L = 3, so 2% = 8. Choose
a=2,b=2?Buta+b< 2l=1 _1=3,50a= 2,b =1 gives sum 8 + 2 + 1 = 11, which is within the interval (8, 11]. According to
the Lemma, there should be a strategy yielding F < 2! = 16. But earlier we saw that from [2, 8, 1] the minimum final is 32, not 16.
Let’s verify carefully:
List: [2, 8, 1]. No adjacent equal. The pair with smallest maximum: pairs are (2, 8) max=8, (8, 1) max=8. Suppose we merge (2, 8) to 16
(smallest possible). Resulting list: [16, 1]. Now merge (16, 1): the smallest power of two greater than 16 is 32. So final 32. If we merge
(8,1) first, we get [2, 16] then merge to 32. So indeed the minimum is 32. Therefore the Lemma, as stated, is false for L = 3 with the list
[2,8,1]. Indeed, 2L =8,3.2F71 — 1 =11, and T = 11 is allowed. But we cannot achieve < 16; the best is 32.
Remaining solution omitted because the original response is substantially longer than the other appendix examples.

USAMO 2026 Problem 3.

USAMO 2026 Problem 3

Let ABC be an acute scalene triangle with no angle equal to 60°. Let w be the circumcircle of ABC. Let Ap be the equilateral

triangle with three vertices on w, one of which is B. Let £p be the line through the two vertices of A g other than B. Let A and
£c be defined analogously. Let Y be the intersection of AC and ¢, and let Z be the intersection of AB and {¢.

Let N be the midpoint of minor arc BC on w. Let R be the triangle formed by ¢z, £, and the tangent to w through N. Prove that
the circumcircle of AY Z and the incircle of R are tangent.

Solution
I Remark. 7/7.

We are given an acute scalene triangle ABC with no angle equal to 60°. Its circumcircle is w. For vertex B we construct the equilateral
triangle A inscribed in w (one vertex is B); let £5 be the line through the two other vertices. Similarly, A¢ and ¢¢. Define

Y =ACN g, Z =ABnN/{c.
Let N be the midpoint of the minor arc BC' (the arc not containing A). Let R be the triangle bounded by ¢z, {c and the tangent to w at
N. We must prove that the circumcircle of AAY Z and the incircle of AR are tangent.

1. Complex numbers on the unit circle
Place the circumcircle w as the unit circle in the complex plane. Denote the points by

A=a, B=b, C=c¢, la] = 1b] = || = 1.
The triangle is acute, scalene and none of its angles is 60°.
Lemma 1 (Line through two points on the unit circle). For distinct u, v on the unit circle, the line wv is given by

Z+uvz=u-+wv.

Proof. A point z is collinear with u and v iff is real. Taking conjugates and using & = 1/u, & = 1/v gives the stated equation. (]

z—u
v—u
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2. Equations of the relevant lines

Let( = e2™/3 The equilateral triangle A  inscribed in w with vertex B has the other two vertices B¢ and B¢2. The side opposite B is
£, the line through B¢ and B¢?. Applying Lemma 1 with u = b¢, v = b¢? yields uv = b? and u + v = b(¢ + ¢*) = —b. Hence

lp: z+b°2=—b. (1)
Analogously,

lo: z+Pz2=—c. (2
The point N is the midpoint of the minor arc BC (not containing A). On the unit circle the midpoint of an arc has the property that its
square equals the product of the endpoints:

N?=be. (3)
The tangent to w at N is given by

z+ N?z = 2N.
Using (3) we obtain

tangentat N : z+bcz =2N. (4)

3. Intersection points Y and Z
The line AC' has equation (by Lemma 1)

AC: z+acz=a+c. (5
Intersect AC with £. Subtract (5) from (1):

(b —ac)z=—b—(a+¢c)=—(a+b+c).
Set

S=a+b+ec, D1 = ac — b°.
Then zZ = S/D;. Substitute into (1) to find the coordinate y:
b2 S bDy + b2S
= b—bg=—b- =77
y=—-b—-by=-b ) D
Compute the numerator:

bD1 + %S = b(ac — b*) + b*(a + b+ ¢) = abc — b® + ab® + b* 4 b*c = b(ac + ab + be) = bT,

where
T = ab + bc + ca.
Thus
bT S
= —— jy=—. (6
Yy Dy’ V=7, (6)

By symmetry, intersecting AB (equation z + ab zZ = a + b) with £¢ gives

cT S

_ 7= — Dy = -
D27 z D27 2 ab c (7)

z =

4. A convenient rotation ~
The configuration is invariant under rotations of the circle. We choose the rotation so that N = 1. Then (3) yields bc = 1, hence ¢ = b.
Write

b:eza’ c:efzoc’

where a = ZA (by the inscribed angle theorem, the central angle subtended by BC'is 2«). Since the triangle is acute, o € (0°,90°) and,
by hypothesis, o 7% 60°. Let

k = cos a.
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The remaining vertex is A = a = €', Because N = 1 lies on the minor arc BC not containing A, the argument @ satisfies

0 € (a, 2m — «) (or its symmetric equivalent).
Now compute the quantities that appear in (6), (7) in this coordinate system:

S=a+btc=a+e*+e *=aqa+ 2k,

T = ab+bc+ ca = ae’ + 1+ ae” ™ = 1 + 2ka,
Q=b"4+bc+? =€ +1+e ™ =2cos2a+1=4k*—1,
Dy = ac — b? :aefmfei%‘,

—i2a

) ,
Dy =ab—c° =ae' —e ,

A = DiDy = (ae™ ™ — ) (ae'™ — e ") = a® — 2a cos 3o + 1.

5. A key algebraic identity
Lemma 2. With the above notation,

(a+2k)>*=QT+A. (8
Proof. Expand QT + A:
QT = (4k* — 1)(1 + 2ka) = (4k* — 1) + 2k(4Kk> — 1)a,
A =da®> —2acos3a + 1.
Recall cos 3o = 4k> — 3k. Then
QT+A=d+ [2k(4k2 —1) —2cos 3a]a + [(4]@2 —1)+1]
=a® + [8k® — 2k — (8k” — 6k)]a + 4k
=a® 4 dka + 4k* = (a + 2k)>. O

6. The circumcenter O of AAY Z
We claim that the point

aQT
O0=- 9
N
is the circumcenter of AAY Z. Let us verify that it is equidistant from A, Y and Z.

