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Abstract

We study parameter inference in simulation-based stochastic models where the analytical
form of the likelihood is unknown. The main difficulty is that score evaluation as a ratio
of noisy Monte Carlo estimators induces bias and instability, which we overcome with
a ratio-free nested multi-time-scale (NMTS) stochastic approximation (SA) method that
simultaneously tracks the score and drives the parameter update. We provide a compre-
hensive theoretical analysis of the proposed NMTS algorithm for solving likelihood-free
inference problems, including strong convergence, asymptotic normality, and convergence

rates. We show that our algorithm can eliminate the original asymptotic bias O( 4/ %) and

accelerate the convergence rate from O(By + +/ %) to O(i—k + 4/ %), where N is the fixed
k

batch size, o and ) are decreasing step sizes with ay, By, Bi/o — 0. With proper choice
of ay and S, our convergence rates can match the optimal rate in the multi-time-scale SA
literature. Numerical experiments demonstrate that our algorithm can improve the estima-
tion accuracy by one to two orders of magnitude at the same computational cost, making
it efficient for parameter estimation in stochastic systems.

Keywords Stochastic approximation - Likelihood-free estimation - Ratio bias -
Convergence analysis

1 Introduction

In statistical inference, likelihood-free parameter estimation (LFPE) refers to the case
where the analytical form of the likelihood function is not available, and how to infer the
model parameters based on observed data becomes difficult. Key inference methods include
maximum likelihood estimation (MLE), which obtains a point estimate by maximizing
the likelihood, and posterior density estimation (PDE), which views inference as density
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approximation and typically uses variational inference to select the distribution closest to
the target posterior within a chosen variational family.

Traditional density estimation focuses on approximating an unknown distribution p e, (x)
with a model pg(x) parameterized by 6. Depending on whether the likelihood is tractable,
existing approaches include explicit likelihood models such as exponential families and
normalizing flows Papamakarios et al. (2021), unnormalized energy models trained via
score matching or Stein operators Hyvirinen and Dayan (2005); Anastasiou et al. (2023),
and implicit generative models such as GANs and diffusion models Puchkin et al. (2024).
Despite methodological diversity, these approaches share a common goal: learning a density
over data. In contrast, this paper addresses a different class of inference problems, where the
target of learning is not the density of data itself, but the parameters of a stochastic system
that implicitly generates observable data.

This paper focuses on stochastic models or simulators characterized by system dynam-
ics rather than explicit likelihood functions. Examples include system dynamics models,
complex network models, and Lindley’s recursion in queueing models. In such systems, the
likelihood function of the observed data p(Y;6) is intractable, posing a major obstacle for
parameter calibration and statistical inference Gross et al. (2011); Shepherd (2014); Peng
et al. (2020). Estimating or optimizing parameters in this setting requires differentiating
the implicit likelihood with respect to 6, leading to the score function Vg log p(y;6). How-
ever, when only Monte Carlo estimators of V4p(y;6) and p(y;6) are available, the ratio
Vep(»;6)/p(y; 0) introduces a systematic ratio bias that hampers convergence and stability.

Existing studies have investigated similar ratio-estimation problems from different per-
spectives. For instance, density-ratio estimation methods directly learn g/p from samples
drawn from two data distributions Sugiyama et al. (2010, 2012a, 2012b); Thomas et al.
(2022), and score-based or density-derivative-ratio estimators learn normalized derivatives
like V, p(x)/p(x) to characterize data-space geometry Sasaki et al. (2017, 2018). These
approaches rely on access to data-space gradients or two well-defined distributions in x,
and the ratio is computed analytically within a deterministic objective. In contrast, our ratio
Vepoe(¥)/pe(y) resides in the parameter domain, and both numerator and denominator are
obtained through Monte Carlo simulation. Consequently, existing ratio-estimation tech-
niques cannot be applied, since their unbiasedness and convergence rely on exact evalua-
tions or deterministic gradients, whereas in our case, the two components are stochastic and
correlated, making the direct division intrinsically biased. This motivates our development
of a ratio-free nested multi-time-scale (NMTS) stochastic approximation (SA) scheme that
recursively tracks the desired parameter-space score without explicit division.

Therefore, we cast the inference problem as a stochastic optimization task, jointly per-
forming estimation and optimization Harold et al. (1997); Borkar (2009). The core idea is
to treat both the parameters and the gradient of the logarithmic likelihood function jointly
as components of a stochastic root-finding problem for a coupled system of nonlinear equa-
tions. This approach attempts to approximate the solution by devising two separate but
coupled iterations, where one component is updated at a faster pace than the other. Specifi-
cally, we find a recursive estimator that substitutes the ratio form of a gradient estimator.
This method continually refines the gradient estimator by averaging all available simulation
data, thereby eliminating ratio bias throughout the iterative process.

Building on the rich SA literature on the vanilla MTS methods Borkar (2009); Harold et
al. (1997); Doan (2022); Hu et al. (2022); Hong et al. (2023); Hu et al. (2024); Zeng et al.
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(2024); Lin et al. (2025); Cao et al. (2025, 2026); Wang et al. (2026), which provides a ver-
satile and well-understood foundation, we develop an NMTS scheme expressly tailored to
the structural demands of our likelihood-free inference problem. In our setting, variational
inference is used to perform density estimation by maximizing the evidence lower bound
(ELBO) Blei et al. (2017), whose unbiased gradient estimator appears as an expectation
involving a likelihood ratio. To evaluate this outer expectation, we first adopt the sample
average approximation (SAA) to draw a finite set of outer samples. Then, for each outer
sample, we design a set of parallel fast-timescale recursions that update local estimates of
the likelihood-ratio gradient. These parallel recursions are subsequently coupled into the
slow-timescale parameter update through a weighted averaging mechanism. This structure
allows the fast-timescale to track the local ratio estimates, while the inner recursions contin-
uously update the parameters by the overall ELBO gradient represented by the combination
of parallel fast-timescale recursions. In this way, we effectively extend the classical multi-
time-scale SA to a nested and parallel setting, specifically adapted to intractable likelihood
simulators.

We also provide a comprehensive theoretical analysis of the proposed NMTS algorithm,
including almost-sure convergence, asymptotic normality, and the 1.} convergence rate.
The main technical challenge arises from the nested structure of the algorithm, where the
inner recursions evolve on different timescales while the outer recursion depends on an
SAA-based approximation of the ELBO gradient. In the strong convergence analysis, the
introduction of outer samples requires proving that the SAA gradient estimator remains
uniformly consistent when the inner parameter 1, changes during the iteration, a result
guaranteed by Donsker’s Theorem in Proposition 2. Theorems 4 and 6 respectively establish
the uniform convergence of the parallel fast-timescale recursions and the convergence of
the slow-timescale updates. Our proof constructs a sequence of continuous time interpola-
tions of the discrete iterates and shows that they are asymptotically governed by a limiting
system of ordinary differential equations (ODEs). The stationary point of this ODE system
coincides with the almost sure limit of the NMTS iterates, thereby extending convergence
results in prior work to the nested and high-dimensional setting considered here. Proposition
7 and 8 further establish that the convergence results hold for the two-layer structure of the
algorithm, extending the previous pioneering SA literature Doan (2022); Hong et al. (2023);
Zeng et al. (2024); Lin et al. (2025); Hu et al. (2022, 2024); Cao et al. (2025).

For the weak convergence results, we build upon the framework in Mokkadem and Pel-
letier (2006) to analyze the weak limits of both the inner and outer stochastic processes.
Theorem 11 characterizes the weak convergence of the NMTS iterates, while Theorems
13 and 14 provide the weak convergence and corresponding rates for the outer-layer SAA
sequence. Finally, the L' convergence rate analysis in Theorem 16 shows that, for a fixed

batch size N, the NMTS algorithm achieves O(il +4/ %), where oy and 8 are decreasing
k

step sizes satisfying By, oy, B/ — 0. With an appropriate choice of step-size schedule,
the optimal IL! rate is O(k~'/3), which coincides with the convergence rate in the literature
Doan (2022); Hong et al. (2023). In contrast, conventional single-timescale algorithms suf-
fer from a persistent asymptotic bias of order O(v/1/N) due to the ratio bias in gradient
estimation. Our NMTS framework removes this bias through the coupled fast-timescale
recursive estimator, thereby yielding a provably faster and consistent convergence behavior.
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Furthermore, we introduce the concept of different timescales into neural network train-
ing to demonstrate the compatibility and scalability of our NMTS framework. For overly
complex simulators, we use a neural network as an alternative to estimate the intractable
likelihood. Additionally, when the posterior is complex and the simple variational distribu-
tion family has limited representational ability, another neural network can serve as the
variational distribution. We design an NMTS algorithm that adjusts the update frequency of
the two neural networks to improve training outcomes. Under a diminishing-bias assump-
tion on the learned likelihood model, we show how approximation error at the fast timescale
propagates to the slow-timescale update. This extension is further illustrated empirically,
highlighting the practical compatibility of the NMTS principle with neural approximators.
Our approach provides theoretical support for such estimation and optimization algorithms
that require updates at different frequencies. More generally, this offers a new SA perspec-
tive on neural network training at various scales.

We summarize our main contributions as follows:

® A ratio-free nested multi-time-scale (NMTS) algorithm: We introduce a new NMTS
algorithm that jointly addresses MLE and PDE problems when the likelihood function
is intractable. The new NMTS SA scheme transforms the ratio estimator into a coupled
root-finding system with two interacting time scales. The fast recursions track local
score estimates through parallel updates, while the slow recursion aggregates these es-
timates to optimize the ELBO or likelihood objective. This structure extends classical
multi-time-scale SA theory to a nested and parallel regime tailored to likelihood-free
simulators.

e Theoretical guarantees for nested stochastic optimization: We establish strong conver-
gence, weak convergence, and .} convergence rate results for the NMTS algorithm,
proving that the algorithm converges almost surely to the true solution of the intrac-
table likelihood inference problem. The analysis introduces new techniques to ensure
uniform convergence of SAA-based gradient estimators along the entire algorithmic
trajectory—an essential step absent in prior SA literature—and characterizes the joint as-
ymptotic behavior of both layers.

e FEliminating asymptotic bias and better empirical results: Theoretically, our NMTS algo-
rithm removes the ratio-induced asymptotic bias O(y/1/N) that persists in single-time-

scale methods and achieves a faster L' convergence rate of O(ﬁ—" +4/ %), with an op-

Ak
timal decay rate of O(k~/3) under proper step-size scheduling. This result significantly
sharpens the asymptotic efficiency bounds for simulation-based inference. Consistent
with the theory, our experiments show that NMTS delivers lower error than STS under
matched computational budgets.

The remainder of the paper is organized as follows. Section 2 reviews the related works.
Section 3 provides the necessary background and introduces the NMTS algorithm for both
MLE and PDE cases. In Sect. 4, we conduct an in-depth analysis of the algorithm, estab-
lishing consistency results and convergence rates. Section 5 extends the NMTS framework
to neural network training. Section 6 presents numerical results, and Sect. 7 concludes the

paper.
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2 Related Works

The existing literature related to our topic can be organized into two main parts: likelihood-
free parameter estimation and the MTS algorithm.

Likelihood-free parameter estimation: The LFPE problem is closely related to the sim-
ulation-based inference problem in the literature. As a special case, the MLE problem with
such an intractable likelihood was first addressed by the gradient-based simulated maxi-
mum likelihood estimation (GSMLE) method Peng et al. (2020, 2016, 2014). The Robbins-
Monro algorithm, a classic SA technique Harold et al. (1997); Borkar (2009), is applied
to optimize unknown parameters for MLE. In the absence of an analytical form for the
likelihood function, the generalized likelihood ratio (GLR) method is employed to obtain
unbiased estimators for the density and its gradients Peng et al. (2018). The GLR estima-
tor provides unbiased estimators for the distribution sensitivities in Lei et al. (2018) and
achieves a square-root convergence rate Glynn et al. (2021). However, the plug-in gradient
estimator for the log-likelihood in the SA literature suffers from a ratio bias, leading to inac-
curacies in the optimization process Peng et al. (2020); Li and Peng (2025).

For the PDE problem, traditional methods include approximate Bayesian computation
and synthetic likelihood methods Tavaré et al. (1997). Techniques such as variational Bayes
synthetic likelihood Ong et al. (2018) and multilevel Monte Carlo variational Bayes He et
al. (2022) have been applied to likelihood-free models, such as the g-and-k distribution and
the a-stable model Peters et al. (2012), but not to stochastic models. Additionally, these
methods often require carefully designed summary statistics and distance functions. Mean-
while, numerous approaches leverage neural networks to estimate likelihoods or posteriors
that are otherwise intractable to solve Tran et al. (2017); Papamakarios et al. (2019); Green-
berg et al. (2019); Glockler et al. (2022). However, the likelihood functions inferred through
neural networks tend to be biased. The incorporation of neural networks and the presence
of such bias present theoretical challenges for these algorithms. To simplify the problem
and make theoretical analysis feasible, we adopt an SA perspective, using unbiased gradient
estimators for the likelihood function. Unbiased stochastic gradient estimation has also been
studied in machine learning and downstream tasks (Li et al., 2026; Ren et al., 2025; Chung
et al., 2025; Han et al., 2025).

MTS algorithms: In a different line of recent research, MTS algorithms have been
applied to a variety of problems, including bilevel optimization Hong et al. (2023), minmax
optimization Lin et al. (2025), and reinforcement learning scenarios, such as actor-critic
methods Heusel et al. (2017); Wu et al. (2020); Khodadadian et al. (2022). They have also
been used extensively in quantile optimization Hu et al. (2022, 2024); Jiang et al. (2023),
black-box CoVaR estimation Cao et al. (2025), and dynamic pricing and replenishment
problems Zheng et al. (2024).

When considering theoretical results, the convergence and convergence rates of single-
timescale (STS) SA have been studied for many years Tsitsiklis (1994); Borkar (2009);
Bhandari et al. (2018); Karimi et al. (2019); Liu et al. (2025). In contrast, the convergence
and convergence rates of MTS algorithms are not as well understood, primarily due to
the complex interplay between the two step sizes and the iterates Mokkadem and Pelletier
(2006); Karmakar and Bhatnagar (2018). Specifically, research on MTS convergence has
mostly focused on linear settings Konda and Tsitsiklis (2004); Doan (2021); Kaledin et al.
(2020). Recently, theoretical results, including high-probability bounds, finite-sample anal-
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ysis, central limit theorem (CLT), and convergence rates under various assumptions, have
begun to emerge Doan (2022); Han et al. (2024); Hu and Doshi (2024); Zeng et al. (2024).
In particular, Doan (2025) leverages a Polyak—Ruppert-type averaging scheme to obtain an
optimal O(1/k) mean-square rate for nonlinear two-time-scale SA under strong monotonic-
ity. In contrast to this prior literature, the NMTS algorithm presented in our paper applies
a parallel structure to perform gradient descent. We establish uniform convergence among
the parallel gradient descent components and formulate this nested simulation optimization
problem in the PDE case, focusing on its asymptotic analysis.
Table 1 summarizes the most relevant literature compared to our paper.

3 Problem Setting and Algorithm Design

This section introduces the basic LFPE problem setting. As a special case, we eliminate
ratio bias in the MLE problem by the NMTS algorithm in Sect. 3.1. Then the PDE problem
will be solved by our method in Sect. 3.2.

3.1 Maximum Likelihood Estimation

Considering a stochastic model, let X be a random variable with density function f(x;06)
where 6 € R? is the parameter with feasible domain ® C R?. Another random variable Y is
defined by the relationship

Y =g(X;6),

where g is known in analytical form. In this model, Y is observable with X being latent.
Our objective is to estimate the parameter 0 based on the observed data y := {Y;}1_,.

In a special case where X is one-dimensional with density f{x), and g is invertible with
a differentiable inverse with respect to y, a standard result in probability theory allows the

density of Y; to be expressed in closed form as: p(y;6) = f(g~1(y; 6))|diyg‘1(y; 0)|.

However, the theory developed in this paper does not require such restrictive assump-
tions. Instead, we only assume that g is differentiable with respect to x and that its gradient
is non-zero a.e.

Under this weaker condition, even though the analytical forms of f'and g are known, the
density of ¥ may still be unknown. In this case, the likelihood function for ¥ can only be
expressed as:

T
Ly(6) := ) _log p(Y;;0). ()
t=1

To maximize Ly (6), we compute the gradient of the log-likelihood:

T

VeLr(®) =)

t=1

Vop(Y;;0)

p(¥:0) @
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1: Input: data{Yt}?:l, initial iterative values 8y, Do, number of samples N, iterative steps
K, the step-sizes ay, G-
2: forkin0: K —1do
3: Fori=1: N, sample X; and get unbiased estimators G 1(X;,Y, 0y), G2 1 (X;,Y, 0k).
4: Do the iterations:
Dk+1 =Dy + ak(Gl,k(X7 Y, ek) - GQ,k(X7 Y, ek)Dk)7
Ok+1 = e (0k + BrEDy).

