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On the Limitations and Capabilities of Position
Embeddings for Length Generalization

Yang Chen ", Yitao Liang

Abstract—In Transformers, Position Embeddings (PEs) signifi-
cantly influence Length Generalization (LG) performance, yet their
fundamental role remains unclear. In this work, we identify two
fundamental limitations of PEs in achieving LG: the inability to ac-
quire new operators beyond training data, and the inability to deal
with inconsistent computational roles of the same positions across
scales. To formalize these limitations, we introduce computational
representation complexity which measures the number of distinct
unit operators required for a task, and the notion of canonical-
ity, which characterizes operator-position consistency as the scale
varies. We prove that PEs cannot achieve LG for mappings whose
computational representation complexity increases with scale, nor
for mappings that are non-canonical. We further show that PEs
enable LG when these two failure modes are absent. In this case,
LG can be achieved with a PE whose positional relation function
characterizes the computational representation. To enhance LG for
non-canonical mappings, we introduce scale hint, allowing flexible
instance scaling. We also propose a learning-based position em-
bedding framework that automatically learns positional relations.
Our work provides theoretical insights and practical strategies for
improving LG in Transformers.

Index Terms—Length generalization, position embedding,
transformer, reasoning.

I. INTRODUCTION

ENGTH Generalization (LG) refers to the ability of a

model to extrapolate from small-scale instances to larger
ones in reasoning [1], [2], [3], [4]. In many tasks, the sample
space grows exponentially with the problem scale, making ex-
haustive training infeasible. Thus, it is important to learn from
limited training samples at small scales while generalizing to
larger ones. Furthermore, learning to solve complex tasks from
simple ones is a significant ability of human learning. LG is an
essential aspect when building a model of human-level reasoning
capability [5], [6], [7].
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In general, LG is inherently difficult because the training data
do not provide information on how to compute results for unseen
large-scale instances. No single algorithm can guarantee length
generalization across all tasks [8] (see Appendix A, (available
online) for a further illustration). As a result, incorporating
prior knowledge about the target concept is crucial for de-
signing effective models. Current works have adopted various
techniques to encode such prior knowledge. In Transformers,
Position Embeddings (PEs) are found to play a significant role
in LG performance [3], [9]. However, few works have theoreti-
cally investigated why and how PEs enable LG [4]. Moreover,
certain tasks fail to generalize with existing PEs [2], [10], [11].
It is unclear whether this is due to suboptimal PE strategies
or fundamental PE limitations. A fundamental question arises
naturally:

What are the limitations and capabilities of PEs for LG?

A PE encodes positional relations between elements in a
sequence. Intuitively, these relations define how the model
interprets the positional structure of a sequence, specifying
how positions interact and influence computations, enabling
the model to distinguish between different positions and de-
termine positional dependencies. The relations are determined
by a Positional Relation Function (PRF), denoted as (i, j),
which maps a query position ¢ and a key position j to a value
that represents their relationship. For example, in Relative Po-
sition Embedding (RPE) [12], the function is ¢(i,j) =i — j;
in Absolute Position Embedding (APE) [13], [14], the PRF can
be seen as ¢(i,j) =i * K + j for some constant K such that
P(i1, J1) # ¢(iz, j2) for any 0 < j; <ip <N —1,0 < jp <
1o < N —1,(i1,71) # (i2,j2), where N is the maximum length
considered. Some PEs have very different implementations but
they share the same PRF and thus capture the same position
relations. For instance, while learnable RPE [12] and RoPE [15]
implement positional relations with learnable vectors and rotary
matrix respectively, they have the same PRF ¢(i, j) =i — j. See
Appendix B, (available online) for a more detailed illustration.
This work focuses on the role of positional relations in LG and
will mainly discuss the impact of PRFs.

A. Our Works

Limitations of PEs for LG: In Section IV, we identify two
fundamental failure modes of PEs in achieving LG. In the
first case (Example 6), solving larger-scale instances requires
additional unit operators beyond those seen in training, so the
training data provide no information about these operators, and
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no PRF can encode the mapping consistently across scales. In
the second case (Example 7), arising in autoregressive models,
even with a fixed operator set, the same position may correspond
to different operators across scales, preventing a fixed PRF from
consistently identifying computational roles and leading to LG
failure.

To formalize the two modes, we introduce the notions of Com-
putational Representation (CR) and canonicality. CR provides a
unified framework for describing how a mapping is computed
and how positional relations correspond to computational roles.
Canonicality characterizes whether the computation at the same
position is invariant across scales.

We further define Computational Representation Complexity
(CRC) to quantify the number of distinct unit operators required
for a task. Based on this notion, we formalize the above lim-
itations of PEs for LG in Section V-A. Theorem 1 shows that
when CRC increases from the training scale to the testing scale,
adapting PEs alone is insufficient for LG in general, capturing
the first failure mode. Theorem 2 further shows that even when
CRC remains invariant, the scale-invariant nature of PEs can
prevent LG if the mapping lacks canonicality, capturing the
second failure mode.

Capabilities of PEs for LG: In Section V-B, we study the
complementary side of the above limitations. Theorem 3 shows
that when a mapping admits a canonical CR with non-increasing
CRC, LG can be achieved with a proper PE, or more specifically,
the PE whose PRF characterizes the CR (Definition 6). This
result indicates that CRC and canonicality together characterize
the boundary of PE-based LG. In particular, the capability of
PEs lies in aligning operators and identifying the computational
roles of positions consistently across different scales. We also
empirically validate the insight for the capabilities of PEs for
LG in Section VL.