Distance to A

L aQT __(QT |\ _ _a(@T+4)
0] a = A a = G(T“Fl)— T
By Lemma 2, QT + A = (a + 2k)?, so

2
O—a:—w. (10)
Hence
a+ 2k|?
0—al = =2
Distance to Y

Using (6), § = S/D; and y = —bT'/D;. Compute

O—y:—aQT+b—T:T<—@+i).

Since A = D1 Ds,

a® b —aQ bDy  —aQ +bD>
A "Dy DDy DDy A )
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Thus

7&@ +bD>

O—-—y=T A

(12)
Now compute bDs — aQ:
bD2 — eia(aeia _ e—iQa) — aeiQa _ e—ia7

aQ — a(ei2a + 1 + efiQa) _ aei2o¢ tLa+ ae*iZOA’

o bDy—aQ = —e " —a — ae” 22,
On the other hand,
7€_iaT _ 7€_i&(1+2ka) _ 76_7;& 72]{7@6_1.& _ 76_7;& 7(1(6“! +e—ia)e—ia _ 76_1.& 7(1(14’6_1.20[) — 76_2‘& 7a7ae—i2a.
Therefore

bDs — aQ = —e T,
and consequently

bD2 — aQ| = |T].
From (12) we obtain
T

O—yl="L a3
|0 -yl N (13)

Distance to Z
A completely symmetric computation (interchanging b with ¢, D1 with D-) gives
TP

O —z = .
| | N

14

Equality of the distances
Now note that

T = (1+ 2ka)(1 + 2ka) = 1+ 2k(a +a) +4k®> =14 2kt + 4k>,  t=a+a = 2cos0.

But also
la + 2k)* = (a + 2k)(a + 2k) = 1 + 2k(a + a) + 4k* = |T|*.
Thus
la + 2K|? IT]? a4+ 2k la + 2k|?
O—al="—7— O-yl="57=""— [0-z2=—7—
A A |A] |A]

Hence O is indeed the circumcenter of AAY Z, and the circumradius is

_a+2k?

R=1"—"-. (15

7. Cartesian description of triangle R _ _
Now we work in the rotated coordinate system where N = 1, b = e'*, ¢ = e~ **. Write a complex number z = x + 7y.

Equation of /5
From (1): z + b>Z = —b. Substituting b = cos o + i sin a, b> = cos 2a + i sin 2, we separate real and imaginary parts:

{1:(1 + cos2a) + ysin 2a = — cos a

xsin 2a 4+ y(1 — cos 2a) = —sina.
Using the identities

1 + cos2a = 2cos” a, sin2a =2sinacosa, 1—-cos2a= 2sin? a,
and dividing the first equation by 2 cos « (since cos « > 0) and the second by 2 sin « (since sin o > 0), both reduce to
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1
rcosa+ ysina = —5 (16)

Equation of /¢
Similarly, for £c given by z + ¢*Z = —c with ¢ = cos & — isin a, ¢ = cos 2« — i sin 2cv. Separating real and imaginary parts yields

{x(l + cos2a) — ysin 2a = — cos a

—xsin2a 4+ y(1 — cos 2a) = sina.
Again, dividing appropriately we obtain

1
rcosa —ysina = —5 (17

Equation of the tangent at N =1
Since N = 1 lies on the unit circle, its tangent is the line z + Z = 2, i.e.,

rz=1. (18)
Thus R is the triangle bounded by the three lines (16), (17) and (18).
8. Vertices and interior of R

The three vertices are the pairwise intersections of the lines.
> P = /¢ N{c: solving (16) and (17) gives

1
2rcosa=—-1 = = — , y=0.
2cos a
> Q' = {c Ntangent x = 1: plug z = 1 into (17):
. 1 cosaJr%
cosa—ysina=—- — y=——=.
2 sin «
> R’ = ¢ Ntangent x = 1: plug z = 1 into (16):
1
. 1 cosa+ 3
cosa+ysina=——- — y=———"""=.
2 sin «

Hence the triangle R has vertices

. 1 . 1
P(f 1 ’0)’ o (Lcos.oH—g)’ R (Licos.a—!—g).
2cos o sin o sin o

To determine which side of each line constitutes the interior, we test the vertex opposite that line.
> For line £, the opposite vertex is Q’. Compute the left-hand side of (16) at Q":

. cosa+ 1Y\ . 1 1 1
rcosa+ysina=1-cosa+ | ——= |sinwa =cosa+cosa+ - =2cosa+ - > ——.
sin « 2 2 2
Therefore the interior of R satisfies
. 1
rcosa+ ysina > —5 (19a)
> For line £¢, opposite vertex is R'. At R’:
X cosa—|—% X 1 1 1
rcosa—ysina=1-cosa— | ———= |sina =cosa+cosa+ —- =2cosa+ = > ——,
sin « 2 2 2

so the interior satisfies

1
rcosa — ysina > —5 (19b)

_ 1
2cos o

> For the tangent = 1, opposite vertex is P with xp = < 1, thus the interior satisfies

z<1. (19)
Therefore R = {(az,y) :xcosa+ ysina > —%, rcosa — ysina > —%, T < 1}.

9. Incenter [ and inradius r of R
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The triangle is symmetric with respect to the x-axis (the lines ¢ and ¢ are symmetric, the tangent is vertical). Hence the incenter lies on
the z-axis: I = (p,0).

For a point (z, 0) inside R (so satisfying the inequalities), the distances to the three lines are:

T cosa + %

v/ cos? a + sin? o
> To £c: similarly, distance = x cos a + & (because zcosa — 0+ & = zcosa+ 1 > 0).
> To the tangent x = 1: distance = 1 — x (since = < 1).

Setting these equal gives

> To £p: the line is x cos a + y sin a + % = 0; distance = =zxcosa+ % (since the interior gives x cos o + % > 0).