5: end for
6: Output: .

Algorithm 1 (NMTS for MLE)

1: Input: data {Y;}Z_,, prior p(f), iteration initial value Ao and Dy, iteration times K,
number of outer layer samples M, number of inner layer samples N, step-sizes oy, Sj.

: Sample {um}%zl from po(u) as outer layer samples.
:for kin0: K —1do

Ok,m = 0(um; \), for m =1: M;

Sample {Xt}i\il and get the inner unbiased layer estimators G i (X,Y, 0k m),
G2 (X,Y, 0 ), fori=1:Nandm=1: M,
6: Do the iterations:

Diy1,m = Diom + ar(G1,6(X, Y, 0k m) — G2,k(X, Y, 0k,m)Dk,m)-

1 M
Akt1 = TIp </\k + ﬂkﬁ Z (VAH(“? A)

m=1

(EDk,m
(umiAg)

+ Vg log p(0k,m) — Vg log %(%,m))))»

7: end for
8: Output: A\g.

Algorithm 2 (NMTS for PDE)

Suppose we have unbiased estimators for V4 p(Y;; 0) and p(Y;; 0) for every 6 and Y,. Specif-
ically, let N represent batch size, G,(X;,y,6) and G,(X;, y,0) represent unbiased estimators
obtained via single-run Monte Carlo samples X;. For simplicity, we define the estimators for
Vep(Y;;0) and p(Y;; 6) with batch size N as

N
1
G12(Yin8) = 5 D G12(X. Y. 6) €)
i=1

where Ex[G,(X,Y;,0)] = Vop(Y;;0), Ex[G,(X,Y;,0)] = p(Y;;6). The forms of G; and G,
can be derived by the GLR estimators Peng et al. (2018), and we also present them in
Appendix E for completeness. Alternative single-run unbiased estimators for G; and G, can
also be obtained via the conditional Monte Carlo method, as described in Fu et al. (2009).
Then, a natural idea is to construct a plug-in estimator and update the parameter by the STS
algorithm, also called Robbins-Monro algorithm, as claimed in Peng et al. (2020):
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,0
Bar = B + B Z e, @

While these individual estimators are unbiased, the ratio of two unbiased estimators may

introduce bias. To address this issue, we adopt an NMTS framework that incorporates the

gradient estimator into the iterative process, aiming for more accurate optimization results.
We propose the iteration formulae for the NMTS algorithm as follows:

D41 = Dy + (G x(X, Y, 6k) — Gk (X, Y, 0)Dy), %)
Ok+1 = M6k + BKEDy), (6)

where I1g is the projection operator that maps each iteratively obtained 6, onto the feasible
domain @. The algebraic notations are as follows. G, ;(X,Y,6)) represents the combina-
tion of all estimators G,(X, Y;,6;) under every observation Y;, forming a column vector
with T x d dimensions. G, (X, Y, 6y) is also the combination of all estimators G,(X, Y;, 0y)
under every observation Y;. That is to say,

Gk (X,Y,6y) = diag{G,(X, 1,014, ,G(X, Y 1,614 }
= diag{G,(X,Y1,6y), -, G,(X,Y 7,61)} ® I,

which is a diagonal matrix with T X d rows and T X d columns. Here ® stands for the
Kronecker product and I denotes the d-dimensional identity matrix. The constant matrix
E=[I4,14,,I4] =e" ®1; is a block matrix with d rows and T x d columns, where e is
a column vector of ones. This matrix reshapes the long vector Dy to match the structure of
Equation (2), the summation of 7 d-dimensional vectors.

In these two coupled iterations, 8, is the parameter being optimized in the MLE process,
as in Equation (4). The additional iteration for D; tracks the gradient of the log-likelihood
function, mitigating ratio bias and numerical instability caused by denominator estimators.
These two iterations operate on different time scales, with distinct update rates. Ideally, one
would fix 8, run iteration (5) until it converges to the true gradient, and then use this limit in
iteration (6). However, such an approach is computationally inefficient. Instead, these cou-
pled iterations are executed interactively, with iteration (5) running at a faster rate than (6),
effectively treating 6 as fixed in the second iteration. This timescale separation is achieved

by ensuring that the step sizes satisfy: i—" — 0 as k tends to infinity. This design allows the
k

gradient estimator’s bias to average out over the iteration process, enabling accurate results
even with a small Monte Carlo sample size N in Equation (3). Ultimately, ED; converges to
zero, and 6 converges to its optimal value. The NMTS framework for MLE is summarized
in Algorithm 1.

3.2 Posterior Density Estimation
We now turn to the problem of estimating the posterior distribution of the parameter 6 in

the stochastic model Y = g(X; 6), where the analytical likelihood is unknown. The posterior
distribution is defined as

@ Springer
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p(©@)p(y|6)

oy) = 2PV
PO = T ooy

where p(6) is the known prior distribution, and p(y|0) is the conditional density function
that lacks an analytical form but can be estimated using an unbiased estimator. The denomi-
nator is a challenging normalization constant to handle, and variational inference is a practi-
cal approach Blei et al. (2017).

In the variational inference framework, we approximate the posterior distribution p(6|y)
using a tractable density g;(0) with a variational parameter 1 to approximate. The collection
{q1(6)} is called the variational distribution family, and our goal is to find the optimal 4 by
minimizing the KL divergence between tractable variational distribution g;(6) and the true
posterior p(6]y):

KL(A) = KL(q2(®)]|p(Bly)) = Eg,(e)[10g 42 (6) — log p(8]y)].

It is well known that minimizing KL divergence is equivalent to maximizing the ELBO, an
expectation with respect to variational distribution g;(6):

L(A) = log p(y) — KL(A) = Eg,(g)llog p(y]6) + log p(6) — log g (6)].

The problem is then reformulated as:

- L
A argr}lezgc ),

where A is the feasible region of A. It is essential to estimate the gradient of ELBO, which is
an important problem in the field of machine learning and stochastic optimization Mohamed
et al. (2020). Common methods for deriving gradient estimators include the score func-
tion method Ranganath et al. (2014) and the re-parameterization trick Kingma and Welling
(2013); Rezende et al. (2014).

In terms of the score function method, noting the fact that Eg, 6)[V; log q1(6)] = 0, we
have

ViL(A) = V;Eg, o) [log p(y|6) + log p(6) — log g1 (6)]
=Eq, [V 10og g, (8)(log p(y|6) + log p(6) — log g1 (6))].

When the conditional density function p(y|6) is given, we can get an unbiased estimator
for V,L(1) naturally by sampling 6 from q;(6). However, in this paper, p(y|6) is estimated
by simulation rather than computed precisely, inducing bias to the log p(y|6) term. Further-
more, the score function method is prone to high variance Rezende et al. (2014), making the
re-parameterization trick a preferred choice.

Assume a variable substitution involving A, such that 6 = 6(u; 1) ~ q;(8), where u is a
random variable independent of A with density py(u). This represents a re-parameterization
of 6, where the stochastic component is incorporated into u, while the parameter 4 is iso-
lated. Allowing the interchange of differentiation and expectation Glasserman (1990), we
obtain
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ViL(A) = V By, e llog p(y|0) + log p(6) — log g1(6)]
=V, E,[log p(y|6(u; 1)) + log p(6(u; 1)) — log g;(8(u; 1))] @)
=E,[V108(u; 1) - (Vglog p(y|0) + Vg log p(6) — Vg log q;(6))].

In Equation (7), the Jacobi term V 6(u; 1), prior term log p(6) and variational distribution

term log g;(6) are known. Therefore, the focus is on the term involving the intractable likeli-

Vop(y16)
p(y16)

hood function. Similar to the MLE case, the term Vg log p(y|6) = contains the ratio

of two estimators, which introduces bias.

The problem differs in two aspects. First, the algorithm no longer iterates over the param-
eter O to be estimated but over the variational parameter A, which defines the posterior
distribution. This shifts the focus from point estimation to function approximation, aiming
to identify the best approximation of the true posterior from the variational family g;(6)
. Second, this becomes a nested simulation problem because the objective is ELBO, an
expectation over a random variable u. Estimating its gradient requires an additional outer-
layer simulation using SAA. In the outer layer simulation, we sample u to get the different
0, representing various scenarios. For each 6, the likelihood function and its gradient are
estimated using the GLR method as in the MLE case, incorporating the NMTS framework
to reduce ratio bias. After calculating the part inside the expectation in Equation (7) for
every sample u, we average the results with respect to u to get the estimator of the gradient
of ELBO.

Note that the inner layer simulation for term Vg log p(y|0) = V;(pT(IJ;I)@) depends on u, so

we need to fix outer layer samples {u,, }M_, at the beginning of the algorithm. Similar to the
MLE case, M parallel gradient iteration processes are defined as blocks {Dy,, }M_,, where
Dy tracks the gradient of the likelihood function Vg log p(y|6(uy,;4x)) for every outer
layer sample u,,. The optimization process of 4 depends on the gradient of ELBO in Equa-
tion (7), which is estimated by averaging over these M blocks. An additional error arises
between the true gradient of ELBO and its estimator due to outer-layer simulation. This will
be analyzed in Sect. 4.1. Unlike Algorithm 1, this approach involves a nested simulation
optimization structure, where simulation and optimization are conducted simultaneously.

The NMTS algorithm framework for the PDE problem is shown as follows in Algo-
rithm 2. Here, Gy x(X,Y, 60k ) and G, (X,Y,0k ) could be GLR estimators satisfying
Ex[G1x(X,Y:, 0k,m)] = Vop(Yi|Or,m) and Ex[Gy (X, Y, 0k,m)] = p(Y|Ok,m) for every
observation ¢ and block m. The matrix dimensions are consistent with those in the MLE
case. The iteration for Dy ,, resembles the MLE case, except for the parallel blocks. The
iteration for 1, corresponds to the gradient V1L(4) in Equation (7). Due to the nested simu-
lation structure, Algorithm 1 is a special variant of Algorithm 2.

4 Theoretical Results
In this section, we present the convergence results for the proposed NMTS algorithms.

The analysis has two nested layers. The outer layer concerns the SAA used in the ELBO
gradient, while the inner layer concerns the SA iterations of the algorithm itself. Because

@ Springer



250 Page 12 of 64 Machine Learning (2026) 115:250

the notation in this section is necessarily heavier than in the algorithmic sections, we first
provide a short roadmap and a compact summary of the main symbols.

The proof strategy proceeds in four steps. First, in Sect. 4.1, we study the outer-layer
SAA gradient estimator and show that it converges uniformly to the population ELBO gra-
dient. Second, in Sect. 4.2, we prove that the fast-timescale recursion tracks the likelihood-
ratio gradient, and then use this to establish convergence of the slow-timescale update.
Third, in Sect. 4.3, we characterize the stochastic fluctuations of the iterates through weak
convergence. Finally, in Sect. 4.4, we derive the ! convergence rate and compare it with
the STS baseline.

Among the notation introduced below, three objects are the most important for following
the theory:

Dy m: the fast-timescale tracker for the score corresponding to outer sample u,,;
S the aggregated gradient surrogate used in the slow-timescale update;
M the optimizer of the outer-layer SAA problem with M fixed outer samples.

The remaining notation is introduced mainly to write the coupled recursions in a compact
matrix form.

Suppose that & € R and the feasible domain A C R! for the variational parameter 1 € R
is a convex bounded set defined by inequality constraints. For example, A may be a hyper-
rectangle or a convex polytope in R!. We assume that the optimizer ;M of the approximate
problem lies in the interior of A.

Let (Q, #, P) be the probability space generated by the algorithm, and let & denote the
natural filtration:

Fr = {{um M_1, 20, {Dom }M_1, e, 2k { Do 1M1 1, k=0,1,...

We use the standard notation O(-), o(-), and Op(-) throughout.

Recall that Oy ,,, = 6(u,,;Ax) denotes the re-parameterized parameter associated with
outer sample u,, at iteration k. For each m, the Monte Carlo estimators of Vgp(y | 6y ) and
p(y | Ok,m) are denoted by G ., and G, i, respectively. To analyze the M parallel blocks
together, we stack them into larger vectors and matrices.

Specifically,

T T MT
Gk =[G ) 1s Gl py]T € RMTA,

and

Gz,k = diag{Gz,k,l X Ida ey Gz,k,M 24 Id} S RMTdXMTd.

Similarly, we collect all fast-timescale trackers into

Dy =[D{}.....D{ 1" € RMT4,

With this notation, the M parallel fast-timescale recursions can be written compactly as
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Di41 = D + o (G (Ak) — Gk (A)Dy). (3

Here the stepsize «y, is the fast-timescale stepsize. Intuitively, it controls how quickly the
recursion for Dy, reacts to new Monte Carlo information and tracks the local likelihood-ratio
gradient.

We next introduce three deterministic terms appearing in the slow-timescale update. For
each outer sample u,,, define

By(2) = Vg log p(O(um; 1)), Cm(A) = Vg logq;(6(um; 1)),

and stack them as

BA) =[BT, ...,Byy(D)T]T € RMd, C)=[C;D)T,..,Cy(D)T]T € RM4,

The Jacobian of the re-parameterization map with respect to 4 is denoted by

A(/l) = [Al(/l)’ ’AM(A)L Am(/l) = vﬂ,e(um;l) € Rdxz,

so A(A) is the matrix that transports score information in the 8-space to the gradient in the
A-space.
To aggregate the T observation-wise score components inside each block, define

EM = diag{[1y, ..., 14], ., [I4, 141} = Iy ®F,

which is a block-diagonal matrix with Md rows and MTd columns. The role of EM is purely
algebraic: it sums the 7 score contributions within each outer sample block.
Using these objects, the slow-timescale recursion becomes

R = 2 + B S (VD + B - C) + 7 ) ©)

where Z,, is the projection correction that keeps 4, inside A. When A, lies in the interior of
A, we have Z, = 0.

Here the stepsize §y is the slow-timescale stepsize. It governs the update of the varia-
tional parameter 1;.. The basic two-timescale principle is that a; is larger than ., so the fast
recursion for Dy nearly equilibrates relative to the movement of 4. This is formalized later
by the condition 8; = o(ay).

For convenience, define the aggregated gradient surrogate

_ Al

Sk : M

(EMDy, + B(A) — C(A)). (10)

The goal of the analysis is to show that S tracks the gradient of the approximate ELBO,
namely V; Ly (A5).
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Table 2 Main notation used in Sect. 4

Symbol Meaning

Ok,m Re-parameterized parameter corresponding to outer sample u,, at iteration k
G1,k,m Monte Carlo estimator of Vg p(y | Ok m)

Ga.k,m Monte Carlo estimator of p(y | 8k, m)

Di,m Fast-timescale tracker for Vg log p(y | 6k,m)

Dy Stacked vector collecting all {Dy Y _;

A(Q) Jacobian matrix of the re-parameterization map 6(u; 1) with respect to 4
B(4) Stacked prior-score term Vg log p(6(uy,; 1))

c) Stacked variational-score term Vg log g;(6(uy,;4))

EM Block matrix aggregating the T observation-wise score components within each outer block
Sk Aggregated gradient surrogate used in the slow-timescale update

o Fast-timescale stepsize for the recursion of Dy

Bk Slow-timescale stepsize for the recursion of 4y

La() Outer-layer SAA approximation of the ELBO

M Maximizer of the approximate ELBO Lps(4)

1: Input: data Y:{Y;}Z_,, prior p(@), iteration rounds K, number of outer layer samples and
inter layer samples: M, N.

2: for kin0: K —1do

3: Simulate 6y, from gy, (0) for m =1: M;

4: Sample {X,, ;} and calculate the corresponding output yp, ; = g(Xy, 4;60m) for i =
1:Nandm=1:M;

5: Train pg, (y|6) with a faster speed: ¢y 11 = argming —ﬁ Y m.i 108 D¢ (Ym,i|0m)-

6: Train gy, () with a slower speed: A\, y1 = argmaxy Ey, g[logpg, (Y]0) + logp(0) —
log g (0)]-

7: end for

8: Output: posterior gy, (6).

Algorithm 3 (NMTS for training likelihood and posterior neural networks)

When the number of outer samples M is fixed, we simply write Sj and 4;; otherwise, we
write SM and M to emphasize the dependence on M. To help the reader navigate the nota-
tion, Table 2 summarizes the main symbols used in this section.