Scale Hint Technique: While increasing CRC and non-
canonicality both limit LG with PEs, they are fundamentally
different. Increasing CRC reflects an inherent scaling challenge,
whereas non-canonicality arises from how positional roles are
encoded and can be mitigated by modifying the data format.
From the perspective of PEs, the latter stems from the scale-
invariant nature of PRFs, which may be insufficient to consis-
tently characterize computations across different scales.

To address this issue, we introduce the Scale Hint (SH)
technique (Section VII-A), which augments the PRF with the
instance scale as an additional input. This allows the PRF to vary
across scales, requiring only a consistent structure within each
scale rather than across all scales. As a result, SH enables more
flexible data representations and reduces unnecessary computa-
tional overhead.

For example, in an n-digit Addition instance, it suffices to
align each addend to length n, instead of padding to a global
maximum length. The corresponding PRF takes the form

(i, j,m) = KL%J + min ((¢ — j) mod n, K — 1),
where 7 and j denote the query and key positions, 7 is the scale
hint, and K is a constant.

Learning-Based Position Embeddings: In practice, it would
be unrealistic to manually redesign the PRF task by task. It is

desirable to use a single model across different tasks. To address
this problem, we propose learning-based PE (Section VII-B),
respectively, where the PRF ¢ is learned automatically. More
concretely, we replace the handcrafted PRF ¢ (4, j) (¢(¢, j, n) if
scale hint is employed) with a learnable one ¢¢(i, j) (¢g (4, 4, n),
respectively). Empirically, we observe that the learning-based
PEs achieve length generalization across a variety of tasks,
eliminating the need for task-specific designs. This approach
shows the potential to use one learnable PE to handle diverse
tasks that would otherwise require different handcrafted designs.

II. RELATED WORK

Length Generalization in Reasoning Tasks: The literature
on length generalization can be broadly categorized into two
strands. The first focuses on processing extremely long se-
quences, often referred to as long-context modeling in the context
of LLMs [16], [17], [18], [19], [20]. This line of research primar-
ily addresses the challenges of capturing long-range dependen-
cies and mitigating the substantial memory and computational
demands associated with long inputs.

The second line of work, to which the present study con-
tributes, investigates generalization from shorter training se-
quences to longer sequences at inference time [4], [10]. The
central question is how models can generalize by learning from
length-limited data that provide only incomplete information in
training. Addressing this question necessitates the introduction
of suitable inductive biases [8], [21], which may be incorpo-
rated through data formatting [2], [22], architectural modifi-
cations [12], [23], or training strategies [24], [25]. This work
specifically examines the role of PEs, a structural component of
Transformers, as a means of facilitating LG.

Role of Position Embeddings in Transformers: PEs encode
positional information that is otherwise absent in the standard
Transformer architecture. They are critical for enabling Trans-
formers to model sequences in a position-sensitive manner and
have been shown to significantly enhance the model’s expressive
capacity. In particular, it has been demonstrated that Trans-
formers are Turing-complete when equipped with APE, but not
without them [26].

Recent empirical studies have highlighted the importance
of PEs in length generalization [3], [9]. Replacing APEs with
PEs that encode relative position relations has been shown to
improve performance on tasks requiring extrapolation to longer
sequences [12], [15]. Moreover, more sophisticated PEs that en-
code structured or hierarchical positional information can lead to
further gains [27], [28], [29]. Despite these promising empirical
findings, a comprehensive theoretical understanding of the role
that PEs play in enabling length generalization remains limited.
This work takes a step towards such understanding by providing
a systematic theoretical investigation into how modifications to
PEs influence generalization behavior across sequence lengths.

III. PRELIMINARY
A. Notations

We use [ V] to denote the set {1, ..., N'}. The cardinality of a
set A is denoted by |A|. X[V denotes the set of all strings over
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3. of length at most IV, i.e., »IN = UkE[N] Yk, Let 3* denote

the Kleene closure of the alphabet 3, i.e., X* = U;O=1 >k We
use 1(+) to denote the indicator function. We use P(S) to denote
the power set of the set S.

B. Length Generalization

We first formalize the notion of length generalization studied
in this paper. The following definition specifies the training-
testing setting in which a model is trained on smaller-scale
instances and is required to generalize to larger ones.

Definition 1 ((Ny, N )-Length Generalization): Suppose that
in an instance x = ¢y, ...,c, € % of length n, each element
c¢; is sampled i.i.d. from some distribution P on X, where >
is the element domain and the support set of the distribution
Pis X, i.e., supp(P) = . A learning algorithm o7 achieves
(No, N)-Length Generalization ((Ny, IV)-LG) for the concept
£ if there exists a distribution Py, on [Ny] such that the model
f learned by <7 on a sufficiently large X, = {x}, which is
generated by (n, z) ~ Py, (n)P(x | n) satisfies f(z) = f*(2)
forallz € ¥, n=1,...,N.

Definition 1 highlights the particular difficulty of LG com-
pared with standard learning settings. It captures two core chal-
lenges in length generalization: 1) the exponential growth of
the input space as the scale increases, and 2) the absence of
information in shorter instances about components unique to
longer inputs. Consequently, successful LG requires more than
fitting the training distribution; it requires an inductive bias that
transfers computation from small to larger scales. We study PEs
as a key source of such bias and characterize their limitations
and capabilities for LG.

C. Computational Representation

To analyze when LG is possible with PEs in autoregressive
generative models like Transformers, we need a way to describe
not only the input-output of a mapping, but also the procedure
by which it is computed sequentially for instances of different
scales. To this end, we introduce the notion of a computational
representation, which formalizes a sequential computation in
terms of unit operators and their dependencies.