1 1 1
a:cosoz—i—i =1l-2z = z(cosa+1)= 5 = T= 20 Foosa)’

Thus the incenter is

1 1

I=(——7——,0]) = 0 =—- (20
(2(1—1—(:0504)7 ) (p, 0), P 2(1+k) (20)
The common distance is the inradius:
1 2(1+k)—1 1+ 2k
=1-p=1-— = = .21
" p 0+ k . 20+k)  20+k @
10. Distance O1
We have the circumcenter
aQT
O=-— N
and the incenter
1 1
I = = = —
b 2(1+cosa) Do’
where we denote
Do =2(1 4+ cosa) = 2(1 + k).
Then
aQT aQT + pA
_I=— Cp= s TP
0 A P A

Set U = aQT + pA; then OI = |U|/|A].
Now substitute the expressions for aQT, p and A. Write

aQT = a(4k® — 1)(1 4 2ka) = (4k° — 1)a + 2k(4k* — 1)a>.
Alsop = 1/Dg and A = a® — 2acos3a + 1.
Thus

U = [2k(4Kk® — 1) + p]a® + [(4k* — 1) — 2pcos3ala+p. (22)
Compute the coefficients with denominator Dy = 2(1 + k).
> Coefficient of a:

1
Ay = 2k(4k* — 1) + —.
2 ( )+ Do
Write as a single fraction:

(2k(4k* —1))Do + 1
Do ‘
Compute (2k(4k? — 1)) Do = (8k® — 2k) - 2(1 + k) = 16k* + 16k® — 4k* — 4k. Adding 1 gives

Ag =

16k* 4+ 16k> — 4k — 4k + 1.
Notice that

X =4k* + 2k — 1,
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then
X% = (4k* 4 2k — 1)® = 16k™ + 16k — 4k® — 4k + 1.
Hence
X2
Ay ="-. (2
2= 5 (23)
> Coefficient of a:
Ay = (4k* — 1) — 2pcos3a = (4k> — 1) — QC;)SBQ
0

Write as

(4k* — 1)Dy — 2 cos 3a
Do ‘
Compute (4k* —1)Do = (4k® — 1) - 2(1 4+ k) = 8k> 4 8k? — 2k — 2. And 2 cos 3o = 2(4k® — 3k) = 8k> — 6k. Subtract:

Ay =

(8k> 4+ 8K* — 2k — 2) — (8K® — 6k) = 8k” + 4k — 2 = 2(4k” + 2k — 1) = 2X.
Therefore
2X
Ay = Do @

1
> Constant term: p = Do

o
Substituting (23) and (24) into (22) yields

X%, 2X 1 (Xa+1)?

Consequently,
or =10l _ Xa+1F = o
Al DolA]
11. Relating O to R and r
Recall the circumradius of AAY Z:
a + 2k|?
R:7| A | . @27
The inradius of R is
r= ! ;:k (28)
Now compute
‘Xa + 1|2 2
where
Xa+ 1)
L— % ~ la+ 2k
o
From (26),
la 4+ 2k + L L
Ol=—"F————=R+—. (29
|A] |A|

Thus if we can show L = £7 |A|, we will have OI = R + r, which implies tangency.
Lett = a+ a = 2cosf. Then

Xa+ 1) = (Xa+1)(Xa+1)= X+ Xt + 1.
Also
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la+ 2k = (a + 2k)(a@ + 2k) = 1 + 2kt + 4K°.
Hence

X2+ Xt+1

L
Do

— (1 + 2kt + 4K°).
Multiply by Dy:
DoL = X? + Xt +1 — Do(1 + 2kt + 4k?).
Now Do (1 + 2kt + 4k?) = 2(1 + k) + 4k(1 + k)t + 8K*(1 + k).
Thus
DoL =X +1—-2(1+k)—8k°(1 + k) + (X — 4k(1 + k) t.

constant coefficient of ¢

Compute the coefficient of ¢:

X —4k(1+k) = (4> + 2k — 1) — (4k> + 4k) = =2k — 1 = —(2k + 1).
For the constant term, substitute X2 = 16k* + 16k°> — 4k — 4k + 1:
X 4+1-2(1+k)—8K*(1 + k) = (16k* + 16k® — 4k® — 4k + 1) +1 — 2 — 2k — 8k* — 8K®
= 16k* + (16k> — 8k®) 4 (—4k® — 8k?) + (—4k — 2k) + (1 + 1 — 2)

= 16k* + 8k — 12k* — 6k.
Factor this expression:

16k" 4+ 8k® — 12k° — 6k = 2k(8K” + 4k* — 6k — 3).
Now note that 8%° + 4k* — 6k — 3 = (4k* — 3)(2k + 1), because

(4k* — 3)(2k + 1) = 8k> + 4k* — 6k — 3.
Thus

constant = 2k(4k” — 3)(2k + 1).
But 4k* — 3 = 2232 (since cos 3a = 4k” — 3k = k(4k> — 3)). Hence

cos 3o
constant = 2k -

- (2k 4+ 1) = 2(2k + 1) cos 3a.

Therefore

DoL = 2(2k 4+ 1) cos3a + (—(2k + 1))t = (2k + 1)(2cos 3ac — t).  (30)
Now recall that r = (2k + 1)/Do. So

(2]4) + 1) =rDy.
Substitute into (30):

DoL =rDg(2cos3a—t) = L=r(2cos3a—1t). (31)

Connection with A
Compute A in terms of ¢:

A =a®—2acos3a+1=ala+a—2cos3a) = a(t — 2cos 3a).
Since |a| = 1, we have

|A] = |t — 2cos3al = |2cos 3a — t].
Hence

2cos3a —t=c¢|A],

where ¢ = +£1 depending on the sign of t — 2 cos 3av.
Consequently,
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L=cr|Al. (32)

Final step
Insert (32) into (29):

er|A|

1A
Thus the distance between the centers O and I equals either the sum or the absolute difference of the radii R and r. Therefore the
circumcircle of AAY Z and the incircle of AR are tangent. [J

Ol =R+

=R+er=R=*r.

12. Remarks on non-vanishing denominators

> Dy = 0 would imply ac = b?. In our rotated frame, this gives a = ¢*3*, which forces AB = BC (since then |a — b| = |e
2sina and b — ¢| = |'* — ™| = 2sin ), contradicting the scalene hypothesis. Hence D1 # 0; similarly D2 # 0, so A # 0.

> a + 2k = 0 would give a = —2k real; with |a| = 1 we get 2k = 1i.e. cosa = 1/2, @ = 60°, which is excluded. Thus a 4 2k # 0,
ensuring R > 0.

> cos a > 0 because « is acute.

All algebraic manipulations are therefore justified, and the proof is complete.

USAMO 2026 Problem 4.

i3 _eioc| —

USAMO 2026 Problem 4

A positive integer n is called solitary if, for any nonnegative integers a and b such that a + b = n, either a or b contains the digit
“1”. Determine, with proof, the number of solitary integers less than 10%°%°.

Solution

I Remark. 7/7.

1. Equivalent formulation
Let

S = {z € Ny | the decimal representation of z contains no digit 1}.
(Note that 0 € S because its representation ”0” has no digit 1.)

If n = a + b with a,b € S, then the pair (a,b) shows that n is not solitary (both a and b lack a digit 1). Conversely, if for every
representation n = a + b at least one of a, b contains a digit 1, then certainly no representation with both in S exists. Hence

nissolitary < n¢ S+ S, where S+ S ={z+y|z,y €S}
We need to count the positive integers n < 102°2% that are not in S + S.
Set

N = 2026.
We will first count how many numbers 0 < n < 10" belong to S + S then subtract to get the number of positive solitary integers.