4.1 Outer Layer Gradient Estimator and Its Asymptotic Analysis

To maximize ELBO, we first use SAA to obtain an unbiased gradient estimator. It is an
approximation since the outer layer samples {u,, }*_, are fixed, which is necessary because
the fixed point of each inner iteration depends on u,,. To be specific, the problem approxi-

mation can be formulated as below. According to the form of ELBO, the approximation
function is defined as

M
L) 1= Lt tyg) = 37D (108 PO18(t: 1) + 108 POt 2) ~ 108 G2 (Eltti 1) )
m=1
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where {u,, }M_, are sampled from py(u), such that 6 follows the distribution g;(6). Using
the chain rule, the gradient of £,;(1) becomes

Veop(¥|8(um: 1))

Iy T
) 1 .
Vil @) = = MZZI Vabum DD~ o1

t=1
1 M
+ Vo 10g p(@(upm: 1)) — Vo 10g 4z (6(umi 1) 1= 77 > hlttmi D).
m=1

M

Thus, given the outer layer samples {u, }X_,,

tion problem

the algorithm solves the surrogate optimiza-

™ = Ly D).
AM = argmax Ly (2)

Here, M represents the degree of approximation. We now analyze the relationship between
this approximate problem and the true problem, including asymptotic results. The gradi-
ent estimator’s pointwise convergence follows directly from the law of large numbers. For
every A, almost sure convergence holds as M tends to infinity:

Vi (g, oo tpr) =S VL(A).

The distance between L(4) and L,;(1) can be measured using the .2 norm. For every 4,

E|[V LAty s ung) = VLAZ = 1\% Var, (h(u; 1).

Furthermore, a CLT applies for every 4 as M tends to infinity:

VMV (A1t ., tyg) — VL)~ N0, Var,, (h(us 1)),

However, since the iterative process in the NMTS algorithm involves a changing 1, we
require uniform convergence of the gradient estimator with respect to A. This ensures con-
vergence across both nested layers as k£ and M approach infinity, and it is established using
empirical process theory.

LetX;, -+, X, berandom variables drawn from a probability distribution P on a measurable
space. Define P, f = % Zi":l fX;), Pf = Ef(X). By the law of large numbers, the sequence

P, f converges almost surely to Pf for every f'such that Pf'is defined. Abstract Glivenko-
Cantelli theorems extend this result uniformly to f'ranging over a class of functions Vaart
(1998). A class € is called P-Glivenko-Cantelli if |[Pf — Pflle = sup o |Pyf — P10,

The empirical process, evaluated at f, is defined as G,f = +/n(P,f —Pf). By
the multivariate CLT, given any finite set of measurable functions f; with Pf? < oo

, Gpfiss ank)i»(GPfl, ---,Gp fr), where the vector on the right follows a multivari-
ate normal distribution with mean zero and covariances EGp fGpg = Pfg — P fPg. Abstract
Donsker theorems extend this result uniformly to classes of functions. A class € is called
P-Donsker if the sequence of processes {G, f : f € €} converges in distribution to a tight
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limit process. In our case, this conclusion follows from the assumption stated below, with a
proof in Appendix B.

Assumption 1 Suppose the feasible region A C R! of A is compact. Additionally, there
exists a measurable function m(x) with fu m(u)?po(u)du < oo such that for every 4,, 1, € A,

1r(u; A1) — h(u; 45)|| < m@)||4; — A,]|-

Intuitively, because the slow iterate 4, evolves across the whole feasible set A, we must
guarantee that the SAA gradient VL,,(2) tracks the population gradient VL(4) simultane-
ously for all A € A. A standard route is to verify that the relevant function class is P-Don-
sker, which yields both a uniform law of large numbers and a functional CLT for the SAA
process.

Proposition 2 Under Assumption 1, the gradient estimator VL (1) converges to the true
gradient uniformly with respect to A:

sup |Viy (1) — VL) =50, M — .
AeA

Furthermore, consider /M(V, Ly (1) — VL(A)) as a stochastic process with respect to 4, it
converges to a Gaussian process Gp as M tends to infinity:

. d
VM(VLy () = VL()—Gp(),
where the Gaussian process Gp has mean zero and covariances
EGp(41)Gp(A;) = Cov(ViLy (1), Valn(42)).

Proposition 2 guarantees that the SAA gradient VL,,(1) uniformly tracks the true gra-
dient VL(A) over the entire parameter set, which is essential for ensuring that the slow-
timescale updates remain asymptotically correct along the whole algorithmic trajectory.
Moreover, the functional CLT quantifies the outer-layer approximation error via a Gaussian
process limit, enabling principled uncertainty assessment and yielding the O(M~'2) scaling
that underpins our subsequent convergence rate.

4.2 Strong Convergence Results

In the following convergence proof, the following assumptions are made.

Assumption 3 (1)—(4) are conditions on the stochastic estimators.

(1) There exists a constant C; > 0 such that supy ,, E[|G1xX,Y, O AIPIF ]l < ¢
w.p.1l.

(2) There exists a constant € > 0 such that infy, ,, ; E[G, x (X, Y;, O(u; 1)) F k] > € w.p.1.

(3)  There exists a constant C; > 0 such that sup, , E[||G, (X, Y, OW; AIPIF ] < C,
w.p.1l.
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(@) ElG1x(X, Y, 0)|F k] = Vop(Y;6), E[G, (X, Y}, 0)|F k] = p(Y;|6) for every 6 and 1.
(5)—(6) are step-size conditions.

Q) @ a>0, S ap=00, Yee,ar<oo; (b) Br>0, oo Br =00,

im0 i < 0.

(6) B = o(ay). (7)—(8) are regularity conditions.

(7) p(»|6) is positive and twice continuously differentiable with respect to 8 in R%. A(1),
B(4) and C(4) are continuously differentiable with respect to 4 in A.

(8) Ly (A) and L(A) are twice continuously differentiable with respect to A in A. Further-
more, the equation V,L(1) = 0 has a unique solution 1 in A, and the Hessian matrix
V3L(A) is invertible.

Assumptions 3.1-3.8 are standard types of technical conditions in the SA literature, espe-

cially in multi-time-scale and simulation-based settings. Assumptions 3.1 and 3.3 impose

uniform second-moment bounds on the Monte Carlo estimators Gy , and G, . Such
square-integrability conditions are standard in SA analyses because they control the cumu-
lative noise level and are used to establish boundedness of the iterates; see, e.g., Harold et
al. (1997); Borkar (2009); Hu et al. (2022, 2024); Cao et al. (2025). Assumption 3.2 requires
the likelihood estimator to be uniformly bounded away from zero in conditional expectation.
This is the analogue of the usual nondegeneracy condition in quantile- and likelihood-based
recursive estimation: here it ensures that the drift term in the fast recursion remains contrac-
tive and prevents instability caused by vanishing denominators. Related conditions are also
commonly imposed in black-box quantile and CoVaR estimation to guarantee boundedness
of the iterates and local identifiability of the target equation; see Hu et al. (2022, 2024); Cao
et al. (2025). Assumption 3.4 is the unbiasedness condition for the Monte Carlo estimators
of p(y|6) and Vgp(y|0). In our setting, this assumption is directly motivated by GLR-type
estimators, which provide unbiased likelihood and score estimators under suitable regular-
ity conditions; see Peng et al. (2018); Lei et al. (2018); Glynn et al. (2021). This assumption
defines the main theoretical regime of the paper and is also the key condition under which
the ratio-free NMTS recursion can be compared rigorously with the biased plug-in STS
update. Assumption 3.5 gives the classical Robbins—Monro step-size conditions, which are
standard in SA and ensure asymptotic averaging while keeping the accumulated noise finite;
see Harold et al. (1997); Borkar (2009). Assumption 3.6 is the core time-scale separation
condition of the NMTS framework. Conditions of the form 8, = o(ay) are standard in multi-
time-scale SA and ensure that the slow recursion is asymptotically frozen when analyzing

the fast recursion; see Mokkadem and Pelletier (2006); Doan (2022); Hong et al. (2023);

Zeng et al. (2024); Cao et al. (2025). Finally, Assumptions 3.7-3.8 are standard smoothness

and local regularity conditions. Such differentiability and curvature-type assumptions are

standard in nonlinear SA and stochastic optimization; see Hong et al. (2023); Han et al.

(2024); Mokkadem and Pelletier (2006); Cao et al. (2025).

We first establish that the fast-timescale recursion correctly tracks the log-likelihood
score. This is the key ingredient that removes the ratio bias and supports all later con-
vergence results for the slow-timescale update. Since Dy is high-dimensional and can be
spliced from {Dy,, }M_,, we equivalently examine the uniform convergence of {Dy ,, }M_;
. The proofs in this subsection can be found in Appendix B.
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Theorem 4 Assuming that Assumptions 1 and 3.1-3.7 hold, the iterative sequence {Dy p }
generated by iteration (8) converges to the gradient Vglog p(y|0(u; A))luay=(u:n,)s UHi-
formly for every outer layer sample u,,, i.e.,

Jim sup [y = Vs log P10 )| = 0. w.p.L
— 00 m

where Vg log p(y|6(uy,; Ax)) is also a long vector with T X d dimen-
sions describing every component of observations, which is defined as

[Ve log p(Y;10(tm; 4i)) ", -+, Vg log p(Y 7|8(um; 1)) 1"

Theorem 4 establishes that the fast-timescale recursion {Dy ,,} uniformly in m tracks
the parameter-space score Vg log p(y | 6(u,; A)) almost surely. This result is pivotal for
the NMTS framework: it validates that the fast layer supplies the slow layer with a ratio-
free, asymptotically correct gradient surrogate of the log-likelihood (or ELBO component),
thereby eliminating the instability and bias caused by directly dividing two Monte Carlo
estimators. Uniformity over all outer samples u,, is crucial for coupling the M parallel fast
recursions into a single slow update, and for later arguments that pass from the approxi-
mate (SAA) objective to the true objective. In short, Theorem 4 provides the consistency
backbone that turns the nested, ratio-free construction into a sound SA for likelihood-free
inference.

The proof proceeds in three steps. (i) Uniform boundedness on sample paths. Lem-
mas 2-3 show that the second moments of Dy ,, are uniformly bounded and, in fact,
Supy , IDk,mll < 0o w.p.1. These bounds rely on: (a) the step-size conditions, (b) the posi-
tive lower bound of the estimated density in Assumption 3.2 to control the contraction part
I — ay Gy k. m, and (c) square-integrability of the Monte Carlo estimators (Assumptions 3.1
and 3.3). A martingale-square function argument shows that the noise accumulates at the
03" o) scale, hence remains controlled. (ii) ODE method with two timescales. We embed
the discrete dynamics into piecewise-constant interpolations {D}%(-), *(-)} and decompose
the increment into a deterministic drift H(u,,, D, A) plus three perturbations: the Riemann-
sum mismatch p}},(t) and two martingale terms V};:(¢), Wy (t). Lemmas 4—5 show that these
perturbations vanish uniformly on every finite horizon. The projection-induced term in the
slow recursion is handled via the normal-cone inequality, and Lemma 7 uses the scale sepa-
ration ) = o(ay) to freeze A on the fast-timescale, i.e., A*(-) — A(0) uniformly on compact
sets. Passing to the limit yields the decoupled ODE D,,,(t) = H(u,,,, D, (£), 2*) with A(t) = 0
. (ii1) Global asymptotic stability of the score. For fixed A*, the limiting ODE is linear in
Dy, with equilibrium D, = p(y | 8ty A)) " Vo p(y | 8(uy; 1)) = Vg log p(y | O(um; ).
A Lyapunov function built from the residual Vgp — p D,,, shows global asymptotic stabil-
ity. By the Arzela—Ascoli theorem, uniform boundedness and equicontinuity justify taking
limits and converging uniformly in m.

The next proposition shows that once the fast-timescale trackers are accurate, the aggre-
gated quantity S becomes an asymptotically correct surrogate of the approximate ELBO
gradient. This bridges the ratio-free estimator recursion and the optimization, removing
ratio bias in the driving gradient.

Proposition 5 Assuming that Assumptions 1 and 3.1-3.7 hold and M is fixed, the sequence
{Sk} defined by Eq.(10) converges to the gradient of the approximate ELBO:
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Sk = Vil (h)—50,  k — .

We then use the previous tracking result to prove convergence of the slow-timescale
recursion itself. The following theorem establishes the strong convergence of the slow-tim-
escale recursion, showing that the parameter sequence {1, } driven by the ratio-free gradient
estimator indeed converges to the stationary point of the approximate ELBO problem. This
result guarantees that the outer layer of the NMTS algorithm correctly tracks the determin-
istic ODE dynamics associated with V;£,,(1) and ultimately stabilizes at M.

Theorem 6 Assuming that Assumptions | and 3.1-3.7 hold, the iterative sequence {2, } gen-
erated by iteration (9) converges to a limit point of the following ODE:

At) = Valpyy(Dlazaqy + Z@),  w.p.1,

where Z(t) is the minimum force applied to prevent A(t) from leaving the feasible domain.
The limit point is M.

This theorem confirms the overall stability of the NMTS framework: the slow-times-
cale iterates 4, converge to the optimum of the sample-based ELBO, completing the link
between inner unbiased gradient estimation and outer parameter optimization. It provides
the foundation for subsequent weak convergence and rate analyses, demonstrating that the
proposed nested scheme preserves the almost sure convergence property of classical single-
timescale SA despite its multi-layer coupling.

The following remark highlights the advantage of the NMTS algorithm compared to the
STS algorithm.

Remark 1 In the PDE case, the corresponding iterative process of STS is as below:

L GI(X! Yt’ ek,m)

M
1
A1 = HA(/lk + By Z (Vae(um;lk)( G, (X, Y, 610)
m=1 PR,

t=1

(11)
+ Ve log p(Brm) — Vs log cu(ek,m)))).

In this single-timescale formulation, the gradient is obtained by directly taking the ratio of
two Monte Carlo estimators, rather than introducing an auxiliary variable Dy, to track the
gradient recursively. Such a ratio can be substantially biased when the sample size N is
limited, and the stochastic denominator often leads to numerical instability. Consequently,
the estimated gradient direction is imprecise, which deteriorates the optimization accuracy
and stability. Both the theoretical analysis in Sect. 4.4 and the empirical evidence in Sect. 6
confirm that the proposed NMTS algorithm consistently outperforms the STS baseline in
terms of bias reduction and convergence behavior.

The following proposition connects the inner recursion and the outer approximation. It
shows that the recursive estimator SM, which aggregates the outputs of the fast-timescale
updates, asymptotically tracks the true gradient of the ELBO as both the iteration number
and the number of outer samples grow. This result bridges the SA dynamics of the algorithm
with the statistical consistency for SAA.
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Proposition 7 Assuming that Assumptions 1 and 3.1-3.7 hold, the sequence {S } defined by
Eq.(10) converges to the gradient of the true optimization function:

lim lim ||S¥ - V;L(4)|| =0, w.p.l.
M-o0 k—o0

Proposition 7 thus ensures that the fast-timescale recursion delivers an asymptotically
unbiased estimate of the true ELBO gradient, which is essential for guaranteeing the cor-
rectness of the subsequent slow-timescale parameter updates.

The next proposition establishes the final layer of convergence. It proves that the station-
ary point of the approximate optimization problem based on M outer samples converges
to the true optimum as M increases, thereby closing the loop of the nested convergence
analysis.

Proposition 8 Assuming that Assumptions 1 and 3.1-3.8 hold, then

lim M =1, w.p.1.
M—-o0
Proposition 8 formally guarantees that the nested simulation optimization algorithm is
statistically consistent: the limit of the algorithmic iterates coincides with the true maximum
of the expected ELBO as the number of outer samples tends to infinity.

4.3 Weak Convergence

Having established strong convergence in the previous subsection, we now turn to the char-
acterization of the limiting distribution and convergence rate of the NMTS algorithm. While
strong convergence guarantees that the iterates {1, } and {D;} asymptotically approach
their deterministic limits, it does not quantify how the stochastic noise introduced by finite
samples propagates through the coupled recursions. For example, the fixed sample size N
used in the estimation of G; and G, in each iteration controls the variance of the stochastic
gradients. To address this, we study the weak convergence and asymptotic normality of
the NMTS iterates, which describe their second-order stochastic behavior and allow us to
derive convergence rates in distribution.

The weak convergence analysis requires additional regularity on the curvature of the
objective and on the step-size sequences. The following assumption, standard in SA lit-
erature Bottou et al. (2018); Hu et al. (2024); Cao et al. (2025), ensures that the algorithm
operates within a locally stable regime where the limiting distribution exists and is asymp-
totically normal.

Assumption 9 (1) Let Hy (1) = VﬁI:M(/l), and denote its largest eigenvalue by K (4).
There exists a constant K; > 0, such that K;(1) < —K, for every A € A.

(2) The step-size of the NMTS algorithm take the forms o = %, Br = %, where

% <a<b<1anday and B, are positive constants.

