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On the Limitations and Capabilities of Position
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Abstract—In Transformers, Position Embeddings (PEs) signifi-4
cantly influence Length Generalization (LG) performance, yet their

Q1
5

fundamental role remains unclear. In this work, we identify two6
fundamental limitations of PEs in achieving LG: the inability to ac-7
quire new operators beyond training data, and the inability to deal8
with inconsistent computational roles of the same positions across9
scales. To formalize these limitations, we introduce computational10
representation complexity which measures the number of distinct11
unit operators required for a task, and the notion of canonical-12
ity, which characterizes operator-position consistency as the scale13
varies. We prove that PEs cannot achieve LG for mappings whose14
computational representation complexity increases with scale, nor15
for mappings that are non-canonical. We further show that PEs16
enable LG when these two failure modes are absent. In this case,17
LG can be achieved with a PE whose positional relation function18
characterizes the computational representation. To enhance LG for19
non-canonical mappings, we introduce scale hint, allowing flexible20
instance scaling. We also propose a learning-based position em-21
bedding framework that automatically learns positional relations.22
Our work provides theoretical insights and practical strategies for23
improving LG in Transformers.

Q2
24

Index Terms—Length generalization, position embedding,25
transformer, reasoning.26

I. INTRODUCTION27

L ENGTH Generalization (LG) refers to the ability of a28

model to extrapolate from small-scale instances to larger29

ones in reasoning [1], [2], [3], [4]. In many tasks, the sample30

space grows exponentially with the problem scale, making ex-31

haustive training infeasible. Thus, it is important to learn from32

limited training samples at small scales while generalizing to33

larger ones. Furthermore, learning to solve complex tasks from34

simple ones is a significant ability of human learning. LG is an35

essential aspect when building a model of human-level reasoning36

capability [5], [6], [7].37
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In general, LG is inherently difficult because the training data 38

do not provide information on how to compute results for unseen 39

large-scale instances. No single algorithm can guarantee length 40

generalization across all tasks [8] (see Appendix A, (available 41

online) for a further illustration). As a result, incorporating 42

prior knowledge about the target concept is crucial for de- 43

signing effective models. Current works have adopted various 44

techniques to encode such prior knowledge. In Transformers, 45

Position Embeddings (PEs) are found to play a significant role 46

in LG performance [3], [9]. However, few works have theoreti- 47

cally investigated why and how PEs enable LG [4]. Moreover, 48

certain tasks fail to generalize with existing PEs [2], [10], [11]. 49

It is unclear whether this is due to suboptimal PE strategies 50

or fundamental PE limitations. A fundamental question arises 51

naturally: 52

What are the limitations and capabilities of PEs for LG? 53

A PE encodes positional relations between elements in a 54

sequence. Intuitively, these relations define how the model 55

interprets the positional structure of a sequence, specifying 56

how positions interact and influence computations, enabling 57

the model to distinguish between different positions and de- 58

termine positional dependencies. The relations are determined 59

by a Positional Relation Function (PRF), denoted as φ(i, j), 60

which maps a query position i and a key position j to a value 61

that represents their relationship. For example, in Relative Po- 62

sition Embedding (RPE) [12], the function is φ(i, j) = i− j; 63

in Absolute Position Embedding (APE) [13], [14], the PRF can 64

be seen as φ(i, j) = i ∗K + j for some constant K such that 65

φ(i1, j1) �= φ(i2, j2) for any 0 ≤ j1 ≤ i1 ≤ N − 1, 0 ≤ j2 ≤ 66

i2 ≤ N − 1, (i1, j1) �= (i2, j2), whereN is the maximum length 67

considered. Some PEs have very different implementations but 68

they share the same PRF and thus capture the same position 69

relations. For instance, while learnable RPE [12] and RoPE [15] 70

implement positional relations with learnable vectors and rotary 71

matrix respectively, they have the same PRFφ(i, j) = i− j. See 72

Appendix B, (available online) for a more detailed illustration. 73

This work focuses on the role of positional relations in LG and 74

will mainly discuss the impact of PRFs. 75

A. Our Works 76

Limitations of PEs for LG: In Section IV, we identify two 77

fundamental failure modes of PEs in achieving LG. In the 78

first case (Example 6), solving larger-scale instances requires 79

additional unit operators beyond those seen in training, so the 80

training data provide no information about these operators, and 81
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no PRF can encode the mapping consistently across scales. In82