2. Digit-wise analysis and carries
Every integer m with 0 < m < 10~ can be written uniquely as

N—-1
m=>" dl0’,
i=0
where each digit d; is in {0, 1,...,9}. To have a uniform treatment, we pad the representation with leading zeros so that every such m

uses exactly NV digits.
If a, b € S, then each of their digits belongs to

D ={0,2,3,4,5,6,7,8,9} (all digits except 1).
Write a = > a;10%, b = 3" b;10° with a;, b; € D. The addition a 4+ b = n proceeds digit by digit with carries co, c1, ..., cN:

a; +b; +ci =mn; +10c¢i41, co =0,
where each ¢; is either 0 or 1 (since the maximum sum is 9 + 9 + 1 = 19). Because n < 10", the final carry must be ¢y = 0.
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3. Possible sums of two digits from D

Define

4. Transition sets 7'(s, d)

Y = {ai+b¢ | ai,bi € D}
Since the only digit missing from D is 1, the sums that can be obtained are

¥ ={0}uU{2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17, 18}.
(Indeed, 1 cannot be expressed as a sum of two digits from D; all other integers from 0 to 18 can.)

For a fixed carryin s € {0, 1} and a target digit d € {0,...,9}, let

T(s,d) = {t € {0,1} | Ja:,b; € D with a; + b; + s = d + 10t }.

Using X, we can compute 7'(s, d).

Cases =0

Here the total sum before splitting is simply sg with s € 2.
> If 5o <9, we may take ¢t = 0 and the digit is so.
> If so > 10, we may take £ = 1 and the digit is s — 10.

Thus:

In words:
>d =9 gives only t = 0.
>d=1givesonly t = 1.

OO ULk W~ O

(totals 0 and 10)
(total 11)

(totals 2 and 12)
(totals 3 and 13)
(totals 4 and 14)
(totals 5 and 15)
(totals 6 and 16)
(totals 7 and 17)
(totals 8 and 18)
(total 9)

> The other eight digits (0, 2, 3,4, 5,6,7,8) allow botht =0and ¢t = 1.

Cases =1

Now the total sum is sg + 1 with sg € 3. Hence the attainable totals are

Y+1={1}uU{3,4,5,...,19},

i.e., all integers from 1 to 19 except 2.

Proceeding analogously:

Thus:

T(1,d)

OO ULk W~ O

>d=0andd = 2giveonly t = 1.
> The other eight digits (1, 3,4,5,6,7,8,9) allow botht =0and t = 1.

5. State of the possible carries
For a given n with digits ng, n1, ..

some choices of a;, b; € D. Define

{1} (total 19)

{0,1} (totals 1 and 11)
{1} (total 12)

{0,1} (totals 3 and 13)
(totals 4 and 14)
(totals 5 and 15)
(totals 6 and 16)
(totals 7 and 17)
( )
( )

totals 8 and 18
totals 9 and 19

Cooooo
= e

A A A A A A
e e e e

.,nn—1 (least significant first), consider all sequences of carries co, c1, . .

., cn that can arise from

R; = { ¢ | there exist a;, b; € D (j < %) such that the carry after processing digits 0, ...,i — lis ¢; }.
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By definition, Ro = {0}. Fori > 0,

Rip1 = |J T(s,mi). (1)
SER;

Each T'(s,d) is a subset of {0, 1}, and a simple check shows it is never empty. Hence every R; is a non-empty subset of {0, 1}.
Consequently, R; can only be one of three types:
> A;: R; = {0} (only zero carry possible),
> B;: R; = {1} (only one carry possible),
> C;: R; = {0, 1} (both carries possible).
Let

A = #{n €[0,10") | R = {0} },
Bi=#{n€0,10") | R = {1} },
C; =#{ne0,10") | R, = {0,1} }.

6. Transition counts

We now determine, given the current state R;, for which next digits d = n; we obtain each possible next state R;1.
>If R; = {0}: then R;;1 = T'(0, d). From the table for s = 0:
>d =9 gives {0};

>d=1gives {1};

> the other eight digits (0, 2, 3,4, 5,6, 7, 8) give {0, 1}.

Hence:

> 1 digit yields state {0},

> 1 digit yields state {1},

> 8 digits yield state {0, 1}.

>If R; = {1}: Ri4+1 = T(1,d). From the table for s = 1:
>d=0andd = 2 give {1};

> the other eight digits (1, 3,4, 5,6,7,8,9) give {0,1}.

Hence:

> 2 digits yield state {1},

> 8 digits yield state {0, 1}.

>If R; = {0,1}: Riy1 = T(0,d) UT(1,d). Checking each digit individually shows that this union is always {0, 1}. Indeed:
>d=0:T7(0,0) ={0,1},7(1,0) = {1} — union ={0, 1};
>d=1:T7(0,1) = {1},7(1,1) = {0,1} — union = {0, 1};
>d=2:T7(0,2) ={0,1},7(1,2) = {1} — union={0, 1};
>d=3,...,8: both sets contain 0 and 1;

>d=9:T7(0,9) ={0},7(1,9) = {0,1} — union = {0, 1}.
Therefore, all 10 digits keep the state as {0, 1}.

Summarising the transitions in a matrix:

from\to | {0} {1} {0,1}
oy [ 1 1 8
{1} 0 2 8

0,1} | 0 0 10

7. Recurrence relations _ _
A number with ¢ + 1 digits (i.e., an integer in [0, 10”1)) is obtained by taking a number m in [0, 10") (which yields a certain state) and
appending a new most significant digit d (which becomes n;). The number of ways to reach each state for length ¢ 4 1 is therefore:

Aiy1=1-A;,+0-B;+0-C; = A;,
Biy1=1-A;,4+2-B;+0-C; = A; +2B;, (2

C7;+1 =8-A;,+8-B;,+10-C;.
Initial conditions: For 7 = 0 we have processed no digits. The only possible “number” is 0, and the only possible carry is co = 0. Hence

8. Solving the recurrences

8.1. A;
From A;11 = A; and Ay = 1, we immediately obtain
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A; =1 foralli>0|

8.2. B;
Substituting A; = 1 into the recurrence for B;:

Bi+1 =1+ ZBZ', Bo = 0.
We claim

B; =2"—1 foralli>0]|

Proof by induction.
>i=0:20-1 = 0, true.
> Assume B; = 2° — 1. Then

Biy1=1422'—1) =142 —2=2"" _1
which completes the induction.