We next present the asymptotic normality of the fast and slow iterates. This result formalizes
the idea that, after appropriate rescaling, the deviations of 1 and D around their equilib-
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rium points converge in distribution to independent Gaussian limits. Their covariance matri-
ces characterize the asymptotic variability of the algorithm induced by stochastic gradient
noise at the corresponding time scales. The proof is based on the general weak convergence
framework for multi-time-scale SA developed by Mokkadem and Pelletier (2006). Detailed
proofs are provided in Appendix C.

Proposition 10 If Assumptions 1, 3.1-3.8, and 9.1-9.2 hold, then we have

6_1(/1k_/TM) i) 2, 0 N
(v\/%(Dk—D) N(o.(F 5) k= (12)

where M is fixed and 2 and D are the convergence points of iterations (8) and (9), re-
spectively. The covariance matrices X, and Xp are defined in Equation (C10) in Appendix
C.

Proposition 10 provides a probabilistic refinement of the strong convergence result. It
shows that, beyond almost sure convergence, the properly normalized iterates follow a joint
Gaussian law with block-diagonal covariance, indicating that the slow and fast components
are asymptotically independent. This characterization quantifies the stochastic variability of
the NMTS algorithm.

By Theorem 4 and Theorem 6, D can be expressed as Vg log p(y|6(u; 2M)), which is a long
vectorwith T x d x M dimensions defined as the combination of { V4 log p(y|0(u4,,,; M) MY _,
. Having established almost-sure tracking on both time scales, we next quantify the fluctua-
tion behavior: how the inner estimator S, (the gradient surrogate for slow-timescale) devi-
ates from its limit at the correct scaling, and how this depends on the parallelization level M.
The following theorem gives a central-limit characterization for Sy under fixed M, which
will serve as an input to the outer-layer convergence rate analysis.

Theorem 11 If Assumptions 1,3.1-3.8, and 9.1-9.2 hold and M is fixed, we have
. s d
ai 'Sk — Vil (M) = (/ap 1S —N(0,2M), k > oo,

where SM = #A(/TM YEM 3, (EMYT A(IM)T

Theorem 11 formalizes that the inner gradient surrogate attains a ,/aj-scale Gaussian
fluctuation limit. This CLT is the key ingredient to propagate fast-timescale noise into the
gradient surrogate update and derive weak convergence rates for the composite estimator
in what follows.

Next, we analyze how the inner Monte Carlo batch size N and the outer parallelization
level M enter the fluctuation sizes. The following lemma isolates the order in N and M of the
asymptotic covariance matrices in Proposition 10.

Lemma1 Under the conditions in Proposition 10, Zp is a covariance matrix with T X d X M

dimensions and its elements have an order of OIN™Y). While X, is a covariance matrix with
[ dimensions, and its element also has an order of O(N™V).
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Lemma 1 indicates that the fundamental noise level is governed by the inner Monte Carlo
batch size N. In particular, as N — oo the inner-layer fluctuations vanish and the algorithm
becomes deterministic. Similarly, an infinite number of outer-layer samples M allows the
ELBO function to be estimated exactly. In this scenario, the algorithm operates with infi-
nitely many parallel faster scale iterations and one slower scale iteration, resulting in the
asymptotic variance of constant order with respect to M. This is intuitive, as the number of
outer-layer samples does not affect the asymptotic variance of the inner iterations.

Building on the CLT for S and the covariance orders above, we now provide an explicit
weak convergence rate for the estimation error of the slow-timescale gradient itself, as a
function of the iteration index &, inner sample size N, and the number of outer samples M.
This bound separates the contribution of inner Monte Carlo variability and the outer SAA
error.

Theorem 12 [f Assumptions 1, 3.1-3.8, and 9.1-9.2 hold, then we have

1
iy ag _!
Sy = ViL(A) = OP(_E) + Op(M 2).
N:2

Theorem 12 shows that the gradient-surrogate error decomposes additively into an inner-
layer fluctuation term of order /& /N and an outer SAA term of order M~Y2. This clean
separation will allow us to combine inner and outer central limit behaviors to obtain the
weak rate for the decision iterate A}.

We have shown that the iterative sequence A weakly converges to . It is then natural
to quantify the outer-layer statistical error due solely to the SAA, i.e., the gap between the
M-sample optimizer 2M and the true optimizer 1.

Theorem 13 [If Assumptions 1, 3.1-3.8, and 9.1-9.2 hold, then as M — oo, we have

VM@ — -5 (0, VAL Vary (h(u; D)VLA)T).

Theorem 13 is a classical SAA CLT in our setting: it asserts that the outer layer opti-
mizer concentrates at rate M~/ around the true optimizer with a covariance determined by
curvature and the variability of h(u;A) in u. This result will be coupled with the inner-layer
fluctuation to yield the composite weak rate for A}.

Finally, combining the inner fluctuation of the slow-timescale iterate around 2 and the
outer SAA fluctuation of M around 4, we obtain the overall weak convergence rate for the
NMTS decision iterate.

Theorem 14 [f Assumptions 1, 3.1-3.8, and 9.1-9.2 hold, then we have

M _J= op(ﬁ—") +0,(M™2).

S
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Theorem 14 shows that the total weak error decomposes into two orthogonal sources: the
inner Monte Carlo noise propagated through the slow-timescale dynamics at order /5y /N,
and the outer SAA error at order M~1/2,

4.4 1! Convergence Rate

Beyond asymptotic normality, we quantify the mean absolute error (MAE) of NMTS iter-
ates. As a special case, the MLE setting corresponds to M = 1. So we first fix M and expose
how the timescale choice and inner Monte Carlo variance co-determine the ! rate. This
separates a deterministic tracking term due to timescale mismatch from a stochastic fluctua-
tion term driven by batch size N. While unbiasedness guarantees convergence of the algo-
rithm, the convergence rate depends on the variance. It complements strong convergence
by providing a characterization at the level of convergence rates, and it complements weak
convergence: the former gives the order of the mean error, while the latter gives the limiting
distribution and asymptotic variance of the random fluctuations.

The next theorem bounds the mean tracking error of the fast recursion in Equation (8). It
shows that the mismatch between the fast and slow iterates contributes an O(8/a;) term,
while inner Monte Carlo noise contributes an O(y/ay/N) term.

Theorem 15 If M is fixed, Assumptions 1, 3.1-3.8 and 9.1-9.2 hold, the sequence D), gener-
ated by recursion (8) satisfies

E1Dx - Ve log pOr16t 1)1 = 0 25 ) + 0 /5% (13)

This result isolates the bias—variance tradeoff on the fast scale: shrinking 8, /a; improves
tracking, while increasing N reduces stochastic variation. It provides the key input for the
slow recursion rate.

We now transfer the previous bound to the parameter update for Equation (9). The fol-
lowing theorem shows that the slow sequence achieves the same 1! rate, hence removing
the ratio-induced O(N~'/2) bias that persists under single-timescale schemes.

Theorem 16 (Faster convergence) If M is fixed, Assumptions 1, 3.1-3.8 and 9.1-9.2 hold, the
sequence Ay generated by recursion (9) satisfies

EfIA, — AM]]] =o<5">+o( %) (14)

ax N

Under polynomial stepsizes a; = k=2, 8, = k=2 with % < a < b <1, the right-hand side
is minimized when b —a = %, ie,a= § and b = 1. With this choice, both terms scale as
k=173 so the IL! error decays as k~'/3; equivalently, the mean square error (MSE) decays as
k=273, which matches the optimal rate in the two-timescale SA literature Doan (2022); Hong

et al. (2023). Intuitively, the fast tracker averages noise quickly enough via o while the
slow update moves cautiously enough via . so their errors shrink.
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For comparison, we record the ! rate of the ratio-based single-timescale (STS) update,
which exhibits a nonvanishing O(N~1/2) term that cannot be annealed over iterations. The
asymptotic bias of stochastic gradient descent can also be referenced to Doucet and Tadic
(2017).

Proposition 17 If' M is fixed, Assumptions 1, 3.1-3.8 and 9.1-9.2 hold, the sequence ;. gen-
erated by recursion (11) satisfies

Ellii = 211 = 060 +0(y/ 1 ) (s)

Comparing Theorem 16 with Proposition 17 highlights the advantage of NMTS: the
fixed O(N~1/2) asymptotic bias in STS is replaced by a vanishing O(y/a;/N) term due to the
decreasing stepsize. The stepsize dependence changes from O(S) to O(B/ay ), which also
converge to 0 due to the stepsize condition. This means NMTS gains accuracy with itera-
tions rather than larger inner batchesize, delivering strictly sharper rates and better long-run
accuracy.

We next incorporate the approximation error from the outer SAA layer. The following
theorem combines inner tracking, inner Monte Carlo noise, and outer sampling error to
bound the distance to the true optimizer 1.

Theorem 18 In the NMTS algorithm, if Assumptions 1, 3.1-3.8 and 9.1-9.2 hold, the
sequence A} generated by recursion (9) satisfies

E[I2" = 211 = O(f{—i) +o<\/°‘;") + o( %) (16)

This decomposition cleanly attributes error to three sources: (i) timescale mismatch,
(i1) inner Monte Carlo variance, and (iii) outer SAA variance. Increasing M reduces the
outer error at the nominal M~12 SAA rate, while the NMTS structure attenuates inner noise
through the /@ factor.

For completeness, we state the counterpart bound for STS with outer SAA, which retains
the nonvanishing O(N~"/2) term even after averaging over M outer samples.

Proposition 19 In the STS algorithm, if Assumptions 1, 3.1-3.8 9.1-9.2 hold, the sequence
M generated by recursion (11) satisfies

LAY - 2l = 0B +o(\@) +o(y/51) a”

Taken together, the above theorems and propositions establish that NMTS removes
the ratio-induced asymptotic bias and yields strictly sharper ! rates. Under the balanced
choice ay = k=23 and B = k™!, the MAE decays as k='/3 and the MSE attains the optimal
k=23 order, offering a clear recipe for stepsize in practice. The proofs in this subsection can
be found in Appendix D. Furthermore, the convergence of the variational parameter A}
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induces the uniform convergence of the approximate posterior qw(e). These results are
detailed in Appendix A.

5 Extension: Training Two Neural Networks at Different Time Scales

In previous sections, we proposed the NMTS algorithm framework and established its
asymptotic properties. The main idea involves using two coupled iterations to update
parameters and eliminate ratio bias. Estimation and optimization are performed simultane-
ously through these coupled iterations: a faster iteration approximates the gradient of the
log-likelihood function, while a slower iteration updates the variational parameter A in g, (6)
. Additionally, the likelihood function and its gradient are estimated using unbiased estima-
tors. However, when the simulator is sufficiently complex and unbiased estimators are chal-
lenging to obtain, more powerful tools are needed to approximate the likelihood function.
Similarly, a more expressive variational distribution family {g;(6)} may be required to
better represent the true posterior when it is complex.

To address the first challenge, a natural approach is to use a neural network to approxi-
mate the intractable likelihood function as an alternative to the GLR method Papamakarios
et al. (2019). The GLR method is advantageous due to its unbiasedness and simplicity, but
relies on relatively strict regularity conditions Peng et al. (2020). A neural network offers
a flexible alternative when these conditions are not satisfied, though it provides a biased
estimate of the likelihood function. Hence, we train a deep neural density estimator pg(y|6)
by minimizing the forward KL divergence between p4(y|6) and the true conditional density
p(»|6), which is defined as

_ p(y16) )]
KLGOpg019) = Eo-g 0100 02 - (5 )|
This optimization minimizes the divergence between the unknown conditional density
p(¥]6) and the network p¢(y|0) using samples (6, y) generated from the simulator. The loss
function for the neural network at each iteration is

M N
1
Lfaster(¢) =T~ lng¢(ym,i|6m),
MN -

m=1 i=1

where 6, ~ q1(0), ym,i ~ P(¥|6m), and py(y|0) acts as a conditional density estimator. This
network learns the true conditional density p(y|6) by generating many samples from the
simulator. While this process serves the same purpose as the GLR method—approximat-
ing the intractable likelihood—the estimation method differs. Here, Lfq5., denotes that the
neural network operates at a faster time scale, with a larger step-size. As in previous cases,
while fixing 4 and iterating until convergence would provide accurate estimates, such an
approach is computationally expensive. Thus, the coupled iterations are performed simulta-
neously, with the faster iteration preceding the slower one.
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To address the second challenge, another neural network g;(6) can be employed to
construct a more expressive posterior distribution. The loss function is the ELBO, as in
Algorithm 2:

Lgiower(4) = [qu(e)[log p¢(Y|9) +log p(8) —log g,(8)].

Here Y is the observed data and pg(Y16) is the likelihood network trained at the faster time
scale. Unlike Algorithm 2, the convergence of ¢ is independent of the realization of 6, so
fixing the outer-layer samples is unnecessary.

The choice of the variational distribution family g;(6) is an important step. Our NMTS
framework places no restrictions on the choice of the variational distribution family, which
also implies its scalability and compatibility. Beyond simple choices such as the normal
distribution, more sophisticated methods for selecting posterior distributions with good rep-
resentational power have been studied. These include normalizing flows, such as planar
flows, Masked Autoregressive Flow (MAF), Inverse Autoregressive Flow (IAF), and others
Rezende and Mohamed (2015); Papamakarios et al. (2017); Dinh et al. (2016); Kingma
et al. (2016). Normalizing flows are a powerful technique used to model complex prob-
ability distributions by mapping them from simpler, more tractable ones. This is achieved
through a learned transformation, which acts as a bijective function. These flows are highly
advantageous due to their flexibility in approximating a wide array of distribution shapes.
Additionally, the re-parameterization trick is employed to ensure low-variance stochastic
gradient estimation.

Thus, there are two networks here. The faster scale network pg(y|0) is used to update
the parameters ¢ to track the intractable likelihood function p(y|6), while the slower scale
network g;(60) is used to approximate the posterior by updating the variational parameter
A. Optimization and estimation are alternately updated by two coupled neural networks,
respectively. These are two coupled iterations with each updated at two different scales,
which are contained in our NMTS framework. The specific algorithm is given as follows.

Because the likelihood estimator is now biased and the joint neural-network training
dynamics are substantially more complex, our goal here is to present a conditional extension
of the NMTS idea, together with a theoretical statement and supporting empirical evidence
in Sect. 6.3. To keep the analysis tractable, we do not attempt here to establish a full end-to-
end convergence theory for the joint training dynamics of the two neural networks. Instead,
we isolate the role of approximation bias in the learned likelihood model. Specifically, we
assume that the bias of the neural likelihood estimator and its gradient decays along the fast
timescale, and then study how this shrinking approximation error affects the slow-timescale
posterior update.

Assumption 20 Elpy, (Yi[0)|F 4] - p(¥:[6) = 0") = 0,
E[Veope, (Y:10)|F k] = Vop(Y;]0) = O(y,iz)) —Oforeveryfandt=1,2,..,T.

This assumption implies that at the first time scale, the bias in the neural network pg, (Y;|6)
and its gradient diminishes at rates O(y,gl)) and O(y,gz)), respectively. These rates depend on
the training settings and the network’s properties, which may not be directly accessible.
Under this assumption, the following proposition demonstrates that the shrinking bias at the
faster time scale induces a corresponding bias reduction at the slower time scale. It shows
that if the approximation bias of the learned likelihood model decreases along the fast tim-
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escale, then the resulting error in the slow-timescale posterior update is correspondingly
controlled.

Proposition 21 [f M is fixed, Assumptions 3.1-3.3, 3.5-3.8, 9.1-9.2, and 20 hold, the sequence
Ay satisfies

ElflAx — (] = 0By) + O + 0/ ).

6 Numerical Experiments

In this section, we demonstrate the application of the NMTS algorithm framework, com-
prising three specific algorithms, to various cases. Algorithms 1, 2, and 3 are implemented
sequentially. Section 6.1 addresses the MLE case, while Sect. 6.2 focuses on the PDE case.
In Sect. 6.3, we showcase the application of our framework through an example of a food
production system.