the second case (Example 7), arising in autoregressive models,83

even with a fixed operator set, the same position may correspond84

to different operators across scales, preventing a fixed PRF from85

consistently identifying computational roles and leading to LG86

failure.87

To formalize the two modes, we introduce the notions of Com-88

putational Representation (CR) and canonicality. CR provides a89

unified framework for describing how a mapping is computed90

and how positional relations correspond to computational roles.91

Canonicality characterizes whether the computation at the same92

position is invariant across scales.93

We further define Computational Representation Complexity94

(CRC) to quantify the number of distinct unit operators required95

for a task. Based on this notion, we formalize the above lim-96

itations of PEs for LG in Section V-A. Theorem 1 shows that97

when CRC increases from the training scale to the testing scale,98

adapting PEs alone is insufficient for LG in general, capturing99

the first failure mode. Theorem 2 further shows that even when100

CRC remains invariant, the scale-invariant nature of PEs can101

prevent LG if the mapping lacks canonicality, capturing the102

second failure mode.103

Capabilities of PEs for LG: In Section V-B, we study the104

complementary side of the above limitations. Theorem 3 shows105

that when a mapping admits a canonical CR with non-increasing106

CRC, LG can be achieved with a proper PE, or more specifically,107

the PE whose PRF characterizes the CR (Definition 6). This108

result indicates that CRC and canonicality together characterize109

the boundary of PE-based LG. In particular, the capability of110

PEs lies in aligning operators and identifying the computational111

roles of positions consistently across different scales. We also112

empirically validate the insight for the capabilities of PEs for113

LG in Section VI.114

Scale Hint Technique: While increasing CRC and non-115

canonicality both limit LG with PEs, they are fundamentally116

different. Increasing CRC reflects an inherent scaling challenge,117

whereas non-canonicality arises from how positional roles are118

encoded and can be mitigated by modifying the data format.119

From the perspective of PEs, the latter stems from the scale-120

invariant nature of PRFs, which may be insufficient to consis-121

tently characterize computations across different scales.122

To address this issue, we introduce the Scale Hint (SH)123

technique (Section VII-A), which augments the PRF with the124

instance scale as an additional input. This allows the PRF to vary125

across scales, requiring only a consistent structure within each126

scale rather than across all scales. As a result, SH enables more127

flexible data representations and reduces unnecessary computa-128

tional overhead.129

For example, in an n-digit Addition instance, it suffices to130

align each addend to length n, instead of padding to a global131

maximum length. The corresponding PRF takes the form132

φ(i, j, n) = K� i− j

n
�+min ((i− j) mod n,K − 1) ,

where i and j denote the query and key positions, n is the scale133

hint, and K is a constant.134

Learning-Based Position Embeddings: In practice, it would135

be unrealistic to manually redesign the PRF task by task. It is136

desirable to use a single model across different tasks. To address 137

this problem, we propose learning-based PE (Section VII-B), 138

respectively, where the PRF φ is learned automatically. More 139

concretely, we replace the handcrafted PRF φ(i, j) (φ(i, j, n) if 140

scale hint is employed) with a learnable one φθ(i, j) (φθ(i, j, n), 141

respectively). Empirically, we observe that the learning-based 142

PEs achieve length generalization across a variety of tasks, 143

eliminating the need for task-specific designs. This approach 144

shows the potential to use one learnable PE to handle diverse 145

tasks that would otherwise require different handcrafted designs. 146

II. RELATED WORK 147

Length Generalization in Reasoning Tasks: The literature 148

on length generalization can be broadly categorized into two 149

strands. The first focuses on processing extremely long se- 150

quences, often referred to as long-context modeling in the context 151

of LLMs [16], [17], [18], [19], [20]. This line of research primar- 152

ily addresses the challenges of capturing long-range dependen- 153

cies and mitigating the substantial memory and computational 154

demands associated with long inputs. 155

The second line of work, to which the present study con- 156

tributes, investigates generalization from shorter training se- 157

quences to longer sequences at inference time [4], [10]. The 158