8.3.C;
Now substitute A; = 1 and B; = 2° — 1 into the recurrence for C;1:

Cis1=8-1+8-(2" —1)+10C;
=8+48-2"-8+10C;

=8-2"+10C;.
With Cy = 0. We claim

C; =10°—2" foralli >0

Proof by induction.
pi=0:10"-2"=1—1=0, true.
> Assume C; = 10° — 2°. Then

Cit1=8-2" +10(10° — 2°)
=8-2'+10""" —10-2°
=107t —2.2°
_ 10i+1 _ 2@'-0—17

which establishes the claim.

9. Representable numbers

After processing all N digits, a number n € [0,10") can be written as a + b with a, b € S iff there exists a carry sequence with ¢y = 0.
In terms of the sets, this is equivalent to 0 € Ry .

The possible values of Ry are {0}, {1}, or {0, 1}. Among these, 0 € Ry exactly when Ry = {0} or Ry = {0, 1}. Therefore

IS +5n[0,10") = Ay 4 Cn.
Plugging in the formulas:

1S +5N[0,10™)] =1+ (10~ —2V) =10V — 2V +1.
This count includes n = 0 (since0 =0+ 0and 0 € S).

10. Positive solitary numbers
We are interested in positive integers n < 10" that are solitary, i.e., n > 0 and n ¢S+S.
Total positive integers less than 10~ are

10N — 1.
The number of positive integers that belong to .S + S (hence are not solitary) is

(S +5)\ {0} = (10N =2V 4 1) =1 =10" — 2",
Thus the number of positive solitary integers is

(10N —1) — (10" =2y =2V — 1.
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11. Final answer
For N = 2026, we obtain

92026 _ 1|

12. Small-case verification (optional)

> N = 1: numbers 1,...,9. The formula gives 2' — 1 = 1 solitary number. Indeed, n = 1 is solitary because every pair (a, b) with
a+b = 1haseithera = 0,b = 1 ora = 1,b = 0; in both cases the number 1 contains a digit 1. All other n (e.g., 2) have a representation
with both numbers lacking digit 1 (e.g., 2 = 2 + 0), so they are not solitary.

> N = 2: numbers 1, . ..,99. The formula gives 22 — 1 = 3 solitary numbers. One can check that they are 1, 19, 21. This matches the
known pattern.

The solution is complete.

USAMO 2026 Problem 5.

USAMO 2026 Problem 5

Let ABC be a triangle. Points D, E, and F' lie on sides BC, C'A, and AB, respectively, such that

/ZAFE = /BDF = Z/CED.

Let O4, Op, and O¢ be the circumcenters of triangles AFE, BDF, and CED, respectively. Let M, N, and O be the
circumcenters of triangles ABC, DEF, and O 4O gOc, respectively. Prove that OM = ON.

Solution
I Remark. 7/7.

We are given triangle ABC with points D € BC, E € C'A, F € AB such that

LAFE = /BDF = ZCED =: 0.
We shall use complex numbers. Without loss of generality we may place the triangle in the complex plane and denote by a, b, c the
complex numbers corresponding to A, B, C.

1. Angle Chase
Denote the angles of AABC by o = Z/BAC, = LABC,y = LACB.

At vertex F'
Points A, F, B are collinear, so ZAF B = 180°. The three angles around F on the side of AB that contains the triangle are ZAF'E,
/FEFD, /DF B and they sum to 180°:

/AFE+ /EFD + /DFB = 180°. (1)
In ABDF we have /BDF = 0 and /DBF = f3 (since D lies on BC and F' on AB). Hence

/BFD =180° — 0 — 83,
so Z/DFB = 180° — 0 — .
Inserting ZAFE = 6 into (1) gives

0+ /ZEFD+ (180° -0 — 3) =180° — J/LEFD =28.
Thus

/DFE =8. (2
At vertex D
Points B, D, C are collinear, so ZBDC = 180°. The angles at D are /BDF, /FDE, Z/EDC and they sum to 180°:

/BDF + /FDE + /EDC =180°. (3)
Given ZBDF = 0.
In ACED, ZCED =60 and ZECD =+, so

/CDE = 180° — 6 — ~,
ie., ZEDC = 180° — 6 — ~.
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Substituting into (3):

0+ /FDE + (180° — 0 —v) =180° = J/FDE =~.
Thus

/EDF =~. (4)

At vertex F
Points C, E, A are collinear, so ZCEA = 180°. The angles at E are /CED, /DEF, /FEA and they sum to 180°:

LCED+ /DEF + /FEA =180°. (5)
Given ZCED = 0.
In AAFE, ZAFE =6 and /FAFE = «, so

/AEF =180° — 0 — a,
ie., ZFEA =180° — 0 — a.
Substituting into (5):

0+ /DEF + (180° — 0 — o) = 180° = /DEF =a.
Thus

/DEF = a. (6)
From (2), (4), (6) we obtain

/DFE =83, /ZEDF =+, /DEF =aq.
Therefore ADEF has angles «, 3, +y; it is similar to AABC'. The vertex correspondence is

E+— A, F +— B, D<+«—C. (1)

2. Complex Representation of the Similarity

The similarity (7) may be either orientation-preserving (direct) or orientation-reversing (opposite). The statement OM = ON involves
only distances, which are invariant under reflection. Hence we may reflect the whole configuration if necessary and assume that the
similarity is direct. Consequently there exist a non-zero complex number k and a complex number ¢ such that

e =ka+1t, f=kb+t, d=kc+t. (8)
(If £ =0, then e = f = t, making AAF'FE degenerate, contrary to the existence of its circumcenter O 4.)

3. Eliminating the Translation
Assume for contradiction that £ = 1. Then (8) becomes

e=a+t, f=b+t, d=c+t.
Because F' lies on AB, the points A, F', B are collinear; hence

f—a b+t—a t
b—a  b—a _1+bfa€R
Similarly, D lies on BC, so
d—b c+t—> t
= =1 R
c—b c—b +cfbe ’

thus -~ € Rand -5 € R.

The vectors b — a and ¢ — b are not parallel (they are sides of a non-degenerate triangle), so the only complex number that is a real
multiple of both is 0. Hence ¢ = 0, which gives e = a, f = b, d = c¢. Then AAFE degenerates to the segment AF, contradicting the
existence of O 4. Therefore k # 1.