6.1 MLE Case

We evaluate the proposed NMTS framework in the MLE setting on a latent-vari-
able model. Consider i.i.d. observations generated by the data-generating process
Y, = g(X;;0) = Xy +0X,,, where X;,;,X,, ~ N(0,1) are independent. Y; is observable,
but X, is a latent variable. The goal is to estimate 6 based on observation {Y; }1_,. For this

[T
example, the MLE has an analytical form: 8 = % >"Y? — 1, which serves as a ground-
t=1

truth target for accuracy assessment.
20

The true value 6 is set to be 1. The faster and slower step-size is chosen as ——

(klog(k+1))2/3
m, respectively, which satisfy the step-size condition of the NMTS algorithm.
We set T = 100 observations, the feasible region ® = [0.5, 2], and the initial value 8, = 0.8
. The samples of X; = (X, ,,X,,) are simulated to estimate the likelihood function and its
gradient at each iteration. We compare our NMTS algorithm with the STS method. In previ-
ous works, a large number of simulated samples per iteration (e.g., 10°) is required to ensure
anegligible ratio bias from the log-likelihood gradient estimator. By employing our method,
we do not need such heavy computational costs while reaching a more accurate estimation.
All comparisons between NMTS and STS are conducted under matched experimental bud-
gets. In particular, within each experiment, the two methods use the same observed data,
the same initialization, the same batch size N, the same number of iterations, and the same
number of independent repetitions.

Under the same simulation budget, NMTS improves estimation accuracy relative to STS,
Fig. 1(a) exhibits the convergence results of NMTS and STS with N = 10* simulated sam-
ples based on 100 independent experiments. Compared to the true MLE, NMTS achieves
lower bias and standard error than STS. The convergence curve is also more stable due
to the elimination of the denominator estimator. The average CPU time per experiment
for NMTS and STS is 0.7s and 0.72s, respectively, indicating the gains come from the
update rule rather than extra computation. Figure 1(b) depicts the convergence result with
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Fig. 1 Trajectories of NMTS and STS with different sample sizes based on 100 independent experiments

10° simulated samples based on 100 independent experiments. Even with a large number of
simulated samples, NMTS outperforms STS since it suffers from the asymptotic bias.

Table 3 records the MAE for the two methods based on 100 independent experiments.
Across all batch sizes, NMTS demonstrates significantly higher estimation accuracy than
STS. These trends align with our theory: by removing the noisy denominator, NMTS sup-
presses the ratio bias and reduces variance under the same budget.

Figure 2 depicts the log-log plot of the MAE of the estimators versus the iteration num-
ber k. For each of the 100 settings, we independently sample observations and run NMTS
and STS once. The log(accuracy) is defined as log E[|6) — 8|]. The observed convergence
rates align with Theorem 16 for NMTS. On the contrary, STS suffers from an asymptotic
bias caused by the ratio gradient estimator determined by N, which aligns with Proposition
17. NMTS achieves higher accuracy sooner and continues to improve with k, whereas STS
saturates due to ratio bias. These results confirm the superior performance of NMTS over
STS. Additional non-Gaussian MLE experiments with exponential and uniform latent noise
are reported in Appendix Appendix E.2, and the results show the same qualitative advantage
of NMTS over STS.

6.2 PDE Case

We apply Algorithm 2 to test the NMTS framework in the PDE setting. Let the prior distribu-
tion of the parameter 6 be the standard normal N(0, 1). The stochastic model is Y; = X; + 6
with latent variable X; ~ N(0, 1). Given the observation y = {Y; }1_,, the goal is to compute
the posterior distribution for 6. It is straightforward to derive that the analytical posterior is

n _ 1
p@y) ~ N( =3 )

Let the posterior parameter A be (4,02). We want to use normal distribution g;(6) to
approximate the posterior of 6, i.e., q;(8) ~ N(u, o2). Applying the re-parameterization tech-
nique, we can sample u from normal distribution N(0, 1) and set O(u; 1) = u + ou ~ N(u, o2).
Here is just an illustrative example of normal distribution; the re-parameterization technique
can be applied to other more general distributions Figurnov et al. (2018); Ruiz et al. (2016).

In the PDE case, we can incorporate the data into the prior over and over again. Sup-
pose there are only 10 independent observations for one batch. Set feasible region
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Fig. 3 Trajectories of NMTS and STS with sample size 10* based on 100 independent experiments

A =[-1,10] X [0.01, 2] and initial value 4, = (0, 1). First, we set M = 10 outer layer samples

Uy, and compare the NMTS algorithm with the analytical posterior and STS method. The
10

and s
(klog(k+1))2/3 klog(k+1)
MLE case, the NMTS and STS methods are compared under the same experimental budget:
they use the same observations, the same initialization, the same batch size N, the same
number of outer-layer samples M, the same number of iterations, and the same number of
independent repetitions. Figure 3 displays the trajectories of NMTS and STS with sample
size 10* based on 100 independent experiments. Specifically, Fig. 3(a) exhibits the con-
vergence for the posterior mean u and Fig. 3(b) exhibits the convergence for the posterior
variance o2. NMTS achieves lower bias and standard error than STS when compared to the
true posterior parameters.

faster and slower step-size is chosen as respectively. As in the

Table 4 records the absolute error for both estimators based on 100 independent experi-
ments. Across all batch sizes, NMTS consistently outperforms STS in estimation accuracy.
The accuracy is improved by one to two orders of magnitude.

Figure 4 presents log—log MAE curves versus & in 100 independent experiments when
batch size N = 103. The observed slopes for NMTS track the k-dependence predicted by
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Theorem 18, while STS displays an apparent floor consistent with ratio-induced bias by
Proposition 19. Together with the MLE case, the PDE experiments confirm that the ratio-
free design of NMTS translates into tangible accuracy and stability gains in practice. A
further non-Gaussian PDE experiment with logistic latent noise is provided in Appendix
Appendix E.3, where NMTS again achieves lower posterior-parameter error than STS under
matched budgets.

6.3 MTS for Training Likelihood and Posterior Neural Networks

This example is intended to mimic a realistic simulator-calibration problem in operations,
where only system-level output trajectories are observed and the goal is to infer latent ser-
vice-time parameters of the underlying stochastic process. In cases where the true posterior
is unknown, direct comparisons between algorithms become challenging. Thus, Sect. 6.3.1
illustrates the advantages of the NMTS framework using a toy example, while Sect. 6.3.2
describes its application to a complex simulator where analytical likelihood is infeasible.

6.3.1 AToy Example

We use the same problem setting as in 6.2 and apply Algorithm 3. MAF method and IAF
method Papamakarios et al. (2017); Kingma et al. (2016) are applied to build a conditional
likelihood estimator p4(y|0) and variational distribution family g, (6), respectively based on
their specific nature. Details of the MAF and IAF setups are provided in Appendix Appendix
E.4. To make a fair comparison, NMTS and STS use the same likelihood-network archi-
tecture, the same posterior-network architecture, the same generated training samples, and
the same number of training rounds; the difference lies in the update schedule between the
two networks.

The results demonstrate the superior accuracy of the NMTS algorithm compared to the
corresponding STS algorithm. Figure 5 shows that the posterior estimated by NMTS closely
matches the true posterior, whereas the posterior estimated by STS exhibits noticeable devi-
ation. Notably, NMTS achieves this improvement without additional computational burden,
as the primary adjustment lies in the training speeds of the two neural networks.
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Fig. 4 Log-log plot of the MAE of the estimators versus the iteration step £ of NMTS and STS algorithm
based on 100 independent experiments when N = 103
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Fig.5 Posterior estimated by NMTS and STS through neural networks
6.3.2 Parameter Estimation in Food Preparation Process

In this section, we build a stochastic model as a simulator Y(X; 8), which portrays the food
production process in a restaurant. Here Y is the output, X characterizes the stochasticity of
the model, and 6 comprises the parameters whose posterior distribution we aim to estimate.
In this case, the analytical likelihood p(Y|6) is absent and the joint posterior of param-
eters could be complex. We need a general variational parameter class, a neural network,
to represent the posterior better, rather than a normal distribution with only two variational
parameters in Sect. 6.2.

First, we introduce the setting of the simulator. Assume that order arrival follows a Pois-
son distribution with parameter 2. The food preparation process comprises three stages.
At first, one clerk is checking and processing the order, and the processing time follows a
Gamma distribution with shape parameter 3 and inverse scale parameter 2. Next, three cooks
are preparing the food, where the preparation time is the first parameter 8; whose posterior
we want to estimate. After the food is prepared, one clerk is responsible for packing the
food, and the packing time is the second parameter 6, we want to estimate. Each procedure
can be modeled as a single server or three servers queue with a buffer of unlimited capacity,
where each job is served based on the first-in/first-out discipline. The final observation is the
time series of the completion time of the food orders. This process is illustrated in Fig. 12 in
Appendix Appendix E.4. To obtain the observations, we sample 6 = (8;, 6,) ten times from
independent Gamma distribution (I'(4,2),I'(1,1)). Then, by realizing the stochastic part X
and plugging them into the model, we can obtain a realization of the 10-dimensional output
Y(X;0) as our observation. The posterior is estimated based on this observation.

The prior of 0 is set to be a uniform distribution: 6 ~ U(0,15). MAF and IAF methods
are also applied to build p4(y|0) and g4(6) in setting the same as Sect. 6.3.1. The details for
training can be found in Appendix Appendix E.4. Figure 6(a) demonstrates the posterior
estimated by NMTS, with the light blue region on the edge representing the marginal distri-
bution. Due to the complexity of the joint density, employing a neural network as a general
variational class is necessary. For the output performance measure, we generate another
replicated output using parameters sampled from the posterior. Figure 6(b) illustrates that
the resulting sequence closely matches the original observations, despite the prior being
far from the posterior. This consistency suggests that the learned posterior concentrates on
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Fig. 6 Posterior estimated by NMTS through neural networks

parameter regions that accurately capture the system’s dynamics, thereby demonstrating
that we have more understanding of the black box stochastic model. These results pro-
vide empirical evidence that the proposed framework is practically applicable in a realistic
simulator-calibration setting and can be combined with flexible neural approximators when
both the likelihood and the posterior are analytically inaccessible.

7 Conclusion

Our framework is particularly relevant for simulation-based calibration and posterior infer-
ence in stochastic operational systems where gradient-based updates are desired but direct
likelihood-ratio estimation is unstable under limited simulation budgets. We introduce a
ratio-free NMTS scheme that tracks the score on a fast-timescale and updates parameters
on a slow-timescale, thereby removing the instability and bias caused by dividing two noisy
Monte Carlo estimators. Different from a direct application of vanilla MTS algorithm, we
construct a nested SAA structure with M outer scenarios and parallel fast trackers. On the
theory side, we establish almost-sure convergence for dual layers, a central-limit character-
ization for the coupled iterates, and sharp L bounds that decompose error into a timescale
mismatch term O(B) /o) and an inner Monte Carlo term O(y/a,/N), with an additional
O(M~Y2) outer SAA term when applicable. Furthermore, we have introduced neural net-
work training to our model, showcasing the versatility and scalability of our framework.
Future work encompasses eliminating ratio bias in more scenarios, and our framework can
be more widely applied and extended.
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The Uniform Convergence of Approximate Posterior

Now, we focus on the convergence of the approximate posterior g;(6). Thanks to the fact
that 4, converges in different senses as we proved in the sections before, we will prove the
functional convergence of g;, (6) in this part.

Proposition 22 Jf'6 satisfies 6‘?;6) laizim # 0, and Assumptions 1, 3.1-3.8, and 9.1-9.2 hold,

we have

dq, (0 8q,(0
VB @@ - a@)-Sn (0, 282, 5, SO )

Furthermore, if © satisfies aq;f) l1=1 # O,

V(@@ - 9:©)-=(0 0,289 w212yt Var, (htus v T OO i)

This conclusion is directly derived from the Delta Method (Vaart, 1998). Let q;(8) be
the projection of the true posterior to the variational parameter family {g;(6)}. That is to
say 1 is the root of the gradient of ELBO: V;L(1) = 0. We make the following assumption.

Assumption 23 The variational parameter family {q:0)} satisfies:
lg1,(©) — q,(0)| < L||4; — A,]|, uniformly with respect to ©.

Under Assumption 23, we have the uniform convergence results of the posterior density
function.

Proposition 24 Under Assumptions 1, 3.1-3.8 and 23, the approximate posterior density
function obtained by the algorithm converges uniformly to the q;(6):

Jim  lim sup 1g21(6) — gz(6)| = 0.

Similarly, we can study the uniform convergence rate of g;1(6).

Proposition 25 Under Assumptions 1, 3.1-3.8, 9.1-9.2, and 23, we have

1

SUp[;y:(8) - 41(8)] = 0,(B2N"3) + 0,(M™3),

Elsuplgzy(6) ~ (@)1 = o[ £x) +0(\E ) +O(\/E>

The proofs of Proposition 24 and Proposition 25 are directly derived from Assumption
23 and the convergence rate of A}1.
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Proof of Strong Convergence

Proof of Proposition 2 Define the parametric function class € = {f;(x) = h(x;1) : 1 € A}.
€ is a collection of measurable functions indexed by a bounded set A C R, Due to Assump-
tion 1, € is a P-Donsker by Example 19.7 in (Vaart (1998), Chap 19). This implies

sup [P, f — Pf]=>0,
fee

so the almost sure convergence is uniform with respect to 1. The functional CLT also holds.

O
To prove Theorem 4, we will first prove two essential lemmas that ensure the iterated
sequence Dy ,, possesses uniform boundedness almost surely on each trajectory, which
plays a crucial role in the subsequent convergence theory.

Lemma 2 Assuming that Assumptions 3.1, 3.2, 3.3, and 3.5(a) hold, it follows that
SUPy m [E[”Dk,mllz] < oQ.

Proof According to the iteration formula in  each  parallel block,
Diy1,m = I = axGa e m)Di,m + %G1 e,m» then we have

1Dk 1,ml* < M = ckGojem P11 Drem I + 200l = cicGajeml - 1Dicymll - G kemll + ol G eI

Notice the definition of F, take the conditional expectation on both sides, we can get

ElDics1,ml*1F k]
SEM = axGogemlPI1F k] 1Dk mll* + 20k El = aicGaomll - 1G1imllIF k] - [1Drm | + GRE[IG 1 m P51 (B1)
<EII = oG je.m|*1F i IDicymI* + 200/ ENIG 1 je.n IP1F i)V ELI = kG e, |21 F 1] 1D || + R Cr-

The second inequality comes from Cauchy-Schwarz(C-S) inequality and Assumption 3.1.
Note that

ElNI — acGajeml?1F k] = E[(1 — iAo pem)*1F k] = 1 — aRE[ A | F k] — A E[AS 4 | F ic]) < 1= atice,

where A, i, istheminimumeigenvalue of G, i ,,, . Due to Assumptions 3.2 and 3.3, the inequal-
ity in the above expression arises because a; — 0, there exists N; > 0 and N; is independent
of u, such that for every k > Ny, 2E[A; o ju|F ] — Ak E[25 4 | F k] > 26 —Cy > € w.p.1.
So Equation (B1) can be changed to

EllIDk+1,m P17l < (0 = ak@)lIDimll* + o Cy + 201/ Crv/1 = akel|Dyc .

Take the expectation and apply the C-S inequality, the inequality holds for every k > Ny,
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ElIDk1,mIP] < (1 = @)l IDi 2] + 3G, + 2t/ Cov/T = ey END ]
2 2
ae age 24/C
~(VI= s VEMIDnlPT + /1) < (1= 25) VETIDE lP] + 2222 )

2 2
(s /BBl 2450

Since D, is independent of u, by using the boundness assumption, taking the
expectation and taking superior with respect to m in Equation (Bl), it is easy

to prove by induction that for every k <N, sup,, E[[|Dy,|[*] < oco. Therefore,

ac
Supy , EllIDg,mlI*] < maxg <y, sup,, E[||Dy,mlI*] + — <. O

2

Lemma 3 Assuming Assumptions 3.1, 3.2, 3.3, 3.5(a) hold, sup,_ , IDge.m||? < 0o, w.p.1.
Proof Rewrite the iteration as

Dicy1,m = — oG i m)Diem + %G1 km
=(I — akE[G2ie,m|F kDDie;m + A E[G1iem|F k] + W ieom + iV iem (B2)
=(I = U,m)Di,m + &R + W g m + iV i ms

where W em = E[Gokm|F k] = Gok,m)Di,ms Viem = Grim — EIG1jem|F k],
Ukm = E[Go e m|F k], Riem = ElGo i m|F k] 'E[G) g.m|F k] By Assumptions 3.2 and
3.3, Uk m is a diagonal matrix and all of its elements are no less than aye and no more than
ax+/C,. Since ay tends to zero, there exists N, > 0, for every k > N,, all of elements of
Uk,m are less than 1. Define some of the element of U, as & and age < & < ax/C, < 1
. So Vk > N,, take norm on both sides of Equation (B2):

k k k
IDisrmll < T O = @dliDnymll + > T 0 = @pilIRsml

i=N, i=N, j=i+1

k k k k
+1Y [T a-apaw iml+1Y - [ Q- &pai? imll-

i=N, j=i+1 i=N, j=i+1

(B3)

(1) For the first term, by Assumption 3.5, Z;io ay = 0o, when k — oco. We have the inequal-
. k - —ZEN &; —SZEN o
ity: [T = &)lIDn,mll < e ==N2 "Dy, mll < € =="2 || Dy, | = 0.

i=N,

(2) For the second term, by the C-S inequality and Assumption 3.1, we have

Rill = IE[Giml7 ]Il < ElG1,imllF;] < VG w.pl
P EIG i m | F Il T NE[G il F Il — € 7 T

k
. . . k .
We prove this by induction: ZJ:V szi a1 —a)& <1. It is easy to check that
i=N,

the conclusion holds when k = N,. Assume that the assumption holds for k. Then
for k+1, we plug in the inequality of k, and noting that 0 < & <1, we have
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k+1 k41 k+1
Z H} 1+1 cfj)di < . HH(I - &j)&k+l +(1 - dk+l) <Oppr+1—0Gge =1, which
i=N, J=t

implies the second term of Equation (B3) is bounded.