central question is how models can generalize by learning from 159

length-limited data that provide only incomplete information in 160

training. Addressing this question necessitates the introduction 161

of suitable inductive biases [8], [21], which may be incorpo- 162

rated through data formatting [2], [22], architectural modifi- 163

cations [12], [23], or training strategies [24], [25]. This work 164

specifically examines the role of PEs, a structural component of 165

Transformers, as a means of facilitating LG. 166

Role of Position Embeddings in Transformers: PEs encode 167

positional information that is otherwise absent in the standard 168

Transformer architecture. They are critical for enabling Trans- 169

formers to model sequences in a position-sensitive manner and 170

have been shown to significantly enhance the model’s expressive 171

capacity. In particular, it has been demonstrated that Trans- 172

formers are Turing-complete when equipped with APE, but not 173

without them [26]. 174

Recent empirical studies have highlighted the importance 175

of PEs in length generalization [3], [9]. Replacing APEs with 176

PEs that encode relative position relations has been shown to 177

improve performance on tasks requiring extrapolation to longer 178

sequences [12], [15]. Moreover, more sophisticated PEs that en- 179

code structured or hierarchical positional information can lead to 180

further gains [27], [28], [29]. Despite these promising empirical 181

findings, a comprehensive theoretical understanding of the role 182

that PEs play in enabling length generalization remains limited. 183

This work takes a step towards such understanding by providing 184

a systematic theoretical investigation into how modifications to 185

PEs influence generalization behavior across sequence lengths. 186

III. PRELIMINARY 187

A. Notations 188

We use [N ] to denote the set {1, . . . , N}. The cardinality of a 189

set A is denoted by |A|. Σ[N ] denotes the set of all strings over 190
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Σ of length at most N , i.e., Σ[N ] =
⋃

k∈[N ] Σ
k. Let Σ∗ denote191

the Kleene closure of the alphabet Σ, i.e., Σ∗ =
⋃∞

k=1 Σ
k. We192

use 1(·) to denote the indicator function. We useP(S) to denote193

the power set of the set S.194

B. Length Generalization195

We first formalize the notion of length generalization studied196

in this paper. The following definition specifies the training-197

testing setting in which a model is trained on smaller-scale198

instances and is required to generalize to larger ones.199

Definition 1 ((N0, N)-Length Generalization): Suppose that200

in an instance x = c1, . . . , cn ∈ Σ of length n, each element201

ci is sampled i.i.d. from some distribution P on Σ, where Σ202

is the element domain and the support set of the distribution203

P is Σ, i.e., supp(P) = Σ. A learning algorithm A achieves204

(N0, N)-Length Generalization ((N0, N)-LG) for the concept205

f ∗ if there exists a distribution PN0
on [N0] such that the model206

f learned by A on a sufficiently large XN0
= {xk}, which is207

generated by (n, x) ∼ PN0
(n)P(x | n) satisfies f(x) = f ∗(x)208

for all x ∈ Σn, n = 1, . . . , N .209

Definition 1 highlights the particular difficulty of LG com-210

pared with standard learning settings. It captures two core chal-211

lenges in length generalization: 1) the exponential growth of212

the input space as the scale increases, and 2) the absence of213

information in shorter instances about components unique to214

longer inputs. Consequently, successful LG requires more than215

fitting the training distribution; it requires an inductive bias that216

transfers computation from small to larger scales. We study PEs217

as a key source of such bias and characterize their limitations218

and capabilities for LG.219

C. Computational Representation220

To analyze when LG is possible with PEs in autoregressive221

generative models like Transformers, we need a way to describe222

not only the input-output of a mapping, but also the procedure223

by which it is computed sequentially for instances of different224

scales. To this end, we introduce the notion of a computational225

representation, which formalizes a sequential computation in226

terms of unit operators and their dependencies.227

Definition 2 (Computational Representation): Consider a228

sequence-to-sequence mapping f : Σ∗ 
→ Σ∗. For an in-229

put sequence x = (x1, . . . , xn) ∈ Σn, the output is f(x) =230

(y1, . . . , yK(n)) ∈ ΣK(n), where K : N 
→ N specifies the out-231

put length. Let z = (z1, . . . , zn+K(n)) denote the concatenation232

of the input and output sequences, where233

zi =

{
xi, 1 ≤ i ≤ n,

yi−n, n+ 1 ≤ i ≤ n+K(n).