Definition 2 (Computational Representation): Consider a
sequence-to-sequence mapping f:X* — X*. For an in-
put sequence = = (z1,...,x,) € X", the output is f(z) =
(W1, Uk () € LK™ where K : N — N specifies the out-
putlength. Let 2 = (21, ..., 2,4 K (n)) denote the concatenation
of the input and output sequences, where

T,
Z; =
Yi—n,

A Computational Representation (CR) Cx = {C, }nen
of f up to input length NV is a collection of sets of tuples

1<1<n,
n+1<i<n+ K(n).

Cn ={(i,g", 1) | 1 <i <n+ K(n)},

where each triple (i, ("), I;) specifies how the element z; is

computed. Here ¢(*) is an operator applied to a set of parent

elements indexed by

I, = (il,...77;ri) € [’L— 1]”

For input elements, we define ¢(¥) = g, representing an input
operator, and set I; = () (1 < i < n).
For output elements, the computation is defined by

zi:g(i)(zil,...,zim), n+1<i<n+ K(n),

where the operator ¢(*) belongs to a finite set

G(Cn) ={91,---,9r}

Each operator in G(Cy) is a function g, : £% +— ¥ with arity
d, < D. We refer to each g € G(Cw) as a unit operator.

For notational simplicity, the input tuples (4, gg, #) for 1 <
1 < n may be omitted from C,, when no ambiguity arises. We
may also omit the subscripts N and n € [N] when the maximum
input length is clear from context.

Remark I: For a mapping f such that f(z) € 25" for z €
3™ up to scale, we may assume without loss of generality that
the PRF setis @y i (), Where

Oy i={d [ ¢: [m] x[m] = [m]}.

Furthermore, to simplify notation, we treat K (n) as a constant
K. Our analysis extends directly to the general case where K (n)
varies with n.

The CR describes how the concatenated sequence z is com-
puted using a finite set of unit operators, specifying the depen-
dency structure and the operator applied at each position. The
following examples illustrate how common sequence mappings
can be expressed in this form.

Example 1 (CR of Parity (with CoT)): Consider the Par-
ity (with CoT) task f(x1,...,2,) = (y1,...,Yn) Where 3 =
{07 1}, y1 =x1 and y; = x; By;—1 forall 2 <i<n. ACR
C = {C,,} of this task can be given as:

Cn = {(17907®)7 B (na gOa®)7 (TL =+ 1791D7 (1)) )
(n+2,90, (2,0 +1)),...,(2n,9s, (n,2n — 1))},

with the unit operator set G(Cxn) = {gmp, go } Where gip : 3 —
¥ is the identity operator, i.e., g;p(u) = u, and go, : $2 +— L is
the XOR operator, i.e., g (u,v) = u @ v.

Example 1 shows a simple CR in which the same small set
of operators is reused across positions and scales. The next
example presents a more involved arithmetic task, illustrating
that the same formalism also applies to computations with richer
dependency structures.

Example 2 (CR of Multiplication (I * N)): Consider the
Multiplication (1 * N) task f(x1,...,2,) = (y1,. .., Yn) Where
¥ ={0}U][9], x1, x2. ..z, are the multipliers, and y; . . .y, is
the product (the digits are reversed), satisfying:

T1*Tp ... T2 =Yp ... Y1.
A CRC = {C},} of this task is given as:
Cn = {(17907®)7 ey (na 90, (Z))a
x (n+1,01,(1,2),(n+2,92,(1,2,3,n+1)),...,

X (2n, ga, (1,n,n+1,2n—1)) (2n, g3, (1,n+1,2n))},
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with the unit operator set G(Cxn') = {g1, 92, g3} where
g1(u1,u2) = ug * ug mod 10,

g2(u1,uz, uz, ug) = [ug * uz + |u1 * ug/10]

+1 (ug < (uy * uz mod 10))] mod 10,

g3(u1, ug, ug)=|uy xuz /10| +1 (u3 < (ug *ug mod 10)).

Importantly, a mapping may admit multiple CRs, correspond-
ing to different procedures to compute the mapping. The fol-
lowing examples present alternative CRs for the Parity and
Multiplication tasks.

The previous examples present one CR for each mapping.
However, a mapping is generally not associated with a unique
CR: the same input-output mapping may admit multiple com-
putational procedures. This non-uniqueness is important for our
later analysis, since different CRs that can lead to very different
LG performance. The next two examples illustrate this point for
the Parity and Multiplication tasks.

Example 3 (Another CR of Parity (with CoT)): Suppose that
the Parity (with CoT) task f is defined the same as that in
Example 1. Another CR C' = {C/,} of this mapping is:

C’;L = {(179078)7 R (na907 (Z))a
(n + 1ngDv (1))7 (TL + 239@,27 (17 2))a
(n+ 3, 92,3 (1,2,3)), .5 (2nag€B,m (17 2,... 7n))} )

with the unit operator set G(Cy) = {¢p, g2, - - - , g~ } Where
gip : ¥ — Yistheidentity operator, i.e., g;p(u) = u,and g
Y¥ 5 Y is the XOR operator, i.e., ga k (U1, - . . , ug) = @le u;
forallk =2,..., N.

Example 3 shows that even a simple task such as Parity can
admit an alternative CR with a substantially larger operator set.
The next example shows that the same phenomenon also appears
in the more complex Multiplication task.