(3) For the third term, since W i, = (E[G1m|F k] = G2e.m)Di.m» @nd Dy € F ., SO
E[W im|F k] = 0. Moreover,

k-1 k—1

k k
[E[Z GW imlF il = Z GE[W | F ] = Z GE[E[Gy,1,m|F 1] = Go,im)Dim|F 1] = Z %W im-
i=N, i=N, i=N, i=N,
k
Thus, Y o;W ;,, is a martingale sequence for every m. Note that for every i < j,
i=N,

EKW s> W jm)] = E[EKW i, W 5 )| F 1] = ELW 4, EIW j | F 5 1D] = 0,

so we can derive that

k
EN DY W i ml?] Zal W i) < Za [IEIGa,1mIF i1 = Gayiml? - 1D m 7]

i=N, i=N, i=N,
k
= E[E[[E[Gy,1m|F 1] = Gaim |2 1Dsm 217 1]
i=N,

k
= QE[||D; | PELEIG 1 m|F I = 2(E[Gapm|F i1, Gatim) + 1G]]
i=N,

k
= QD | PELC2,l2IF ] = [E[Gaim| FlIIP)]
i=N,

k k
< @E[|Dim|PENG i ml PIFi]] = C Y a?E[|Dy 2] < 00
i=N, i=N,

where (-, -) represents the inner product of two matrices, the last inequality holds because of
Assumptions 3.3, 3.5(a) and Lemma 2. So Zk: o;W i 1 is an L2 martingale. By the martin-
i=N
gale convergence theorem, for every u, it convzerges.
Let a; = f[ L and Vi>N,, 0<a; <ajq, we have
J=N, l_aj

i ~ i
. . g i & . € E B [e 4]
lim;_, o a; > lim;_, , e==N2"7 > lim;_, ,, e “~=N2"J = co. Furthermore,

k k
S I a-apaw = H(l—aJ)Z Zalal -

i=N, j=i+1 J=N; i=N, HJ =N, (1= “J) i=N;
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o0 . .
Because ofzizNZ a;W i m < 00,andlim;_, , a; = oo, by Kronecker’s Lemma (Shiryaev and

k
> Wi, =0.
=N,

Boas, 1995) we can reach the conclusion that for every m, lim;_, o, ai

k
ko k

Thus, limy_, ., sup,, || Z Hj=i+1(1 —&;)a;W ; || = 0. The uniform convergence is obvi-

i=N,
ous because the supremum is taken in a finite set. A similar conclusion can be drawn for part

k
4), limy_ o sup,, || > H?:z (1= &)a;V |l = 0. All the inequalities hold uniformly
i=N,

with respect to m, so by Equation (B3), sup, ,, IDge.mll* < 00, w.p.1, which ends the proof.
O
Next, we proceed to prove the main part of the convergence theory. The key idea is to
transform the discrete sequence {Dy ,,, Ax } into a continuous form. The iterative formulas
(8) and (9) are approximated by a system of ODEs. First, we construct the correspond-
ing step interpolation functions {DE,(¢), A*(t)} for the sequence. Then, we demonstrate that
these functions {D,’;(t), yu (t)} converge to a solution of the ODE as the number of iterations
becomes sufficiently large. The asymptotic stability point of this ODE corresponds to the
limiting point of the iterative sequence { Dy ,, 6y }. Finally, we show that the condition satis-
fied by this convergence pointis D = 0, A = AM.

n-—1

We begin the process of continuity by introducing the notation. Let ty = 0,t, = >,

. Define m(t) = max{n : t, <t} fort > 0, and m(t) = 0 for ¢ < 0. The function m(¢) repre-
sents the number of iterations that have occurred by the time ¢.

Define the piecewise constant interpolation function for Dy : D2, (t) = Dy, Vi <t <ty
, D3,(t) = Dy 1, V't < 0. Define the translation process DJ%(t) = D, (t, + ), t € (—00, 00).

Similarly define the piecewise constant interpolation function A°(t) and the
translation function A"(t) of A1 as A%(t) = Ak, Vi <t <tryq; A°(0) =0,V < &,
A(t) = 2°(t, +t),t € (—00,00).

Rewrite the mth block of iterative equation (8)

as

Dicy1,m = Dieym + i (H(Up, Di > Ai) + brje + boj + Vg + Wi m)s (B4)

where H(u,D,2) := Vgp(y|©)lo=eu:1) — P(r|6(u; 1))D,
bik 1= ElG1kmlF k]l = Vep(¥®le=e,,, =0 bak := PWIBk,m)Di,m — E[Ga2x|F k1Die,m =0,
Viem = Grim —ElGLimlF k], Wim 1= ElGokm|F k]Di;m — Gak,mDi,m>» where by
and b, ;. are equal to 0 due to Assumption 3.4.

Define Hy ,, = H(uy,, Dy, Ay) for k > 0, and Hy ,,, = 0 for k < 0. Define the piecewise

m(t)—1

constant interpolation function of H as HY,(t) = Y o;H; ,,,, and the translation func-

i=0
tion of H as
m(t,+t)—1 n-1
HP(6) = HY(t + 1) = HY(t) = Y aHym, 1> 05 HEO = Y aHip, £ <O0.
i=n i=m(t,+t)
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Two other terms of Equation (B4) are similarly defined; for simplicity, we omit the defi-

m(t,+t)—1 m(t,+t)—1
nition part of the negative numbers: V;:(t) = Y. aV iy WO = > Wi,
i=n i=n

Make the Equation (B4) continuous and we can get

m(t,+t)—1
D) =Dy + Y «(Hym +V i+ W i) = DI (0) + HE(0) + ViR (0) + Wi ()
i=n
(BS)

=D (0) + / H(up, Dy (5), A*())ds + pi (1) + Vit (£) + Wi (0),
0

where ph,(t) = Hp(t) — fot H(u,,, D} (s), A*(s))ds. Since Agyq = Ax + BrSk + BrZy, define
m(t,+t)—1

Akg1 = A + oDy, where Dy, = i—"(Sk +Zy). Define n"(t) = >, a;D;, we obtains
. =

the continuation of 4,, as
1) = 2%(0) + 1" (D). (B6)

The following lemmas reveal that p}i,(t), Vi (t), Wy (t), n"(t) all converge uniformly to 0 in a
bounded interval of ¢. As a result, these terms can be neglected, and the asymptotic behavior
of these continuous processes is governed by a system of ODEs.

Lemma 4 Assuming that Assumptions 3.1 to 3.5 hold, and that T is a bounded interval on R
, we have lim,,_, o Sup; ¢, llem @]l = 0,w.p.1.

Proof Given T > 0, consider an arbitrary time ¢ € [0, T]. If there exists an integer d such that
t =ty q —ty, then

m(ty+t)—1

t tnsd—tn
pm(6) =Hﬂz(t)—/ H(up, Dy(s), A(s)ds = > aiHyp —/ H(uy, Din (), A" (s))ds
Jo 0

i=n

m(tpea)=1 ntd n+d—-1 tnid
= > @Hym— [ Hup, Dip(s =), A" = tp))ds = > aHym— [ H(ty, D3(s),6%(s))ds = 0.
i=n th i=n tn

The last equality sign comes from the definition of H; ,,: H; ,,, = H(Uy,, Dj p, 4;). If there
exists an integer d satisfying t,,, 4 < t, +t < t, 441, then

n+d-1

ta+t t+t
PO = > aHypy - / H (0, DG, (s), 6%(s))dls = - / H(uy, DY(s), 0°(5))ds.
t

i=n n tnsd

Also by Assumptions 3.1, 3.3 and 3.4, [[Vop¥|®lozoqua)ll = IEIG1Liml| T illl < /Cr,
Ilp@16Cw; )l = IIE[Gk,m|F i ]ll < +/C,. Furthermore, note that

|H(tp, Dy > 2l = Ve PO IO)o=0u:t) — PO Dimll < /Ci + v/ CallDiymll < C, w.p.1,
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where the last equality sign comes from Lemma 3 with ||Dy || being uniformly bounded.
This leads to

llemOIl <11 [,

" H(uy, DY (5), 09())ds|| < ety aC.

n+d

This holds for almost every orbit, the right end being independent of ¢ and u. By Assump-
tion 3.5, a. — 0, this leads to the conclusion that limy, o sup, g, ller (0|l = 0, w.p.1. [

Lemma5 Assuming that Assumptions 3.1 to 3.5 hold, and that T is a bounded interval on R
, then when n — oo, sup, ¢ . [|Vin ()| —0 w.p. 1.

n-1

Proof Let M, ,,, => . a;V ;. SO

i=0 "1

n-1 n-2

E[Mym|Fn-1] =D aElGrim = ElGLimlFiDIFnor] =Y (G im — E[G1im|Fi]) = My_ym-
i=0 i=0

Thus M,, is a martingale for every m. Note that for every i<},
ELV iyms> V jm)] = BIEKV i V jm )T 11 = ELV 1, EIV jm|F ;1)1 = 0, so we can derive
that:

n—1

n-1 n-1
ElIMomlP1 = END aV imlP1 =Y @BV iml?1 =Y | a?E[|Gyim — E[GrimlFi12]
i=0 i=0 i=0

n—1 n-1
= " oE[E[|Gyim — ELG1im|FIP1F i1 = > c?EE[|Gyiml> = 2G> E[GrimlF 1) + [E[Gy i ml F 1112|7411
i=0

=]

n-1 n-1 n-1
= ELEN|CrimlP1F 1] = [E[Criml FIP) < D aE[E[GrimlP1F ] < D Craf < 0.
i=0 i=0 i=0

The right-hand side is independent of m. Therefore, M, ,,, is an L> martingale for every
m and by the martingale convergence theorem lim, sup,, [|M}, ,, — My,|| = 0. The uniform
convergence is obvious because the supremum is taken in a finite set. So when n — oo

m(t,+t)—1
B suptgv,m ”Vrg(t)“ = Sup[gr,m ” Z “ivi,m” = Suptgmm ||Mm(tn+t),m - Mn,m” -0,
l=n
i.e., sup,cq, Vi (9)||—0 w.p.1 when n — oo. O

Lemma 6 Assuming that Assumptions 3.1-3.5 hold, T is a bounded interval on R, when
n — 00, SUP;cr [[Wr(O|l—0 wp. 1.

-1
Proof Define M, ,, = Z?:o oWy, then

M, is a martingale sequence by Lemma 3. Similar to lemma 4, we can prove that
-1 . . .

E[||M,]1?] < Zin:o C,aE||D;||> < o0, 80 M}, 1, is an L? martingale. By the martingale con-

vergence theorem, we can reach the same conclusion. O

Lemma 7 Assuming Assumptions 3.1-3.6 hold, T is a bounded interval on R, then
1imn—>oo Suptg‘[ ||’7n(t)|| = 0’ wpl
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Proof GivenT, > 0, forevery t € [0,Ty], A1 = Ak + B (S + Zi), the direction of Zj is the
projection direction from 4; + 8, Sy to feasible region A. By the property of the projection
operator, Zj, satisfies Z; (4 — A1) > 0, VA € A. Furthermore,

0> —Z (A — Ay1) = —Z (—Bi(Sk + Z1) = BrZy, Sk + Brcll Zk|I*-

Thus, 0 < BillZkll®> < —BiZy Sk < BillZkll - ISkll.  Therefore, || Z¢|| <|ISkll  and
|IDi|l = ||§—"(Zk +Spl < %(lleH + ISkl < @ We can get boundness of ||S|| due to
k k k

Assumption 3.7 and the boundness of ||Dy|| and other terms. So when k — oo,

m(t,+t)—1

I"@h=1 Y aDell < Tosup||Di < ==
k=n

26Ty
Al Sup ISl 0.

The zero limit comes from Assumption 3.6: 8, = o(ay), which is one of the essential condi-
tions for the convergence of NMTS algorithms. Then lim,,_, ., sup,; [[n"(O)|| = 0 w.p.1. [
Relate Equation (B5) and Equation (B6):

t
Dy(t) =Di'(0) + / H(uy, Dy'(s), A'(s))ds + py, (1) + Vi (£) + Wy (6)
0

.t (B7)
Dy (t) =Dy (0) + / H(upr, Dy (8), A*($))ds + pi,, (£ + Vi, (1) + Wi, (1)
)

(1) =2"(0) + n" (o).

We show below, by the asymptotic property of this set of ODEs, that the sequence Dy ,,
converges uniformly to the gradient Vg log p(y|0)le=g,,,» Where Vglog p(y|0)e=g,,, is @
long vector with T x d dimensions and the th block %.

Proof of Theorem 4 By Lemma 3, Dy ,, is uniformly bounded, and 1, is also uniformly
bounded by the projection operator. The functions Dj,(t) and A*(t) are constructed by
interpolating Dy ,,, and A, it follows that {D}L(H)}_, and A"(¢) are uniformly bounded
for almost every orbit. On the other hand, by Lemmas 4-7, the sequences {Dj%(t)}¥_, and
A"(t) are equicontinuous along almost every sample path on every finite interval. Applying
the Arzela-Ascoli theorem, we conclude that there exists a uniformly convergent subse-
quence of {DZ()}M_, and 1*(¢) for almost every orbit. Let the limit of this subsequence be

{D,,(O}M_, and A(t).

Note that in Lemma 2, we proved that A is uniformly bounded for almost all orbits.
By the dominated convergence theorem, we can interchange the integrals and limits when
taking the limit. Taking n — oo in Equation (B7) and applying the uniform convergence
established in Lemmas 4-7, Equation (B7) simplifies to
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t
Dy (t) =Dy(0) + / H(uy, Dy, (5), A(s))ds
0

t
Dy () =Dy (0) + / Hupg, Dyn(s), A(s))ds
0

At) =A(0).

Its differential form is

Dy(t) =H(uy, Dy (1), A1)

Dy (t) =H(upg, Dy (1), A(1))
() =o0.

Then

A®) = 20) 1= 4, Dy, (©) = Hty, Dn(), ) = Vo p(y16Gs Dl uipy—u, ity = PYs DDpu(0).

This is a first-order linear ODE for a matrix D. For every u, construct the Lyapunov func-
tion as

V(©) = 51IV6p018)lsoust) — POIE DO,

then

:
V= —rr(p<y|e<u;1)>(vep<y|e<u;i)> - p<y|6(u;71))Dm<r>) : (vep<y|e<u;i)> - p<y|6(u;71))Dm<r>) ) <o,

so D,,(t) has unique global asymptotic stable point of p(y|9(u;Z))‘lvsp(y|6)|6:e(um;1).
Since (Dy, m,Ax) and (D), 45,(+)) have the same asymptotic performance, so

(Dieym» k) = (P83 1)~ Vo p(1O)lg=o(usty» A)-

Note that

HDk,m — Vg log p(y0u; M)lo=o(u,,:4,) S”Dk,m - P(Y|9(u;Z))_IVeP(Y|9)|e:9(um;/"1)H

+[p16G5 D) Ve p 1o = (BOI8km) Ve P3INo= 00,0
The first term converges to 0 previously shown, while the second term also converges to 0

by Assumption 3.7, which states log p(y|6(u; 1)) is continuously differentiable, and 1;, — 1
when k — oo. This establishes the following convergence result. O
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Thus, we have proven that the sequence of D) converges asymptotically to the gradient
of the likelihood function log p(y|6(u; 1)). Later, we need to confirm that the limit point 1 to
which A, converges is exactly the point where the gradient is 0, i.e., V1 £3,(1) = 0.