A Computational Representation (CR) CN = {Cn}n∈[N ]234

of f up to input length N is a collection of sets of tuples235

Cn = {(i, g(i), Ii) | 1 ≤ i ≤ n+K(n)},

where each triple (i, g(i), Ii) specifies how the element zi is236

computed. Here g(i) is an operator applied to a set of parent237

elements indexed by 238

Ii = (i1, . . . , iri) ∈ [i− 1]ri .

For input elements, we define g(i) = g0, representing an input 239

operator, and set Ii = ∅ (1 ≤ i ≤ n). 240

For output elements, the computation is defined by 241

zi = g(i)(zi1 , . . . , ziri ), n+ 1 ≤ i ≤ n+K(n),

where the operator g(i) belongs to a finite set 242

G(CN ) = {g1, . . . , gR}.
Each operator in G(CN ) is a function gr : Σdr 
→ Σ with arity 243

dr ≤ D. We refer to each g ∈ G(CN ) as a unit operator. 244

For notational simplicity, the input tuples (i, g0, ∅) for 1 ≤ 245

i ≤ n may be omitted from Cn when no ambiguity arises. We 246

may also omit the subscriptsN andn ∈ [N ]when the maximum 247

input length is clear from context. 248

Remark 1: For a mapping f such that f(x) ∈ ΣK(n) for x ∈ 249

Σn up to scale, we may assume without loss of generality that 250

the PRF set is ΦN+K(N), where 251

Φm := {φ | φ : [m]× [m] 
→ [m]} .
Furthermore, to simplify notation, we treat K(n) as a constant 252

K. Our analysis extends directly to the general case whereK(n) 253

varies with n. 254

The CR describes how the concatenated sequence z is com- 255

puted using a finite set of unit operators, specifying the depen- 256

dency structure and the operator applied at each position. The 257

following examples illustrate how common sequence mappings 258

can be expressed in this form. 259

Example 1 (CR of Parity (with CoT)): Consider the Par- 260

ity (with CoT) task f(x1, . . . , xn) = (y1, . . . , yn) where Σ = 261

{0, 1}, y1 = x1 and yi = xi ⊕ yi−1 for all 2 ≤ i ≤ n. A CR 262

C = {Cn} of this task can be given as: 263

Cn = {(1, g0, ∅), . . . , (n, g0, ∅), (n+ 1, gID, (1)) ,

(n+ 2, g⊕, (2, n+ 1)), . . . , (2n, g⊕, (n, 2n− 1))} ,
with the unit operator set G(CN ) = {gID, g⊕} where gID : Σ 
→ 264

Σ is the identity operator, i.e., gID(u) = u, and g⊕ : Σ2 
→ Σ is 265

the XOR operator, i.e., g⊕(u, v) = u⊕ v. 266

Example 1 shows a simple CR in which the same small set 267

of operators is reused across positions and scales. The next 268

example presents a more involved arithmetic task, illustrating 269

that the same formalism also applies to computations with richer 270

dependency structures. 271

Example 2 (CR of Multiplication (1 * N)): Consider the 272

Multiplication (1 * N) task f(x1, . . . , xn) = (y1, . . . , yn)where 273

Σ = {0} ∪ [9], x1, x2. . .xn are the multipliers, and y1. . .yn is 274

the product (the digits are reversed), satisfying: 275

x1 ∗ xn . . . x2 = yn . . . y1.

A CR C = {Cn} of this task is given as: 276

Cn = {(1, g0, ∅), . . . , (n, g0, ∅),
× (n+ 1, g1, (1, 2)), (n+ 2, g2, (1, 2, 3, n+ 1)), . . . ,

× (2n, g2, (1, n, n+1, 2n−1)) (2n, g3, (1, n+1, 2n))} ,
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with the unit operator set G(CN ) = {g1, g2, g3} where277

g1(u1, u2) = u1 ∗ u2 mod 10,

g2(u1, u2, u3, u4) = [u1 ∗ u3 + �u1 ∗ u2/10�
+1 (u4 < (u1 ∗ u2 mod 10))] mod 10,

g3(u1, u2, u3)=�u1∗u2/10�+1 (u3<(u1∗u2 mod 10)).