Example 4 (Another CR of Multiplication (I * N)): Suppose
that the Mulitplication (1 * N) task f is defined the same as that
in Example 2. Another CR C' = {C/,} of this mapping can be
given as:

C; = {(laQOa ®)7 RS (n7907 @),
(n+1,¢5,(1,2),...2n — 1,9, 1,(1,2,...,n)),
(thg'z,—l? (17 2a cee 777’))} )
with the unit operator set G(Cy) = {g},---, 9N+ 915 g%
where

g;q(ulv ey uk+1)

Uy *k Uy
= (ul * Upy1+| & sumb_ 2%]) mod 10,
(5% *ul

gilurs - urn) = LZ 10k+2—1 i)

forallk=1,...,N — 1.

The above examples show that one mapping may have mul-
tiple CRs with different unit operator sets. The non-uniqueness
can persist even when the operator set is fixed. Different

computational structures using the same unit operators may still
compute the same mapping.

Example 5: Consider the mapping f(x1,...,2,) = ((x1 +
1) mod 10, (21 + 2) mod 10,. .., (z; + n) mod 10), and the
operator set G = g1, g2 where ¢1(u) = (u+ 1) mod 10 and
g2(u) = (u+ 2) mod 10. The following two CRs C = {C,,}
and C' = {C/, } sharing the same unit operator set represent two
different procedures that compute the same function f:

Cpn={n+1,91,(1)),(n+ 2,91, (n+1)),...,
(2n—1,91,(2n —2)), (2n, g2, (2n — 2))},

{(n+1,91,(1)), (n+2, 92, (1)),

(n+3,92,(n+1)),...,(2n, 92, (2n — 2))} .

A mapping may admit multiple CRs, and these CRs may
require different numbers of unit operators. As we will elaborate
later, LG is closely related to whether the required computation
can be reused across scales, we introduce computational rep-
resentation complexity to measure the size of the smallest unit
operator set needed to compute a mapping.

Definition 3 (Computational Representation Complexity):
Suppose that f : X* — ¥* is a sequence-to-sequence mapping.
The Computational Representation Complexity (CRC) of f
up to input length n is the minimal cardinality of the unit operator
set among all CRs of f up to length N. Formally,

CRC(f.N) =, min [6(Cx).

C, =

min

where the minimization is taken over the set of all computation
representations, i.e.,

Q:N(f) = {CN | CN isa CR Off},

and G(Cn) denotes the set of unit operators used in Cy .

In simple terms, CRC measures the size of the smallest unit
operator set among all CRs of the mapping. We will establish a
fundamental limitation of PEs for LG using the notion of CRC
in Section V.

D. Canonical CR and Canonical Mapping

CRC captures whether additional operators are required at
larger scales. However, even when the same operator set suffices
across scales, LG may still depend on whether the computational
procedure is represented consistently. To formalize this aspect,
we introduce the notions of canonical CR and canonical map-
ping.

Definition 4 (Canonical CR): ACRC = {C,, } ,¢[n is canon-
ical if for any C,,, C,, € C,and (,¢), I,) € C,,, (i, , I;) €
C,,, it holds that
(@)

a(®

=g and Iz ZINL

9

Intuitively, a canonical CR enforces consistency of the com-
putation across scales: the same position in the computation
follows the same operator and dependency pattern regardless of
the input length.

Definition 5 (Canonical Mapping): A sequence-to-sequence
mapping f : X* — ¥* is canonical if there exists a canonical
CR of f.
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This notion will be used later to distinguish tasks for which
the computational procedure can be aligned consistently across
scales from those for which such alignment is impossible. This
distinction will play a key role in understanding when LG fails
due to ambiguity in the underlying computation.

IV. TwoO BARRIERS TO LG WITH PEs

In this section, we present two examples to illustrate when PEs
fail to achieve LG. These examples highlight two qualitatively
different limitations.

A. Increasing Operator Requirements

Intuitively, suppose there exists a relatively simple set of unit
operators that can be fully observed from small-scale instances,
together with a procedure that computes the target mapping
using only these operators. In this case, LG may be achievable if
the model learns these unit operators during training and receives
signals indicating how they should be applied to inputs beyond
the training scale.

Conversely, if every procedure capable of solving the task
at larger scales requires additional unit operators beyond those
needed for the training instances, LG becomes unlikely. This is
because the training data provide no information for learning
these additional operators. Adapting PEs may influence which
computational procedure the model tends to learn, but it does not
provide information about new operators that are not present in
the training data.

The following example illustrates this intuition.

Example 6: Consider the hypothesis:

flz{f|f:{071}[N]'_>{Ovl}}'

Suppose that the training data consist of all instances up to scale
No = N — 1. If the computation of f* on {0, 1}* is unlimited,
the PRFs are unlikely to even uniquely encode all possible
functions that interpolates the training data. More specifically,
the set of all interpolators is

Fi:={feF | fz)=f () forall z € {0,1}Nol},
Since
ke
|¢'N| _ ((N+ 1)2)(N+1)2 _ (N+ 1)2(N+1)2’

then we have

This means for any algorithms, almost all interpolators can-
not identify by PRFs as the set of the interpolators is much
“larger” than the set of the PRFs. On the other hand, if the
computation of f* on {0,1}* is the same as one of those on
{0,1}1,...,{0,1} "0, namely,

f* (.’L 1y

TN) = fm(Tiy, ..., x4,,) for some m < N,

then we can uniquely identify the mapping by the PRF

G—1)*N+j, i<A,
mx N, otherwise.

Example 6 reveals that, when only training data from smaller
scales are available, even in the extreme case where No = N —
1, PRFs alone are insufficient to identify the target function.
This is because PRFs cannot encode the many mappings that
are consistent with the observed small-scale data. Consequently,
almost all such mappings remain indistinguishable under any
choice of PRFs. This limitation is fundamental to PEs for LG and
holds regardless of the learning algorithm or model architecture.