Proof of Proposition 5 Notice that

M M
AOIBA) =Y V318(m; 4) Ve 108 pBjem)s AMICGK) =Y | V18(m; )V 102 63Ok m)-
m=1 m=1

By the definition of the two notations,

Sk = Vil = 252 (BMD, + BGL - )
M
~ i D V8t 40 EVe 08 P16t 1)) + Vi 1og p(Oltmi 1)) — Vi 102 0:(6(umi 1))
m=1

—7(aGoEvD, - Z V300t 2V 10g Py 8 1) )

m=1

EI

I
gI=
(M=

vaemm;zk)E(Dk,m — Ve log pme(um;ak»).
1

3
Il

V16(u,,; A) is bounded since A is a compact set and 9(u,,,; 1) is continuously differentiable with
respect to 1. By Theorem 4, we can reach the conclusion. O

Proof of Theorem 6 From the iterative equation, we have
A1 = A + Bi(Sic + Zi) = A + Bch(Ai) + Bicbi + BiZ, where  h(Ar) = V Ly (Dlz=4,»
b = =Vl (Da=a, + Sk. Define & =0, &, = Y210 B, m(¢) = max{n : &, < ¢}. Under
the time scale 8, define the translation process similarly as before 1*(-) and Z"(-). Let
VAL Zm(§"+§) ! BiZ;for{ > 0.AssumethatforgivenT, > 0, Z"({)isnotequicontinuous

on [0, Ty ], then there exists asequence ny — oo, which is dependent on pathway, bounded time
£ € [0,T],vg — 0*,¢ > 0,suchthat]|Z7 (& + ve) — Z* (&) = | z:’;‘yi’;@fj;k';")ﬁ Zll > e.
By the conc}usion in Lerpma 7 1Zell < 1Skl we have
IZkll < NSkl < NVaLpDla=a ]l + 1| = ValyyDla=a, + Sicll = [[RAI + [[bic|l-
Furthermore,

m(&p, +Ek+ui) m(&py, +Ek+ui)
e<l > Bzl D] BRG]+ 1Bl (BS)
i=m(ny +E0) i=m(Cny +E0)

Since h(1) = V;L3,(A) is continuous, it is bounded in A. By Proposition 5, we have ||by|| = 0
and 8, — 0 when k — oo. Therefore, the left-hand side of Equation (B8) is a constant, while
the right end tends to 0, leading to a contradiction with the assumption that Z"(¢) is not
equicontinuous. Hence, Z"(t) is equicontinuous. Moreover, A"(t) is also equicontinuous on
[0, Ty ]. By applying Theorem 5.2.3 in Harold et al. (1997), we can verify that all conditions
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are satisfied, and the convergent subsequence of (A"(-), Z"(-)) satisfies the ODE. Thus, the
iterative sequence {1; } converges to the limit point. Consequently, the value 2 obtained
in Theorem 6 is the equilibrium of the ODE, which satisfies V1 L;(4)|;-1 = 0. Therefore,
the limit of {4, } is precisely the optimal value of the approximate ELBO. O

Proof of Proposition 7 We have
IS = VaL@I < IS¥ = VaLly Aol + IV aLay (i) = VL)l Let k — oo first, Propo-
sition 5 shows the first term tends to 0. Then let M — oo, Proposition 2 shows the uniform
convergence with respect to k as M — oo:

SUp [V aLar (i) = VL) =50

For € > 0, there exists M, > 0, for every M > M,, there exists Ky, [|SM — VL (4] < /2
holds for every k > Ky. Also, ||V Ly () — ViL(A)|| < €/2 holds for every k when
M > M,. Therefore, for € > 0, there exists My > 0, for every M > M, there exists Ky,
when K > Ky, ||SM — V;L(4,)|| < €, which ends the proof. O

Proof of Proposition 8 By Proposition 2, there exists an event Qg with P(Q,) = 1 such that,
on Qq, sup,_, |[VaLy(2) — V1L(A)|| - 0 as M — oo. Fix any sample path in Q.

Suppose, to the contrary, that M does not converge to 1. Then there exist €, > 0 and a
subsequence {AM:} such that ||[#M: — || > ¢, for all i. Since A is compact, there exists a fur-
ther subsequence, still denoted by {#:}, and some 4 € A such that 2Mi — 1.

By definition, VL, (21) = 0. Hence,

IVALDI < [[VAL(A) = VL@
+ IVAL@M) = VaLyg, O] + [V 2Ly, M)

The first term converges to zero by the continuity of VL, the second term is bounded by
sup;ep IVAL@A) =V aLp, (D] and hence converges to zero by Proposition 2, and the third
term is zero. Therefore, VL(1) = 0.

By Assumption 3.8, the equation V;L(4) = 0 has a unique solution in A, denoted by
A. Thus 4 = 1. This contradicts |2 — || > ¢, for all i, because M — 1 = 1. Therefore,
M - 71 on Q. Since P(Q,) = 1, the convergence holds w.p.1. O

Proof of Weak Convergence

Proof of Proposition 10 Since A € A, we can omit the projection term Zj, in recursion (9). The
convergence of (A, Dy) to (A1, D) has been proved. Let f(1,D) = %(EM D +B(A) —C(1))
, 8(4,D) = Vgap(y|6(1)) — p(r|6(1))D. Applying the Taylor expansion at the limit point
(M, D), we have

@ Springer



250 Page 46 of 64 Machine Learning (2026) 115:250

(16D (Qn G ). (A )wof| A0y ’ ©9)
g(4,D) Qxn Q2 ’
9f(A,D) (4,D) _ AGM)EM 0g(A,D)
where  Qq; = f—|(/1M py Qun= f—|(/1M == Qu= ga—/1|(iM,D)
‘()g(/l )

, Qp= lam,py = =—-p»|6(A1)). By the optimal condition for limit point

fOM.D) = g(/TM,D) =0, we have Q;; = V3Ly (M), Qy = 0. In the framework of the
NMTS algorithm,

{ A1 = A + BrAk
Dyy1 = Dy + oy By,

where Ay = f(Ag, Dy), By = G1x(Ak) — Go k(4 )Dy = g(Ay, Dy) + W . Here
W = Gri(A) = Vap(16) + p(Y16x)Dy — Gox(4)Dy, and E[W y|F ] =0 by Assump-
tion 3.4.
Set H = Q1 — Q12Q33 Qa1 = Qup = V2L (M), then the largest eigenvalue of H is nega-
tive by Assumption 9.1. Also, the largest eigenvalue of Q,, is negative by its definition.
Define the following equations: T, = limy_ oo E[W W) |F 1], To = Q12Q53 1,05 Q1.

le/ exp(Ht)[gexp(H t)dt, Zp =/ exp(Q )T, exp(Qyyt)dt. (C10)
0 0

Therefore, we will reach the conclusion by checking all the conditions and applying Theo-
rem | in Mokkadem and Pelletier (2006). O

Proof of Theorem 11 By the definition of Sy and VL, (A1),
Sk = Valy (M) =

Aldk) ( A(/lM ) (

EMD; + B(A) — C(/lk)> EMD + B(M) —c(M ))

=7 (AGOEVD, — AGHEMD + AQBR) - AGIBAY) — AQIC(H) + ATDCA)),

where the first two terms satisfy

o AEM D, — AGM)EMD) = [ ai {(A(A)EM Dy, — AGM)EM D + AGM)EM D, — A(M)EM D)
=\/% Bi (A — AAMDEMDy + 1/ air ' AGAM)EM (D — D).
By the Delta method (Vaart, 1998) and Proposition 10, we have

B AL — ABM)-S A PO, 5y),
o AGMYEM (D — D)- N (0, AGMYEM £, (EM)T AMYT).

Note that % — 0 and by Slutsky’s Theorem,
k
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\/ B Bl (AQY) — AGM)EM D), = | /5—kEDop(1)i>o.
Ak 247

The same weak convergence rate is also true for the convergence of A(4;)B(4;) and
A )C(A):

aic ' (AQ)BAx) = AAMBAM)) = 4/ i—iOp(l) = 0p(1), \/ &t {(AQIC ) = A@NHCAM)) = 0,(1).

Combining all these terms, by Slutsky’s Theorem, we will have
- _d - -
ai (AQR)EM Dy, — AGM)ED)— N (0, AGM)EMELETAGM)T).

In conclusion, +/ap(Sx — ViLp(BM)) = \/oc,glﬁA(/TM)E(Dk -D)+ op(l)i»N(O, M),
O

Proof of Lemma 1 We can analyze the order with respect to M and N for every part. Define
OC(-) as the order of elements in a matrix. Qq; is a square matrix with / dimensions and all the
elements in Q,; are constant order since Q; = VﬁﬁM (M). Qq, is a matrix with / rows and

M x d X T columns and the order of element is O(ILVI) by the form of Q,, and the boundness

of A(1). So H is a square matrix with / dimensions and O(H) = O(1). Q,, is a diagonal matrix
with M x d x T dimensions and for every element O(Q,,) = O(1). Furthermore, by the vari-

ance of Monte Carlo simulation in Equation (3), Ty, = limy_ o E[W (W) |F ;] = O(Ilv).
Then O(T) is a square matrix with / dimensions and O(T'y) = 0(Q1,Q5215,Q%,' Q) = O(1i\r)

. Therefore, X, is a matrix with / dimensions and O(Z;) = O(%).

I, is a square matrix with M x d X T dimensions and O(I;,) = O(Iiv). Therefore, Zp is also

a square matrix with M X d X T dimensions and its every element satisfies O(Zp) = O(%)_

O

Proof of Theorem 12 We can use the same method as Theorem 11 to check that
Var(S¥ — V Ly () = 0(%). We have

A(A)
M

Aldk)

M _ i =
SY = Valw(ap) ==

(EMDk + B(Ag) — C(/lk)) - (Vs log p(y|6(u; Ax)) + B(Ag) — C(/Ik)>
:% (A(/lk)EMDk — A)EMV, log p(y|6(u; lk))>

=7 AGOEM Dy = D) + - AGEM (Vs log py16Gs 1)) ~ Vs log py16(ui 4)).

Therefore, by Slutsky’s Theorem and the Delta method, the asymptotic variance of the first
term and the second term are
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Var (3 AGEY Dk - D)) = 0(@)0(; ABDENZp(EY) AR ) = 0(5%),

Var (5 AGOEY (Ve log p(v16s ) - Vs log py16(ui 4)) ) ) = 0(B00(Ep) = 05

Proposition 2 shows that Var(V Ly, () — V3L(A4x)) = O(]iw) uniformly for every 2;.. Then

we have
Var(S} — V3L(A) = Var(Sy! = VaLly(4)) + Var(VaLly (4) — VaL(k))
+2Cov(SY! = VL (i), Vil (i) = ViL(Ak))
<2 Var(Sﬁ” — Valar(U)) + 2 Var(V Ly (A) — VALAY)) = O(%) + O(I\l/l)

By using Chebyshev’s inequality, we can reach the conclusion. O
Proof of Theorem 13 By the Taylor expansion,
Vil (M) = VL0 () = V2E (DM = 2) + o(AM - 2). And

notice  that V;L(1)=V;L,(A)=0, by Assumption 9.1, we have
M_1= VziM(/T)”(ViL(Z) - VlﬁM(/T)) +0o(AM —1). By Slutsky’s Theorem and the

asymptotic normality of V;L,,(1), we have

VMM — D=L, VL) Var, (h(us D)VALA)-T).

O

ProofofTheorem14 Proposition 10andLemmall showthatVar(/lkM — M) = 0(BrZ;) = O( %)

. Theorem 13 shows that Var(IM — 1) = O(ﬁ). Therefore, we have

Var(AM — 1) = Var(M — M) + Var(AM — 1) + 2Cov(AM — M M _ 1)
k k k

<2Var(M — M) + 2 Var(M — 1) = o(fv—") +O().
By using Chebyshev’s inequality, we can reach the conclusion. O

Proof of L.! Convergence
Proof of Theorem 15 Let h(1) = p(y|6(u; 1))~V p(¥|0(u; 1)), & = Dy — h(y), we have

Ser1 = i + a(G1(A) — G2(4)Di) + h(Ai) — h(Ayc11)-

Since p is twice continuously differentiable and A is compact, / is Lipschitz continuous on
A and denote its Lipschitz constant as Lj, then we have
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1R = B Dl < Tl — || = Lhnﬁk( A% (g, + B - i) +2)1| < 2LniCo.

where Cp is the bound of ——=*= A( i) (EMDy, + B(A4x) — C(4x)) by Lemma 3 and the boundness of
continuous function A(1), B(/l) and C(1). Then we have

ka1 ll* < kP + @i IG1(Ak) — G2 (A )Dic||* + 4L7 B CH + 4ISk|ILnBrCp+

2058 (Gr(Ak) = Go(A)Dy) + 20 (h(Ay) — h(Age11)) " (G1(Ak) — G2(Ax)Dy).
By the form of G; and G, in Equation (3), we have E[||G; (1) — Ve p»10w; A )P F 1] = O(llv)
E[|G2(Ak) — p(18(us M )II*|1F i ] = O(IL\,)- Set Wi = G1(Ak) — G5(Ai)Dy + p(A; )¢y and it
follows that E[W ;|F ] =0, E[||W |]*|F ] = O(%). Take the conditional expectation on

both sides, and we can yield

ElISka1 P1F ] <IGkl1? + aRELIW & = PG IPIF ] + 4L3 82 Ch + 41SilILrnBiCp — 2048y P
+ 20 (h(Ag) = hAges1)) T (= (i)
<1kll* + 20‘k(— + CEIISk|1?) + 4L}, BE C + 4116l ILn Bk Cp — 2k Cy 116k
+2ay # 2Ly B CpISiklICE s

where C5 and Cf are the bounds of || p(6(u; 1))|| in A and Cg is the bound for the variance
term in the Monte Carlo simulation. Taking the expectation again, when £ is large enough,
we have

»Caq

El[|I¢e+111?] < (1 — 20 Cp + 20 CHE1k 1] + 4Ly Bk Cp (1 + ae CHENSk |1 + 4L7BRCH + 203 —= N
5 Ce
< (1= agCp)ENISk 1?1 + 4LpBiCp(1 + i CE )V ENISk 2] + 4L7 BRCD + 203 —= N

.
< (Vi—acy VeGP + 2Ll GGV %

Ve k'N
2 2
1 a
< (- G VETGIF + Cshe) + FEc.

2
Now, define the mapping Tj(x) := \/((1 - iakcg)x + C3/5’k) + %’ZCCA‘, and consider the

sequence of {x; } generated by x;,, = Ty (xy) for all k with xy := /E[||]12]. A simple
induction shows that /E[||¢,||?2] < xi. In addition, it is obvious that the gradient of Tj.(x)
is less than 1, which implies that T}, is a contraction mapping. The unique fixed point is the

form of
X = O<5—k> + O(, / %> + higher order terms.
[e47s N

Then applying the same technique in Jiang et al. (2023), we can conclude that E[||{,||] has
the same order. O
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Proof of Theorem 16 Define ¢ = 4, — A, and 1, = Sy — V1 Ly (Ax). Then
Pre1 = Yic + Bi(Skc + Zi) = Yic + Biie + B Valar (i) + BicZ.

Apply the Taylor expansion of VL,;(4;) around A, it follows that

Valy () = ViLy (D = M) = HAOPy.

We have 9y = b+ Bi(Sk + Zi) = (I + BHA)Yy + Bini + BiZi- By applying Ray-
leigh-Ritz inequality (Rugh, 1996) and Assumption 9.1, we can get

resall < I+ BeHONbicll + Brellmell + Biell Ziell < (1 = BrK bl + Brellmicll + Brel | Ziel-
(DI11)

We now derive a bound for E[||Z;||]. Since I is in the interior of A, there is a constante; > 0
such that the 2¢;-neighborhood of 2 is contained in A. Let Ay = {||A4x4q — || > 2¢,}. We
have

ELNZicl] =ELIZic 1Ak 1P(A) + ELIZIAZIPAR < ELISklIP(lAksr — M| = 2€2)
<ENISklPUIAks1 = Al > €2 U A = ill > €2)

llige =l EWR =l 2B
A A

Elligl
> [ISill=—¢5

s[E[usku](

where the last step follows from || 11 — Ak|| < BrllZi + Skll < 2Bk|[Skl|-
Then we take expectation in Equation (D11) and substitute the bound to get

Ell$icell] <= BrKL)EPicl] + BiELlmicll] + BrELlZil|]

22
S(l _ﬁk(KL _ [E[”e‘ik”]) Zﬁkﬂz [”Sk”]

el + Bl + 2

€1

By Proposition 5, Sy — VL (4 )—30 as k goes to infinity. Note that since 1 — ™ w.p.1
and VL, (AM) = 0, the continuity of V;L,(-) shows that V;L,,(1;) — 0. By dominated
convergence theorem, E[||Sk||] < E[||Sk — VaLlyr ol + E[[|VaLy(Al|] = 0,  which
implies there exists an integer Kg > 0 such that E[||S.||] < % for all k > Kg. Therefore,

we obtain that for all k > Kg,

FE2[IIS
Elllpralll < Q= ﬁk—ZKL)[E[Hz,ka] + BrEl el + Zﬁke—w

Successive use of this inequality yields

k _ Kk k X ko Kk X e,
Ellpel) < TT0 - 2508 11+ Y TT a - 22 semm+ 3 ] a - 25k 225080,
i=K; i=K; j=i+1 =K j=i+1 1 (D12)

By Theorem 15 and definition of Sy,
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Ellll] = E1ISk — Vakar@0l) = EN 22 BY (D - Vo log pyietus i) = o 85 ) + of /%),

Due to Lemma 2, E?[||Sk||] = O(1). When o = :;a and By = :;b, we can apply Lemma 3

in Hu et al. (2024) to estimate the order of this summation based on the order of E[||n,]]:

ko k K k Ky 2B2E2[||S;
> 1 a- e =o(%) +of /% ) I - 2 s )

i=Kp j=i+1 i=Kp, j=i+1

KL k

— k s , _yk  EKL )
It is evident that Hi:KL(l - '/'%) = ezt:KL 2 ) <e Licky, 5 < O(%). Combine the

above inequalities and leave out the higher-order terms, and we can get the conclusion. []

Proof of Proposition 17 Define ¢, = A4, — M, and 5y, = S;( — VLy (M), where S;( is the cor-
responding definition in STS in Equation (11). Then

Yier1 = P + Bi(Sy + Zi) = Yic + Bimi + B Valar () + BrcZi.