Importantly, a mapping may admit multiple CRs, correspond-278

ing to different procedures to compute the mapping. The fol-279

lowing examples present alternative CRs for the Parity and280

Multiplication tasks.281

The previous examples present one CR for each mapping.282

However, a mapping is generally not associated with a unique283

CR: the same input-output mapping may admit multiple com-284

putational procedures. This non-uniqueness is important for our285

later analysis, since different CRs that can lead to very different286

LG performance. The next two examples illustrate this point for287

the Parity and Multiplication tasks.288

Example 3 (Another CR of Parity (with CoT)): Suppose that289

the Parity (with CoT) task f is defined the same as that in290

Example 1. Another CR C′ = {C ′n} of this mapping is:291

C ′n = {(1, g0, ∅), . . . , (n, g0, ∅),
(n+ 1, gID, (1)), (n+ 2, g⊕,2, (1, 2)),

(n+ 3, g⊕,3, (1, 2, 3)), . . . , (2n, g⊕,n, (1, 2, . . . , n))} ,
with the unit operator set G(C′N ) = {gID, g⊕,2, . . . , g⊕,N}where292

gID : Σ 
→ Σ is the identity operator, i.e., gID(u) = u, and g⊕,k :293

Σk 
→ Σ is the XOR operator, i.e., g⊕,k(u1, . . . , uk) =
⊕k

i=1 ui294

for all k = 2, . . . , N .295

Example 3 shows that even a simple task such as Parity can296

admit an alternative CR with a substantially larger operator set.297

The next example shows that the same phenomenon also appears298

in the more complex Multiplication task.299

Example 4 (Another CR of Multiplication (1 * N)): Suppose300

that the Mulitplication (1 * N) task f is defined the same as that301

in Example 2. Another CR C′ = {C ′n} of this mapping can be302

given as:303

C ′n = {(1, g0, ∅), . . . , (n, g0, ∅),
(n+ 1, g′1, (1, 2)), . . . (2n− 1, g′n−1, (1, 2, . . . , n)),

(2n, g′′n−1, (1, 2, . . . , n))
}
,

with the unit operator set G(C′N ) = {g′1, . . . , g′N , g′′1, . . . , g
′′
N}304

where305

g′k(u1, . . . , uk+1)

=
(
u1 ∗ uk+1+�& sumk

i=2

u1 ∗ ui

10k+1−i �
)
mod 10,

g′′k(u1, . . . , uk+1) = �
k+1∑
i=2

u1 ∗ ui

10k+2−i �,

for all k = 1, . . . , N − 1.306

The above examples show that one mapping may have mul-307

tiple CRs with different unit operator sets. The non-uniqueness308

can persist even when the operator set is fixed. Different309

computational structures using the same unit operators may still 310

compute the same mapping. 311

Example 5: Consider the mapping f(x1, . . . , xn) = ((x1 + 312

1) mod 10, (x1 + 2) mod 10, . . . , (x1 + n) mod 10), and the 313

operator set G = g1, g2 where g1(u) = (u+ 1) mod 10 and 314

g2(u) = (u+ 2) mod 10. The following two CRs C = {Cn} 315

and C′ = {C ′n} sharing the same unit operator set represent two 316

different procedures that compute the same function f : 317

Cn = {(n+ 1, g1, (1)), (n+ 2, g1, (n+ 1)), . . . ,

(2n− 1, g1, (2n− 2)), (2n, g2, (2n− 2))} ,
C ′n = {(n+ 1, g1, (1)), (n+ 2, g2, (1)),

(n+ 3, g2, (n+ 1)), . . . , (2n, g2, (2n− 2))} .
A mapping may admit multiple CRs, and these CRs may 318

require different numbers of unit operators. As we will elaborate 319

later, LG is closely related to whether the required computation 320

can be reused across scales, we introduce computational rep- 321

resentation complexity to measure the size of the smallest unit 322

operator set needed to compute a mapping. 323

Definition 3 (Computational Representation Complexity): 324

Suppose that f : Σ∗ 
→ Σ∗ is a sequence-to-sequence mapping. 325

The Computational Representation Complexity (CRC) of f 326

up to input lengthn is the minimal cardinality of the unit operator 327

set among all CRs of f up to length N . Formally, 328

CRC(f,N) := min
CN∈CN (f)

|G(CN )| ,

where the minimization is taken over the set of all computation 329

representations, i.e., 330

CN (f) := {CN | CN is a CR of f},
and G(CN ) denotes the set of unit operators used in CN . 331