We now turn to a different type of limitation, which arises
even when the required operator set does not increase.

B. Ambiguity Across Scales

Unlike the previous case, the required operator set may remain
the same across scales. The difficulty instead lies in how the
computation is extended. In particular, the same position may
require different computational behaviors at different scales,
even when the observed prefixes are identical. We refer to this
phenomenon as ambiguity across scales.

Because PRFs assign positional roles in a scale-invariant man-
ner, a model with PEs must produce the same output at a given
position whenever the prefix is the same. As a result, it cannot
distinguish between computations that should behave differently
across scales, leading to a failure of LG. The following example
illustrates this limitation.

Example 7: Consider the copy mapping:

fa(wy, ..

where y; = x; foralli=1,...,nand m=1,...,n — 1. As-
sume a model with a PRF ¢ (denoted as fy) can express
the copy mapping. Then when n = 2, for x = 10, we have
f6(1,0,1) = 0. However, when n = 3, for = 100, we have
f#(1,0,1) = 1, which is a contradiction.

The failure in Example 7 comes from the scale-invariance of
PRFs, meaning that the roles of positions are treated the same
across different scales. As a result, once a prefix is fixed, the
output at a given position is also fixed and must remain the
same across scales. However, some procedures, in particular
non-canonical CRs, require different behaviors at the same
position when the scale changes. This mismatch prevents PEs
from achieving LG.

This type of failure can often be addressed by changing
how the task is represented. For example, in the copy mapping
above, if all inputs are padded to a fixed length N, then there
exists a procedure where the computation at each position is
consistent across scales, removing the ambiguity. In Section VII,
we augment the PEs with the scale hint to handle this limitation
without modifying the task representation.

These two examples highlight the key challenges for LG
with PEs. In the next section, we formalize these limitations
and characterize when LG is impossible or achievable using the
notions of CRC and canonicality introduced in Section III.

'>$nay17"'7ym) = Tm+1,
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V. MAIN RESULTS

The examples in Section IV highlight two distinct barriers
to LG with PEs: (i) the need for additional unit operators at
larger scales, and (ii) ambiguity in how the computation should
be extended across scales. In this section, we formalize these
two limitations using the notions of CRC and canonicality. We
further show that when neither barrier is present, LG can be
achieved with PEs. We provide proof sketches for the theorems
in this section, with full proofs deferred to Appendix C, (avail-
able online).

A. Limitations of PEs

We begin with the limitation arising from increasing operator
requirements. Consider the scenario where a model equipped
with adaptive PEs aims to learn a Boolean function up to scale
N, while being trained only on smaller-scale instances up to
scale Ny. We prove that even with an optimal choice of PEs
selected with precise knowledge of the target function, the model
cannot achieve LG for nearly all functions whose CRC increases
from the training scale to the testing scale. Formally, we have
the following theorem.

Theorem 1 (Limitation of PEs for Mappings with Increas-
ing CRC): Let Fy be the set of all Boolean functions f :
{0, 1}V {0, 1} up to scale N. Suppose that Ny : N+ N
satisfies No(n) < n for all n € N, and with slight abuse of
notation write Ny for No(N).

Let ® be a family of admissible PRFs up to scale N. For
f e Fn,let

Flig = A{(@; f(2)) | z € {0, 1}"}.
Define
Fno.n =4{f € Fn | CRC(f, Ny) < CRC(f,N)}.

Assume that
)
lim Nl BN,
N—00 |-7N0,N‘
For any algorithm
A: Y 79({0,1}[”1 x {0,1}K) X & F,
n>1

define Fy,, v be the set of functions whose LG can be achieved
by the algorithm A, i.e.,

]:NO,N = {f S j:NO,N | 3¢ € Oy, sit. A (f|[N0],¢) = f} .
Then it holds that

’j:NO,N \ ]:NO,N‘ _

= 1.
|]:N0,N‘

lim
N —00
Proof. Sketch: The proof is based on a counting argument. For
a given algorithm, a model learned from training instances up to
scale Ny is determined by the restriction of the target function
to {0,1}!MNol together with the PRF implemented by the PE.

Therefore, the number of functions that can achieve ( Ny, V)-LG

is upper bounded by the number of such pairs, which grows as
oK (2No+1—1) gN?

In contrast, the total number of Boolean functions up to length
N is 2K@Y =1 which grows doubly exponentially with N.
Hence the functions that can be learned from scale Ny data form
a negligible subset. Consequently, among the functions whose
CRC strictly increases from Ny to IV, almost all cannot achieve
(No, N)-LG with any PRFs. O

Theorem 1 states that even with full knowledge of the target
function, adapting PEs alone is insufficient to achieve LG for
almost all functions whose CRC grows from the smaller training
scale to the larger testing scale. As the proof of Theorem 1 shows,
the underlying reason is that the hypothesis space consistent with
the small-scale training data remains extremely large, while PEs
alone cannot provide enough information to identify the target
mapping.

The limitation in Theorem 1 is inherent to the expressive
power of PRFs and therefore applies to all models using PEs.
This limitation captures the case where the required operator set
grows with scale. However, as illustrated in Example 7, even
when the required operator set does not grow, LG may still fail
due to ambiguity in how the computation should be extended
across scales. We now formalize this second limitation in the
following Theorem 2.

Theorem 2 (Limitation of PEs for Non-Canonical Mappings):
Let Fy be the set of all Boolean functions f : {0, 1}V
{0,1}% up to scale N. Consider an arbitrary but fixed autore-
gressive model sufficiently expressive to represent any function
in Fy given an appropriate PE. Suppose that Ny : N +— N is a
function such that No(n) < n for all n € N (with slight abuse
of notation, we also write Ny to denote Ny (V) in the theorem).