A same derivation of Theorem 16 leads us to the similar result as Equation (D12). Then we
have the following results by applying Theorem 1 in Peng et al. (2017):

Elmell] =E[IS, = VaLayll]

:IE[”A(Ak)EM<G1(X’y’ ek,m)
GZ(X’ Vs ek,m)

- Velog ptriei 20| = oy 5 )

Therefore, it follows that

k k& . k ok . 2E2(||S,
> La-Zheetmin=o(y/5) > []a-25HPEMN _ g,

i=K; j=i+1 i=Kj j=i+1

Finally, we can get the conclusion:

Ellgill] = 0G/5) + 0(B0). O

Proof of Theorem 18 By Lemma 3, we have a uniform bound for each block ||Dy ||, imply-
ing [IDym|l < Cp almost surely. Since Dy = [D}.}, ..., Dy /1", its Euclidean norm satisfies
IDk|| = O(v/M). Substituting this scaling into the recursive inequality for A, we follow the
same notation as Theorem 15.

Let & = A — M denote the error at iteration k. We first bound the difference in h(A):

|5
M

180 = Al < Ll = ell < Lnfe| S (EYDic + B — C)) + Zi| < 2L,

A(/lk)

where Cp bounds =22 (EMD, + B(Ax) — C(4;)) uniformly by continuity and Lemma 3.
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Expanding |G |12 gives

NSker1ll® < 11kI* + aflIG1(Ak) — Go(A)Di||* + AL}, B CP + AL BiCp ISkl
+ 204 (G (Ak) — Go(A)Dy) + 2a(h(Ax) — h(Ake41)) T (G1 () — Go(Ax)Dy).

Taking conditional expectation and applying Lemma 3, we obtain

EllGka P17 1] < 116el? = 2 & QUG + 4L BiCop Ik || + ALEBECE
+ 20 | h(Ak) = R DI I PQu Skl + o ELNIG1 (i) — G )Dyc + p(ic)SiclIP1F -

Using the Lipschitz bounds and the independence of the inner Monte Carlo samples,
Var(G, — G,Dy) = O(1/N), while outer blocks contribute additively as O(1/M) due to the

sample-average structure across {up, }M_,. Hence

EL1G1 (i) = oDy + pAOGIPIF i) < Co(5 + IGell)

Substituting the bounds and using C; T < p(4;) < C# I, we obtain

C,
Bl P15l < (1 = GGl + ALnBeCo (L + aCIGll + 23 (2E + G IGel?) + 413 BB
Taking the total expectation yields

e P] < (1 = e CETGIPT + CBETIGl + Coa - + o,

for some constants C;,C,,Cs; > 0.
Applying the same bounding technique as in Theorem 15, define

2
Ti(x) := \/((1 - %akcg)x + Clﬁk) + ai%,

Its unique fixed point satisfies

Thus,

EAM — M| = O(S—Z) + o(\/“;").

Finally, by Proposition 2, the outer SAA introduces an additional bias O(M~"2) due to finite
outer samples. Combining all components, we obtain
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which completes the proof. O
Proposition 19 is a direct corollary of the above two proofs, so we omit the proof.

Proof of Proposition 21 We derive the convergence rate of the second time scale by the
shrinking bias of the first time scale implied by Assumption 20. Therefore, the proof is simi-
lar to Proposition 17. By Assumptions 3.1- 3.3 and 20, we have

Vep¢k(Y| )

~ Valozp01)] < YAV 06) + 06 = 00 + 0072,
75.010)

E(l]

The same derivation of Theorem 16 and Proposition 17 leads us to a similar result as Equa-
tion (D12). Here 7y is the bias of the first time scale. Then we have

Al M(Vepqak(yle)

Ellmell = ||| 5525 (5 — Ve to 0ot 203 )| = 06 + 04

Therefore, it follows that

k

k K1 2B2E2[||S,
Elllll = 00+ 06, 3 [ a- 2SI _ o,

> lo-f

i=K, j=i+1 i=K;, j=i+1 €2
Finally, we can get the conclusion
Ellgel] = 005™) + 0G) + 0B, O

Other Supplement Information

Supplement Information for GLR estimators

Under the problem setting in Sect. 3.1 and Equation (3), the GLR estimator for density is

Gy(x,Y,0) :=1{g(x;60) < Y}(x;6),

where is the indicator function and

ag(x 9) olog f(x;0) azg(x 6) 0g(x;6)

-1
) ( axl axl axl ) )

P(x;6) : —(

The GLR estimator for the derivative of the density is
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Olog f(x;6) | d9(x;6) _ Dglx;6), [azg(x; 6)
86 89 axl aeaxl
Olog f(x;0)  0°g(x;6) 0g(x;6) ,
ox, ax% 0x; ) )}]>

61, Y,0) = gl &) < v

0g(x;0) al,b(x 0)
+ (BN {HE

+yx0)(

By Theorem 1 and Theorem 2 in Peng et al. (2020), we have Ex[G;(X,Y,0)] = Vop(Y;0)
and Ex[G,(X,Y,0)] = p(Y;0) for every observation Y under some soft conditions.

Supplement Information for Sect. 6.1

To further demonstrate that the empirical advantage of NMTS is not restricted to the Gauss-
ian latent-noise setting, we additionally consider a non-Gaussian MLE example under the
same latent-variable structure. Specifically, let the observations be generated by

Yt = g(Xt;e) =X1,l + GXZ,[’

where X;; ~ N(0,1) and X,; ~ Exp(1) are independent. Again, Y; is observable while
X, = (X1, X,,) is latent, and the goal is to estimate 6 from {Y; }7_;. In contrast to the Gauss-
ian benchmark, the likelihood in this exponential-noise setting does not lead to the same
simple closed-form MLE, so we use a numerically computed MLE as the reference target
for accuracy assessment.

In this experiment, we set the true parameter to 6 = 1, the observed sample size to T = 100
, the feasible region to ® = [0.5, 2], and the initialization to 6, = 0.8. For NMTS, we use the
fast and slow step-sizes ay = %, Br = 0?'2, while for STS we use 8, = O'—ISS. The number of

iterations is set to 5000, and all results are based on 10 independent experiments. As in our
other comparisons, NMTS and STS are evaluated under matched experimental budgets: the
two methods use the same observed data, the same initialization, the same batch size V, the
same number of iterations, and the same number of independent repetitions.

The results confirm that the empirical advantage of NMTS persists in this non-Gaussian
likelihood-free setting. Figure 7 shows the convergence behavior for batch size N = 103
. Relative to the numerically computed MLE, NMTS exhibits substantially smaller bias
and much tighter variability than STS; the convergence trajectory is also markedly more
stable. Table 5 further shows that this advantage is robust across multiple batch sizes. For
N = 107,103, 10%, the absolute bias of NMTS remains at the order of 10~3, while the cor-
responding STS bias stays at the order of 1072 to 107!, These results provide additional evi-
dence that the gain of NMTS is not tied to controlled Gaussian examples only, but extends
to broader likelihood-free inference settings with non-Gaussian latent noise.

To further strengthen the robustness evidence beyond the Gaussian and exponential
latent-noise settings, we additionally tested a third non-Gaussian MLE example under the
same latent-variable structure, now with X, ; ~ Unif(0,1) and X; ; ~ N(0, 1) independent,
so that

Yt = g(Xt,G) = Xl,t + 6X2,t'
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Exponential Noise - MTS vs STS Comparison (batch_size=1000)
MLE=0.855987, n_samples=100, it=5000
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Fig. 7 The convergence plot of NMTS and STS methods with batchsize 103, based on 10 independent
experiments after 5000 iterations

Table5 The MAE of the NMTS and STS methods, based on 10 independent experiments after 5000 iterations

Batch size Absolute Bias + std

NMTS STS
102 1.85x 10793 + 3,76 x 10792 9.73 x 10792 + 4.47 x 10701
103 2.36 x 10793 +1.36 x 10792 6.33x 10792 +1.86 x 10~
104 8.83 x 10704 +1.99 x 10793 8.64 x 10792 +1.99 x 10~01

Since the MLE is no longer available in simple closed form, we again use a numerically
computed MLE as the reference target.
We keep the experimental protocol aligned with the previous non-Gaussian experiment:

6 =1, T =100, ® =[0.5,2], 8, = 0.8, 5000 iterations, and 10 independent experiments.
0.05

&
The two methods are again compared under matched experimental budgets, using the same
observed data, initialization, batch size N, number of iterations, and number of independent

repetitions.

The NMTS step-sizes remain oy, = % and B = O—If, while the STS step-size is fx =

The conclusions are fully consistent with the previous experiments. Figure 8 shows that,
for batch size N = 103, NMTS remains much more stable than STS and stays much closer to
the numerically computed MLE throughout the iterative process. In particular, the absolute
bias of NMTS is 8.25 x 1073, compared with 1.39 x 107! for STS, and the final-value vari-
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Uniform Noise + GLR - NMTS vs STS (batch_size=1000)
MLE=0.747018, n_samples=100, it=5000
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Fig.8 The convergence plot of NMTS and STS methods in the uniform-noise setting, with batchsize 103
, based on 10 independent experiments after 5000 iterations

Table 6 The MAE of the NMTS and STS methods in the uniform-noise setting, based on 10 independent
experiments after 5000 iterations

Batch size Absolute Bias + std

NMTS STS
102 1.43x 1072 + 4.64 x 102 1.47x1071 +3.98 x 107!
103 8.25x 1073 +7.23x1073 1.39x 1071 +2.08 x 1071
104 3.50 x 1074 +2.62 x 1073 2.86 x 1072 +5.28 X 1072

ability is also substantially smaller for NMTS. Table 6 further confirms that this advantage
is robust across multiple batch sizes. Therefore, the empirical gain of NMTS is not limited
to controlled Gaussian-style examples, nor to one specific non-Gaussian perturbation, but
persists across multiple likelihood-free latent-noise settings under the same GLR-based
inference framework.

Supplement Information for Sect. 6.2
To further broaden the empirical evaluation in the PDE setting, we additionally replace the

Gaussian latent noise in Sect. 6.2 by a non-Gaussian logistic noise model. Specifically, we
consider
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Logistic Noise + GLR - NMTS vs STS (Posterior Mean, batch_size=1000)
True value=0.317456, n_obs=10, it=5000
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Fig.9 Convergence comparison of NMTS and STS for the posterior mean in the logistic-noise PDE set-
ting, with batch size 103, based on 10 independent experiments after 5000 iterations

Y; =X;+6, X,;~ Logistic(0,1),

while keeping the same prior 6 ~ N(0, 1) and the same variational family g;(8) ~ N(u,o?)
. Thus, relative to the original PDE experiment, the inference task and the optimization
framework remain unchanged, and only the latent-noise distribution is replaced by a non-
Gaussian alternative. In this experiment, we continue to use the same GLR construction as
in Appendix E to form Monte Carlo estimators of the likelihood and its gradient, and we
compute the true posterior mean and posterior variance numerically as the reference targets.

The experimental protocol is kept aligned with the original PDE case. We use 10
observations in one batch, the feasible region A =[-1,10] x[0.01,2], the initial value
(Mg, 09) = (0,1), M = 10 outer-layer samples, and 5000 iterations. For NMTS, we use the

fast and slow step-sizes o = > , Br = > , while for STS we use
((k+10) log(k+11))0-7 (k+10) log(k+11)
Bir = %. As in all our other comparisons, NMTS and STS are evaluated under matched

experimental budgets: the two methods use the same observed data, the same initialization,
the same batch size N, the same number of outer-layer samples M, the same number of itera-
tions, and the same number of independent repetitions.

The results again support the robustness of the proposed framework beyond the original
Gaussian setting. Figure 9 shows that, for posterior mean estimation, NMTS exhibits a more
stable convergence trajectory and stays consistently closer to the numerically computed
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Logistic Noise + GLR - NMTS vs STS (Posterior Variance, batch_size=1000)
True value=0.224353, n_obs=10, it=5000
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Fig. 10 Convergence comparison of NMTS and STS for the posterior variance in the logistic-noise PDE
setting, with batch size 103, based on 10 independent experiments after 5000 iterations

posterior target than STS. Figure 10 shows the same pattern for posterior variance estima-
tion. Table 7 further confirms that this advantage is robust across multiple batch sizes. For
N =10,10%,10%,10*, NMTS consistently achieves smaller MAE than STS for both the pos-
terior mean and the posterior variance. In particular, for moderate batch sizes such as 102
and 103, the improvement remains substantial, and even at N = 10*, NMTS still maintains a
slight edge over STS. These additional PDE results therefore provide further evidence that
the empirical gain of NMTS is not tied only to Gaussian examples, but persists in a broader
class of likelihood-free inference settings with non-Gaussian latent noise.

Supplement Information for Sect. 6.3

In this part, we describe the methodologies employed to estimate the conditional density
DPy(¥|0) using an MAF network and to approximate the posterior g;(6) using an IAF net-
work. Both networks utilize a similar architecture based on autoregressive models, lever-
aging their distinct advantages for density estimation and sampling. Autoregressive mod-
els facilitate the modeling of complex distributions by ensuring that each output feature
depends solely on its preceding features. This is achieved through a masking mechanism
called Masked Autoencoder for Distribution Estimation (MADE), as detailed in Germain et
al. (2015). Figure 11 illustrates the forward MAF algorithm workflow with a single MADE
layer.
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Fig. 11 The autoregressive layer in MAF

Arrival

Fig. 12 The flowchart in Sect. 6.3.2

Clerk 1

Our constructed MAF network consists of 5 MADE layers, with each MADE layer con-
taining 3 hidden layers and 50 neurons per hidden layer. Each MADE layer produces a series
of mean m; and scale parameters e% by training on simulated data y and 6. These parameters
enable the transformation of the target distribution into a base distribution, typically a stan-
dard normal distribution, through an invertible transformation u = T(y). Note that m; and
s; are only determined by 6 and y;.;_; due to the autoregressive model in MADE, so u; can
be calculated in parallel by formula u; = (y; — m;)e 5. Furthermore, the calculation of con-

ditional density requires the Jacobian determinant: log p(y|6) = log p,(u) + log |det(2—§)|.

Since this Jacobian matrix is lower diagonal, hence determinant can be computed efficiently,
which ensures that we can efficiently calculate the conditional density p4(»|0) by plugging
the value of u and the Jacobian determinant.

On the other hand, the IAF network mirrors the architecture of the MAF in Fig. 11, which
serves as a variational distribution to model the posterior g;(6). It also employs an autore-
gressive structure, which allows for effective sampling from the approximate posterior. Our
IAF network comprises 5 autoregressive layers with 3 hidden layers and 11 neurons per hid-
den layer. The IAF network generates an invertible transformation that facilitates mapping
from a base distribution to the approximate posterior distribution: y; = u; exp(s;) + m;. Here
s; and m; are determined by u;.;_;, which makes it calculated in parallel. Therefore, IAF is
particularly effective for sampling 6 from its posterior.

In our experiment, after constructing the above two neural networks, we set up the
training parameters as below. The learning rate for the faster scale is a; = 1073. While the
learning rate for the slower scale is 8, = 0.996% x 1073, satisfying the NMTS condition
Bi/a — 0. In every iteration, we simulate M = 10° outer layer samples and N = 1 inner
layer samples to train the two networks. After 10 rounds of coupled iterations, we can get
the posterior of 8 based on this sequence of observations Y (X;8). The process in Sect. 6.3.2
is illustrated as follows.
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