In simple terms, CRC measures the size of the smallest unit 332

operator set among all CRs of the mapping. We will establish a 333

fundamental limitation of PEs for LG using the notion of CRC 334

in Section V. 335

D. Canonical CR and Canonical Mapping 336

CRC captures whether additional operators are required at 337

larger scales. However, even when the same operator set suffices 338

across scales, LG may still depend on whether the computational 339

procedure is represented consistently. To formalize this aspect, 340

we introduce the notions of canonical CR and canonical map- 341

ping. 342

Definition 4 (Canonical CR): A CRC = {Cn}n∈[N ] is canon- 343

ical if for any Cm, Cn ∈ C, and (i, g(i), Ii) ∈ Cm, (i, g̃(i), Ĩi) ∈ 344

Cn, it holds that 345

g(i) = g̃(i) and Ii = Ĩi.

Intuitively, a canonical CR enforces consistency of the com- 346

putation across scales: the same position in the computation 347

follows the same operator and dependency pattern regardless of 348

the input length. 349

Definition 5 (Canonical Mapping): A sequence-to-sequence 350

mapping f : Σ∗ 
→ Σ∗ is canonical if there exists a canonical 351

CR of f . 352
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This notion will be used later to distinguish tasks for which353

the computational procedure can be aligned consistently across354

scales from those for which such alignment is impossible. This355

distinction will play a key role in understanding when LG fails356

due to ambiguity in the underlying computation.357

IV. TWO BARRIERS TO LG WITH PES358

In this section, we present two examples to illustrate when PEs359

fail to achieve LG. These examples highlight two qualitatively360

different limitations.361

A. Increasing Operator Requirements362

Intuitively, suppose there exists a relatively simple set of unit363

operators that can be fully observed from small-scale instances,364

together with a procedure that computes the target mapping365

using only these operators. In this case, LG may be achievable if366

the model learns these unit operators during training and receives367

signals indicating how they should be applied to inputs beyond368

the training scale.369

Conversely, if every procedure capable of solving the task370

at larger scales requires additional unit operators beyond those371

needed for the training instances, LG becomes unlikely. This is372

because the training data provide no information for learning373

these additional operators. Adapting PEs may influence which374

computational procedure the model tends to learn, but it does not375

provide information about new operators that are not present in376

the training data.377

The following example illustrates this intuition.378

Example 6: Consider the hypothesis:379

F1 = {f | f : {0, 1}[N ] 
→ {0, 1}}.
Suppose that the training data consist of all instances up to scale380

N0 = N − 1. If the computation of f ∗ on {0, 1}N is unlimited,381

the PRFs are unlikely to even uniquely encode all possible382

functions that interpolates the training data. More specifically,383

the set of all interpolators is384

F̃1 := {f ∈ F1 | f(x) = f ∗(x) for all x ∈ {0, 1}[N0]}.
Since385 ∣∣∣F̃1

∣∣∣ = 22
N

,

|ΦN | =
(
(N + 1)2

)(N+1)2
= (N + 1)2(N+1)2 ,

then we have386

lim
N→∞

|ΦN |∣∣∣F̃1

∣∣∣ = 0.

This means for any algorithms, almost all interpolators can-387

not identify by PRFs as the set of the interpolators is much388

“larger” than the set of the PRFs. On the other hand, if the389

computation of f ∗ on {0, 1}N is the same as one of those on390

{0, 1}1, . . . , {0, 1}N0 , namely,391

f ∗(x1, . . . , xN ) = fm(xi1 , . . . , xim) for some m ≤ N0,

then we can uniquely identify the mapping by the PRF 392

φ(i, j) =

⎧⎨
⎩
(i− 1) ∗N + j, i < N,
(m− 1) ∗N + k, i = N, j = ik,
m ∗N, otherwise.