Define F, No,N C Fn be the set of all non-canonical mappings
with non-increasing CRC from Ny to N. For any learning
algorithm

A 73({0,1}[”1 % {0, 1}K) X ® s F,

n>1

any mapping f € .%NO,N, and any PRF ¢ € @y, it holds that
A (flinop &) # f-

Proof. Sketch: Assume that some PRF can achieve LG for
a non-canonical mapping. Let F' be the autoregressive model
learned by the algorithm with the PRF. Then the model F
naturally induces a canonical CR of f,i.e.,C= {C}, },c[n] Where

Cn={(n+14,gnti-1,(1,...,n+i—1)) h<i<k,

gk (21, zi) = F(z1,..., 21),
foralln=1,...,N,andk=1,..., N + K — 1. This contra-
dicts the non-canonicality of f. O

Theorem 2 shows that, for non-canonical mappings, PEs
cannot resolve the ambiguity in how the computation should be
extended across scales, and thus LG cannot be achieved. This
limitation stems from the scale-invariance of PRFs together with
the autoregressive nature of the model: the output at a given
position is determined by the prefix and therefore cannot adapt
when the required computation differs across scales.
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Theorems 1 and 2 together identify two limitations of PEs for
LG: (i) mappings with increasing CRC, and (ii) non-canonical
mappings. We next show that these limitations are tight: when
neither occurs, LG can be achieved with PEs.

B. Capabilities of PEs

We now consider the case where neither limitation identified
above applies, i.e., the CRC remains invariant across scales and
the mapping is canonical. The following theorem shows that
these conditions are sufficient for achieving LG with PEs.

Theorem 3 (Capability of PEs): Let Fn be the set of all
Boolean functions f : {0, 1} — {0,1}% up to scale N. Sup-
pose that Ny : N — N satisfies No(n) < n for all n € N, and
with slight abuse of notation write Ny for Ny (V). Let ® be the
set of all PRFs, ®x be the set of all PRFs up to N, and f |[n]
represent the restricted mapping of f up to n, i.e.,

Fliny = A{(z, f(2)) | @ € {0, 131"},
Define
Fron = {f € Fi | CRC(f, No) = CRC(f, N)
and f is canonical} .

Then there exists a reconstruction map

Aee: | 7?({0,1}[”1 « {0, 1}K) X s F

n>1

such thatforall NV and f € ]A'—No,N’ withsome ¢y € @, itholds
that

Awee (flino), 05) = f-

Proof. Sketch: The proof is constructive. For each canonical
mapping with non-increasing CRC, we construct a PRF together
with a reconstruction algorithm that recovers the mapping from
its restriction to scale Nj.

For all N and f € Fu, v there exists a canonical CR C; of
f such that

This ensures that all unit operators are already observable from
the training data, and it is possible to align them across different
scales using a PRF.

Now we are to construct a concrete PRF for the Cy. To
formalize the construction for general mappings, we introduce
the notion of a characterizing PRF, which serves as the key
mechanism for aligning the computation across scales.

Definition 6 (Characterizing PRF for CR): Suppose that C =
{C,} is a CR of a mapping f : X* — X*. Let ¢ : N x N— N
be a PRF and ¢* € ¢(N x N) be a constant. We say that ¢ is a
characterizing PRF for the CR C if it satisfies the following two
conditions:

1) (Consistency) For any m,n, and two tuples (i, g, I;) €

Cy, and (7, "), I)) € C,

d)(l - 17]) = d)(ll - 17j/) # ¢*7

Algorithm 1: Reconstruction algorithm A..

Input: A restricted mapping f|y,], and a PRF ¢
Output: A reconstructed CR C
1: G, H UNITOPERATORSETRECOVERY ( f (], ¢),
where G is the unit operator set and H is the lookup
table
2: C + CRRECONSTRUCTION(G, )
3: returnthe reconstructed CR C

then it must hold that

gD =g") and I7'(j)=I1,'(j"),

il

where

e ={"

+00,

if 3 is the k-th element in I,
otherwise.

2) (Distinctness) For all C,, € C, if (i,¢9, I;) € C,,, then
j ¢ I;;if and only if

oli—1,4) = ¢".

Intuitively, a characterizing PRF assigns identifiers to position
pairs such that unit operators and their input roles can be consis-
tently aligned across different scales. The consistency condition
ensures that identical identifiers correspond to the same operator
and input role, while the distinctness condition guarantees that
irrelevant positions remain distinguishable.

We first show the existence of characterzing PRF for the CR
Cy. We then construct an algorithm A, (see Algorithm 1) that
can identify the target f with its restricted mapping up to scale
Ny and the characterizing PRF for the CR f.

The algorithm A, recovers the set of unit operators
G(Cy, Ny) and a lookup table 7 ; that identifies the correspond-
ing inputs for the unit operators across different scales (i.e.,
UNITOPERATORSETRECOVERY; see Algorithm 2 in Appendix C,
available online). With the set of unit operators G(Cy, Ny) and
the lookup table , the algorithm A, can reconstruct the
complete CR Cy (i.e., CRRECONSTRUCTION; see Algorithm 3 in
Appendix C, available online). The consistency and distinctness
properties of the characterizing PRF ensure that the reconstruc-
tion algorithm produces a CR equal to Cy. (|

Theorem 3 shows that, for canonical mappings with non-
increasing CRC, LG can be achieved with PEs. The constructive
proof also suggests a practical design principle for PEs: selecting
a characterizing PRF corresponding to a canonical CR of the
mapping. While we do not explicitly implement Algorithm 1 to
reconstruct the CR, we demonstrate empirically in the next sec-
tion that PEs based on such characterizing PRFs can effectively
promote LG.