Consider the fixed point of the spiral similarity z — kz + ¢ (when k # 1):

t
X=—
1-k
Translate the plane so that X becomes the origin. (Translation is an isometry, so all distances and circumcenters are preserved up to the
same translation; we keep the same letters for the new coordinates.) After this translation we have
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e = ka, f = kb, d=kec. (9
(We also note that a, b, ¢ # 0; otherwise, e.g., a = 0 would imply A = X, and thene = k-0 = 0, so A and F coincide, making AAFFE
degenerate - impossible. Hence a, b, ¢ are non-zero.)

4. The Origin Lies on the Three Circles

We now show that the origin 0 belongs to the circumcircles of AAFE, ABDF, and ACED.

Lemma (Cross Ratio and Concyclicity). Four distinct points 21, 22, 23, z4 in the complex plane lie on a common circle or line if and
only if their cross ratio

(21 — 23) (22 — 24)
21, 22} % = — = 7
( 1,42, 372:4) (Z1—24)(Z2—23)
is a real number.

Proof. The Mobius transformation

(z — z1) (22 — 23)

(z = 23)(22 — 21)

maps 21, 22, z3 to 0, 1, co respectively. Under T, the circle/line through 21, 22, z3 is mapped to the real line. Hence z4 lies on that
circle/line exactly when T'(z4) is real, and T'(z4) equals the cross ratio (21, 22; 23, 24).

T(z) =

Circle (AFE)
Take z1 = a, z2 = f, z3 = e, z4 = 0. Using (9):

a—e=a—ka=a(l—k), f—0=kb, a—0=a, f—e=kb—ka=k(b—a).
Thus

(a—e)(f—0) a(l—k) kb (1—k)b_

(a’f;ao):(a—o)(ffe)_ a«k(bfa) - b—

(10)

Because A, F', B are collinear, the ratio 5 @ is real. Compute
—a
f—a kb—a

b—a b—a’

Now

(1—k)b_1_kb—a

b—a b—a’
which is therefore real. The points a, f, e are not collinear (otherwise AAF' E would be degenerate). By the lemma, O lies on the circle
through a, f, e, i.e.,

0€ (AFE). (11)

Circle (BDF)
Take z1 = b, 220 = d, z3 = f, z4 = 0. Using (9):

b—d=b—ke, f—0=kb, b—0=b, f—d=kb—kc=k(b—c).
Hence
(bfd)(ffO)_(bfkc)-k‘b_bfkc

& 1.0 = G0 F—d) = b k-0 b P

Collinearity of B, D, C' gives Z eR:

kc—b
c—b

€ R.
Observe that

b—kc —(kc—b) kc—b

b—c  —(c—b) c—b’
so the cross ratio is real. Since b, d, f are non-collinear (triangle BDF’ is non-degenerate), the lemma yields
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0 € (BDF). (13)

Circle (CED)
Take z1 = ¢, 22 = e, 23 = d, z4 = 0. Using (9):

c—e=c—ka, d—0=ke, ¢c—0=¢, d—e=kc—ka=k(c—a).
Thus
e)(d—-0) (c—ka)-kec c—ka

. _(e— _ —
(€ad0) = 0@—e = che-a  c-a ¥

e—=cC

eR:

Collinearity of C, E, A gives

a—c
Since

c—ka —(ka—c) ka—c

c—a —(a—-c) a—c’

the cross ratio is real. Non-collinearity of c, e, d gives

0 € (CED). (15)

5. k is Not Real

Suppose, for contradiction, that & € R. Then from (9) we have e = ka, so points 0, a, e are collinear (they lie on the line through the
origin and a). However, by (11) all three points 0, a, e lie on the circle (AF E). A non-degenerate circle cannot contain three distinct
collinear points. This contradiction forces

k¢ R. (16)
(Recall k£ # 0, 1; therefore 0, 1, k are distinct and not collinear.)

6. Circumcenters O 4,Op, Oc

Since 0 lies on (AF'E), the circle through a, f, e coincides with the circle through 0, a, e (because three non-collinear points determine a
circle, and 0, a, e are distinct and, because k ¢ R, they are not collinear). Hence O 4 is the circumcenter of A(0, a, €).

Now consider the triangle with vertices 0,1,k. As k ¢ R and k # 0,1, these points are distinct and non-collinear. Let u be its
circumcenter; thus

=0 =|p—1=|p—kl. A7)
We claim that O 4 = ap. Indeed, the map z +— az (a spiral similarity about 0) sends

0—0, 1—a, k—ka=e.

Under a similarity, the image of the circumcenter of a triangle is the circumcenter of the image triangle. Therefore ap is the circumcenter
of A(0,a,e),ie,Oa = ap.
One may also verify directly: The distances from ap to 0, a, e are

lap — O = lal [ul, lap —al = lal|p—1],  [ap —e| = [af |p— kI,
and by (17) these three numbers are equal, so ay is equidistant from 0, a, e. Because 0, a, e are not collinear, ay is the unique point with
that property, hence it is the circumcenter.
Analogously, applying the same reasoning to the other two circles, we obtain

OB = by, Oc =cpu. (18)

7. Circumcenters M, N, O
Let M be the circumcenter of AABC, so

IM —a|=|M—b|=|M—c|=:R. (19
Circumcenter O of AO,O0p0O¢
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The vertices are Og = ap, Op = bu, Oc = cu. Consider the point pM':

WM — Oal = |uM — ap| = |p| [M — a| = |p|R,
|uM — Op| = |pM —bu| = |u| [M - b| = |u|R,
[uM — Oc| = |uM — cp| = [u| [M — c| = |u|R.

Thus puM is equidistant from O4,Op,O¢c. Since AO2OpOc is non-degenerate (it is the image of AABC under the non-zero
similarity z — pz), M is the circumcenter:

O = uM. (20)

Circumcenter N of ADEF
The vertices are D = k¢, E = ka, F' = kb. Consider the point kM

kM — D| = [kM — ke| = || |[M — ¢| = |k|R,
kM — E| = |kM — ka| = |k| |M — a| = |k|R,
|kM — F| = |kM — kb| = |k||M — b| = |k|R.

Hence kM is equidistant from D, E, F', and because A D E'F is non-degenerate (it is similar to A ABC and, under the given configuration,
non-degenerate), we have

N=kM. (Q21)
(If M = 0, then O = 0, N = 0, and the equalities hold trivially.)

8. Proof of OM = ON
Using (20) and (21),

OM =0 — M| = |pM — M| = |M||p— 1],
ON =10 = N| = [uM — kM]| = [M] |11 — k|
Now p is the circumcenter of A(0, 1, k), so by (17)

I =1 = | — K.
Consequently,

OM = |M||p— 1| = [M[|p — k[ = ON.

9. Conclusion
‘We have shown that under the given conditions the distances OM and ON are equal.

(oi =on ]

USAMO 2026 Problem 6.

USAMO 2026 Problem 6

Let a and b be positive integers such that ¢ (ab + 1) divides a® + b> + 1. Prove that a and b are Fibonacci numbers.

Solution
I Remark. 7/7.

Let a and b be positive integers such that

olab+1) | a® + > + 1.
Set N = ab + 1 and define the positive integer

a®+bv2+1

b=

We will prove that both a and b must be Fibonacci numbers.

67



Achieving Gold-Medal-Level Olympiad Reasoning via Simple and Unified Scaling

1. Preliminary bounds
Since N > 1, we have ¢(N) < N — 1 = ab (with equality exactly when NV is prime). Hence

>+ +1=ko(N)<kab. (1)
By the quadratic-mean-arithmetic-mean inequality, a® + b? > 2ab, so

a4+ +1>2ab+1. (2
Combining (1) and (2) yields

2ab+ 1< kab = k22+ib.
a

Because k is an integer, if ab > 1 we obtain k > 3. If ab = 1 then necessarily a = b =1, N = 2, ¢(2) = 1, and then k& = 3. Thus in
every case

k>3] Q)

2. Parity and the even case

Lemma 2.1. If N is even and N > 2, then the divisibility condition cannot hold.

Proof: For N > 2, ¢(N) is even (a standard fact: ¢(n) is even for every n > 2). Because N even implies ab = N — 1 odd, both a and b
are odd. Then a® + b? + 1 is odd (odd+odd+1). An even number cannot divide an odd number. The only even possibility is N = 2,
which gives @ = b = 1 and indeed ¢(2) = 1 divides 3.

Consequently, the only even N that can occur is N = 2, producing (a, b) = (1, 1) - both Fibonacci numbers. From now on we assume

N isoddand N > 2.

Then ab = N — 1 is even, so at least one of a, b is even. If both were even, a? + b2 + 1 would be odd, while for odd N > 2 we still have
(V) even. Hence exactly one of a, b is even and the other is odd. In particular,

A+ +1=04+14+1=2 (mod4). (4)

3. Case I: N is prime
Assume N = ab + 1 is prime. Then ¢(N) = N — 1 = ab, and (1) becomes

a®+b°+1=kab. (5
We first determine k.

3.1. The value of k
Without loss of generality, order the variables so that a < b. Write (5) as a quadratic in b:

b’ — (ka)b+ (a® +1) = 0.
If b is a root, the other root is

which is a positive integer.

Claim. If ¢ > 2, then b’ < b.

Proof. Suppose b > b. Then % > b, ie. a® + 1 > b2 Because b > a, we have a® < b? < a? 4+ 1. Hence either b*> = a2 or
b =a%+1.

> If b> = a?, then b = a. Substituting b = a into (5) gives 2a®> + 1 = ka®> = k = 2 + u%, which is not an integer for a > 2.
Contradiction.

> If b2 = a? + 1, then a® + 1 is a perfect square. For a > 2, this is impossible because between a” and (a + 1)* = a® + 2a + 1 there is
no other square.

Thus whenever a > 2, we can replace (a, b) by (a, b’) (which is also a solution of (5)) with a + b’ < a + b. Repeating this descent (the
sum a + b strictly decreases each step) we eventually reach a solution with @ = 1 (the minimal sum cannot have a > 2).

Now consider a = 1. Equation (5) becomes

14+b°+1=k-1-b = b —kb+2=0. (6)
For integer b, the discriminant A = k? — 8 must be a perfect square, say d>. Then

K —-d*=8 = (k—d)(k+d)=8.
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Both factors are positive integers of the same parity. The factor pairs of 8 are (1, 8) and (2, 4).

>(1,8) givesk—d=1,k+d=8=2k=9=k=9/2, not integer.

>(2,4) givesk—d=2,k+d=4=2k=6=k=3,d=1

Hence k = 3 is forced. With k = 3, equation (6) is b> — 3b + 2 = 0, whose roots are b = 1 and b = 2. Thus the only solutions with
a = 1are (1,1) and (1,2) (and by symmetry, (2,1) if we had not assumed a < b). Since the reduction process preserves k, every
solution of (5) must have k£ = 3.

Therefore, when N is prime,

A +b°+1=3ab < a*—3ab+b=—-1. (1)

3.2. Solving a® — 3ab+ b? = —1
Equation (7) is symmetric; we may assume a < b.
Define a sequence (A )n>0 by

Ao = 1, Al = 1, An+2 = 3An+1 — An (TL Z 0)
One verifies by induction that (A, A,+1) satisfies (7): Forn = 0, 12 —3-1-14 12 = —1. Assuming it holds for n, using the
recurrence one checks that it also holds for n 4 1. (The computation is straightforward and can be filled in similarly to the proof in
Lemma 4.1 of the original draft.)
Now let (a, b) be any positive integer solution of (7) with a < b. View (7) as a quadratic in b:

b’ —3ab+ (a>+1)=0.
Its two roots are b and

a?+1

b
which is an integer. A similar argument as in 3.1 shows that if @ > 2, then b’ < b. Consequently, by infinite descent on a + b, we can
reduce any solution to one with a = 1. The only solutions with @ = 1 are (1, 1) and (1, 2) (and their symmetric versions). Therefore
every solution can be obtained from these minimal ones by the inverse transformation: if (x, y) is a solution with z < y, then (y, 3y — z)
is also a solution. Starting from (1, 1) and repeatedly applying this transformation yields the increasing sequence

b = =3a—0b,

(1,1), (1,2), (2,5), (5,13), (13,34), ...
which exactly corresponds to the pairs (A, Ap41) forn > 0.
It remains to identify these A,, with Fibonacci numbers. Define the Fibonacci numbers by

F1:17 F2:17 F7L+2:FTL+1+F’IL‘
We claim that forn > 1,

An = Fo,_1.
Proof by induction.
>Basen=1: A1 =1= F}.
>n =2: A2:3A1—A0:3-1—1:22F3.
> Inductive step: Assume A,, = F5,_1 and A, 41 = F2,41. Then

An+2 - 3f4n+l - An - 3F2n+1 - F2n—1-
Using the identities
Fony1 — Fopn—1 = Fan, and  Fopy1 + Fon = Fongo,
we compute

3Font1 — Fon—1 = 2Fon41 + (Font1 — Fon—1)
=2F 41 + Fon
= Font1 + (Fans1 + Fon)
= Font1 + Fongo
= Fonqs.
Thus Apyo = Fonys = Fz(nJrg),l, completing the induction.
Hence all solutions of (7) are pairs of Fibonacci numbers (specifically, consecutive odd-index Fibonacci numbers). This completes Case I.