VI. EXPERIMENTS

We have shown that PEs can achieve LG for mappings that
are canonical and have non-increasing CRC. In particular, the
constructive proof of Theorem 3 suggests that a characterizing
PREF is sufficient for identifying the target mapping.
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Fig. 1. Evaluation results of models using different PEs across six tasks. Each
model is trained on 10,000 samples of scales 1-5 for 300 epochs, with evaluation
performed on 1,000 samples at each scale (1-20). Checkpoints are saved every 30
epochs. For each configuration, the plotted curve corresponds to the checkpoint
that achieves the best average performance across all scales.

While Algorithm 1 is not directly applicable to practical
settings, this result provides a guiding principle for designing
PEs: a charactering PRF for the canonical CR of non-increasing
CRC should facilitate LG.

To empirically validate this insight, we conduct experiments
comparing three types of PEs across various reasoning tasks:
Ideal PE (IPE), APE, and RPE. IPE is the PE whose PRF
faithfully characterizes the canonical CR of the minimum unit
operator set. APE and RPE are the most common PEs as the
baselines in the experiments.

We consider six tasks. For each task, the instances are all
aligned to a target length to guarantee the existence of a charac-
terizing PRF. Experimental results shown in Fig. 1 demonstrate
that when the operators required at larger scales are already
present within the training domain, IPE outperforms both APE
and RPE, especially in the three relatively complicated tasks:
Addition, Multiplication, and Division. More details regarding
experimental setups and implementations are provided in Ap-
pendix D.

VII. EXTENSIONS

The results in Sections V-B and VI establish that PEs can
enable LG when the target mapping is canonical and has
non-increasing CRC, provided that the underlying PRF char-
acterizes a suitable CR.

However, directly applying this insight in practice faces two
challenges. First, for non-canonical mappings, it may be im-
possible to construct a characterizing PRF, even when the CRC
does not increase. Second, designing task-specific PEs requires
substantial prior knowledge and is often impractical.

We introduce two extensions of PEs to address the two chal-
lenges respectively: the scale hint technique and learning-based
position embeddings.

A. Scale Hint Technique

In Section V-B, we established that LG is achievable when
the task has a canonical CR whose CRC does not increase from
training to testing scales, provided a suitable PRF characterizing
the corresponding CR. On the one hand, the canonicality is
essential for LG with PEs. On the other hand, the canonicality
does not seem inherent for the scaling challenge of LG as a
simple modification of the representation format can change the
canonicality. See the next example for an illustration.

Example 8: Consider the Addition task where the numbers
are only aligned scale-wisely, i.e., an instance of scale n is

X{ ... X + Y1 ... Y¥n = 21 ... Zn Zny1,
forn =1,..., N. For such an unaligned Addition task, no CR
C = {C,, } is canonical and thus the unaligned Addition mapping
is non-canonical. However, if the numbers are aligned to some
constant N by padding with 0, then the mapping becomes
canonical.

Example 8 shows that a non-canonical mapping can be trans-
formed into a canonical one by modifying the representation
format, suggesting that the canonicality barrier is not intrinsic
to the task itself.

However, modifying the input representation is not always
feasible. Instead, we address this issue at the level of PEs by
allowing the PRF to vary across scales.

In practice, the scale of an instance is often known or can
be reasonably estimated. The core idea of the Scale Hint (SH)
technique is to leverage this information by augmenting the
PRF with the instance scale as an additional input. Formally,
we define the PRF with Scale Hint (PRF-SH) as a mapping
that explicitly incorporates the instance scale, i.e., ¢ : [N] X
[N] x [N] ~ [S] that maps the query position 4, the key po-
sition j, and the instance scale n to some value ¢(4, j,n). The
resulting position embedding is denoted as PE-SH. Analogous
to Definition 6, we can define when a PRF-SH characterizes
aCR.

Incorporating scale hints makes the PRF strictly more expres-
sive, enabling the characterization of a broader class of CRs. In
fact, the following Theorem 4 shows that PRF-SH is complete
for characterizing CRs of non-increasing CRC.

Theorem 4: For any CR C = {C,} of non-increasing CRC,
there exists a corresponding PRF-SH that characterizes it.

Using PE-SH not only broadens the applicability but also
enables more compact and efficient representations, thus fa-
cilitating more effective learning. For example, consider the
Addition task. If we do not employ the scale hint, we need to
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Evaluation results of models with LBPE across three different Select tasks (SelectFirst, SelectMiddle, and SelectLast). Each model is trained on 1,000

samples of scales 1-10 for 2,000 epochs and evaluated on 1,000 samples at each scale 1-20. We save checkpoints every 20 epochs. For each configuration, we plot

the curve for the checkpoint of the best average performance across all scales.

align all the instances to the maximum target length:

X1...%0...04+y1...y00...0=21...2,2,410...0.
N—n N—-n N—n
These redundant padding zeros increase computation and mem-

ory usage and may confound the model’s ability to identify the
correct positions and operators. By contrast, if we apply the scale

hint, we can represent the instance as:

Xy «.. X + V1 ... Yo = Z1 ... Zp Zny1,
which significantly reduces overhead when n < V. Fig. 2 is a
comparison between IPE and IPE-SH in Multiplication and Di-

vision, respectively. The results demonstrate that incorporating
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Fig. 4. Visualization of the learned PRFs in the three Select tasks. For each

task, we show the predicted PRF values corresponding to the top three prediction
weights (ranked 1-3 from top to bottom) for each query position 7 and key
position j, where 7 < 7. “QP” and “KP” mean “query position” and “key
position”, respectively.

a scale hint accelerates convergence and improves LG perfor-
mance. Moreover, since no target length is fixed, PE-SH enables
more flexible length generalization, allowing extrapolation to
larger-scale instances beyond the limits imposed by fixed-length
alignment.