4. Case II: N is composite and odd (N > 2)
Now N = ab + 1 is composite, odd, and N > 2. From (4) we have
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> 4+b°+1=2 (mod 4).

4.1. N cannot have two distinct odd prime factors

Suppose N has at least two distinct odd prime divisors p and ¢q. Then ¢(N) is divisible by (p — 1)(¢ — 1). Since p and g are odd, both
p—1landq— 1areeven, hence 4 | (p — 1)(g — 1) | (). Thus 4 | o(N). Since ¢(N) | a® + b* + 1, we would have 4 | a® + b* + 1,
contradicting (4). Therefore N cannot possess two distinct odd prime factors.

It follows that N must be a prime power:

N = p°, e > 2 (since N is composite).

4.2. The prime p cannot be = 1 (mod 4)
If p=1 (mod 4), then p — 1 is divisible by 4, so 4 | (). Again this forces 4 | a® + b* + 1, which is impossible by (4). Hence

p=3 (mod4). (8)

4.3. Analysis modulo 3

We now examine the residue of p modulo 3.

Subcase p =1 (mod 3). Then 3 | (p — 1), s0 3 | ¢(N). Moreover, p = 1 (mod 3) implies p° = 1 (mod 3),s0ab=p°* —1=0
(mod 3). Thus 3 | ab.

Now evaluate S = a” + b* + 1 modulo 3. Since 3 | ab, there are two possibilities:

>3 |aand3 | b: thena® = 0,5 = 0,505 =1 (mod 3).

> Exactly one of a, b is divisible by 3: then S =0+ 1+ 1 =2 (mod 3).

In neither case is S divisible by 3. However, ¢(N) | S and 3 | ¢(IN) would force 3 | S. Contradiction. Therefore p # 1 (mod 3).
Subcase p = 2 (mod 3). Thenp —1 =1 (mod 3),s03 1 (p — 1). But because ¢ > 2, p(N) = p*~*(p — 1) contains the factor p°~*,
so in particular p | (V). Consequently,

plS.
Also, from ab = p® — 1 we have

ab= -1 (mod p). (10)
In particular, p does not divide a or b (otherwise (10) would give 0 = —1 (mod p), impossible). Hence a and b are invertible modulo p.
Write b= —a~" (mod p). Substituting into (9):

>+ (—a N’ 4+1=0 (mod p),
ie.,
a>4+a*4+1=0 (mod p).

Multiply by a? (invertible modulo p):

a*+a*>+1=0 (modp). (11)
Sety = a? (mod p); then (11) becomes

¥ +y+1=0 (modp). (12)
Equation (12) has a solution in F,, iff —3 is a quadratic residue modulo p. Indeed, multiplying (12) by 4 gives (2y + 1)> = —3 (mod p).
We need the following standard lemma:
Lemma. For an odd prime p # 3, —3 is a quadratic residue modulo p if and only if p = 1 (mod 3).
Proof. The multiplicative group F,’ is cyclic of order p — 1. The equation y? 4+ y + 1 = 0is equivalent to y> = 1 with y # 1 (since
(y — 1)(y* +y + 1) = y® — 1. Hence a solution exists iff the group contains an element of order 3, i.e., iff 3 | p — 1, whichis p = 1
(mod 3). Conversely, if p =1 (mod 3), then 3 | p — 1, so such an element exists.
Since p = 2 (mod 3), we have p — 1 not divisible by 3, so there is no element of order 3 in )\ ; therefore (12) has no solution modulo p.
This contradicts the existence of a. Thus p Z 2 (mod 3).
The only remaining possibility for the odd prime p is p = 3.

4.4. The exponent e
Now N = 3¢ with e > 2. Then

o(N)=3""1.2.
If ¢ > 3: Then 3°7 ' is at least 32 = 9,50 9 | (V). Since ¢(N) | S, we must have 9 | S.
But we will show that S = 3 (mod 9), which is not divisible by 9, a contradiction. Let us verify this congruence.
Because e > 3, N = 3° is divisible by 27, in particular N = 0 (mod 9). Hence
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ab=N—-1=-1 (mod?9). (13)
Moreover, N = 0 (mod 3) gives ab = —1 = 2 (mod 3). Hence 3 { a and 3 t b (otherwise ab = 0 (mod 3)). Thus a and b are each
= 1lor2 (mod 3), and their product is 2 (mod 3); the only possibilities are {a,b} = {1,2} (mod 3). Consequently,

a+b=14+2=0 (mod3). (14
Now compute

S=a*>+b>+1=(a+b)?—2ab+1.
From (14), a 4 b = 3t for some integer ¢, so (a + b)> = 9t> = 0 (mod 9). Using (13), ab = —1 (mod 9), so —2ab = —2(—1) = 2
(mod 9). Thus

S=0+4+24+1=3 (mod)9).
Thus 9 t S, contradicting 9 | ¢(N) | S. Therefore e cannot be > 3.
The only remaining possibility is e = 2, i.e., N = 9. Then ¢(9) = 6 and ab = 8. The positive factor pairs of 8 are

(1,8), (2,4), (4,2), (8,1).
Compute S for each:
>(1,8): S =1+64+1=66,and 66/6 = 11 € Z.
b(2,4): S=4+16+1=21,21/6=35¢ Z.
Thus only (1, 8) and (8, 1) satisfy the divisibility condition. Both 1 and 8 are Fibonacci numbers (1 = F, 8 = Fg).

5. Conclusion

We have examined all possible values of N = ab + 1:

> Even case: N = 2 gives (a, b) = (1, 1) - Fibonacci numbers.

> Prime case: N prime leads to the equation a® — 3ab + b> = —1, whose complete set of positive integer solutions consists of pairs of
Fibonacci numbers (as shown in 3.2).

> Composite case: N composite forces N = 9 and yields (a, b) = (1, 8) or (8, 1), again Fibonacci numbers.

Hence, under the hypothesis @(ab + 1) | a® 4 b* + 1, the integers a and b are necessarily Fibonacci numbers.

Remark. The Fibonacci numbers are defined by 1 = F> = 1 and Fy, 42 = Fy,+1 + F5,. The solutions from the prime case are precisely
(Fan—1, Fan+1) (and symmetric) for n > 1, together with the degenerate pair (1, 1) which can be seen as (F1, F) or (F2, F1). The pair
(1, 8) from the composite case also fits the Fibonacci sequence (F1 = 1, Fs = 8). This completes the proof.
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