B. Learning-Based Position Embeddings

Thus far, we have demonstrated that handcrafting appropriate
PEs (or PE-SH) enables LG whenever the CRC of the task does
notincrease from training to testing scales. However, practically
speaking, perfect prior knowledge regarding the positional rela-
tionships within a task is usually unavailable. Moreover, design-
ing new handcrafted PEs for each individual task is prohibitively
expensive.

To address these limitations, we propose Learning-Based Po-
sition Embeddings (LBPE), in which the PRF (or PRF-SH) itself
is made into a learnable component. Importantly, the proposed
LBPE differs fundamentally from existing learnable PEs in prior
literature. Specifically, the conventional learnable PE has a fixed
PRF and learns embedding vectors, whereas our LBPE method
explicitly learns the PRF function itself.

LBPE can be implemented either with or without learnable
embedding vectors. Here, we present one implementation of
LBPE utilizing learnable embedding vectors for simplicity. Let
P € R%*? be the learnable embedding vectors and ¢(i, j; 6) :
[N] x [N] — Al be the Learning-Based PRF (LBPRF), where
i, j are the query and key positions respectively, .S is an upper
bound of the PRF value, and @ is the learnable parameter of the
LBPRF block. Then the LBPE with the learnable parameters 6
and P is

LBPE(i, j; 0, P) = PT¢(i, j;0).

For notation simplicity, we write LBPE(:, j; 8, P) as LBPE(, j)
when this does not lead to misunderstanding.
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Fig. 5. Evaluation results of models with LBPE and LBPE-SH on various
tasks. Each model is trained on 10,000 samples from scales 1-5 for 10,000
epochs (equivalent to 100,000 steps under our hyperparameter setting). Check-
points are saved every 10,00 steps and evaluated on 1,000 samples at each scale
from 1 to 10. The curves are the evaluation results of the checkpoints achieving
the best average accuracies (over all scales).

We can simply replace any learnable PE with the above
LBPE. For instance, we can adapt a Transformer with key-only
RPE (i.e., the RPE is only added to the key embedding) to
use LBPE by replacing RPE;_; with LBPE(, j). Denote the

learnable RPE at layer [ by RPEZ(.l_)j. The query-key weight ai?
at layer [ from
0 _ (50=1) O \T 11O, 7 (1)
o) = (n0 + RPED, ) W R,
becomes
= (R g0 pOY) T OT O 1)
af) = (n{"V + LBPEG, j; 00, PO)) wTW PR,

However, we emphasize that LBPE is not restricted to this
particular approach; other forms of PE such as RoPE can also
be integrated into LBPE frameworks (see Appendix B, available
online).

We evaluate LBPE, implemented with learnable positional
encodings, on three Select tasks that involve identifying to-
kens at specific positions. Specifically, we consider SelectFirst,
SelectMiddle, and SelectLast, which correspond to selecting
T1, T|n/2/+1> and x,, respectively, given an input of the form
“x1...x, =.” The results, presented in Fig. 4, show that APE
and RPE achieve LG only in SELECTFIRST and SELECTLAST,
respectively, whereas LBPE succeeds in all three tasks. Fig. 4
also visualizes the learned PRFs, revealing that LBPE adaptively
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captures task-specific positional relationships that closely align
with the characterizing PRFs of each task.

Similarly, we can directly combine LBPE with the SH tech-
nique, resulting in LBPE-SH:

LBPE-SH(i, j, n; 0, P) = PTé(i, j,n;6).

For learning-based PEs, incorporating the SH technique can
also enhance LG, similar to the effect observed with handcrafted
PEs. As shownin Fig. 5, while both LBPE and LBPE-SH achieve
LG in the Copy task, LBPE-SH outperforms LBPE in all other
tasks except Parity.

Although LBPE offers the flexibility to automatically learn
diverse positional relationships, it is unrealistic to expect a
single LBPE model to achieve LG universally across all tasks.
Task-specific prior knowledge remains essential for guiding the
design of learning modules, as different architectural choices
inherently bias the model toward capturing particular types of
positional relationships. We leave a systematic investigation of
how different architectures induce distinct biases in LBPEs as
an important direction for future work.

VIII. CONCLUSION

We analyze the role of PEs in LG. On the negative side,
PEs have two fundamental limitations: they cannot achieve LG
for mappings with increasing CRC or non-canonicality. On the
positive side, PEs can enable LG when these conditions are
absent. To effectively leverage PEs for LG, one should select a
PE with a characterizing PRF. We further propose the scale hint
technique, which overcomes the limitation for non-canonical
mappings and extends the applicability of PEs to a wider range of
tasks, as well as LBPE, which alleviates the need for handcrafted
PE design for each task.

Future Work: We establish only the theoretical feasibility of
PEs for LG from a capability perspective. A rigorous theoret-
ical characterization of their capabilities in practical models
with learning algorithms remains an important direction for
future work. While our analysis focuses on PRFs, the impact
of different PE implementations warrants further investigation.
Extending the scale hint technique to natural language tasks,
where scales are less explicit, and understanding how model
architectures influence the PRFs learned in LBPE are also
promising directions for future research.
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