Example 6 reveals that, when only training data from smaller 393

scales are available, even in the extreme case where N0 = N − 394

1, PRFs alone are insufficient to identify the target function. 395

This is because PRFs cannot encode the many mappings that 396

are consistent with the observed small-scale data. Consequently, 397

almost all such mappings remain indistinguishable under any 398

choice of PRFs. This limitation is fundamental to PEs for LG and 399

holds regardless of the learning algorithm or model architecture. 400

We now turn to a different type of limitation, which arises 401

even when the required operator set does not increase. 402

B. Ambiguity Across Scales 403

Unlike the previous case, the required operator set may remain 404

the same across scales. The difficulty instead lies in how the 405

computation is extended. In particular, the same position may 406

require different computational behaviors at different scales, 407

even when the observed prefixes are identical. We refer to this 408

phenomenon as ambiguity across scales. 409

Because PRFs assign positional roles in a scale-invariant man- 410

ner, a model with PEs must produce the same output at a given 411

position whenever the prefix is the same. As a result, it cannot 412

distinguish between computations that should behave differently 413

across scales, leading to a failure of LG. The following example 414

illustrates this limitation. 415

Example 7: Consider the copy mapping: 416

f2(x1, . . . , xn, y1, . . . , ym) = xm+1,

where yi = xi for all i = 1, . . . , n and m = 1, . . . , n− 1. As- 417

sume a model with a PRF φ (denoted as fφ) can express 418

the copy mapping. Then when n = 2, for x = 10, we have 419

fφ(1, 0, 1) = 0. However, when n = 3, for x = 100, we have 420

fφ(1, 0, 1) = 1, which is a contradiction. 421

The failure in Example 7 comes from the scale-invariance of 422

PRFs, meaning that the roles of positions are treated the same 423

across different scales. As a result, once a prefix is fixed, the 424

output at a given position is also fixed and must remain the 425

same across scales. However, some procedures, in particular 426

non-canonical CRs, require different behaviors at the same 427

position when the scale changes. This mismatch prevents PEs 428

from achieving LG. 429

This type of failure can often be addressed by changing 430

how the task is represented. For example, in the copy mapping 431

above, if all inputs are padded to a fixed length Ñ , then there 432

exists a procedure where the computation at each position is 433

consistent across scales, removing the ambiguity. In Section VII, 434

we augment the PEs with the scale hint to handle this limitation 435

without modifying the task representation. 436

These two examples highlight the key challenges for LG 437

with PEs. In the next section, we formalize these limitations 438

and characterize when LG is impossible or achievable using the 439

notions of CRC and canonicality introduced in Section III. 440
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V. MAIN RESULTS441

The examples in Section IV highlight two distinct barriers442

to LG with PEs: (i) the need for additional unit operators at443

larger scales, and (ii) ambiguity in how the computation should444

be extended across scales. In this section, we formalize these445

two limitations using the notions of CRC and canonicality. We446

further show that when neither barrier is present, LG can be447

achieved with PEs. We provide proof sketches for the theorems448

in this section, with full proofs deferred to Appendix C, (avail-449

able online).450

A. Limitations of PEs451

We begin with the limitation arising from increasing operator452

requirements. Consider the scenario where a model equipped453

with adaptive PEs aims to learn a Boolean function up to scale454

N , while being trained only on smaller-scale instances up to455

scale N0. We prove that even with an optimal choice of PEs456

selected with precise knowledge of the target function, the model457

cannot achieve LG for nearly all functions whose CRC increases458

from the training scale to the testing scale. Formally, we have459

the following theorem.460

Theorem 1 (Limitation of PEs for Mappings with Increas-461

ing CRC): Let FN be the set of all Boolean functions f :462

{0, 1}[N ] 
→ {0, 1}K up to scale N . Suppose that N0 : N 
→ N463

satisfies N0(n) < n for all n ∈ N, and with slight abuse of464

notation write N0 for N0(N).465

Let ΦN be a family of admissible PRFs up to scale N . For466

f ∈ FN , let467

f |[n] := {(x, f(x)) | x ∈ {0, 1}[n]}.
Define468

F̃N0,N := {f ∈ FN | CRC(f,N0) < CRC(f,N)} .
Assume that469

lim
N→∞

|FN0
| |ΦN |

|F̃N0,N |
= 0.

For any algorithm470

A :
⋃
n≥1
P
(
{0, 1}[n] × {0, 1}K

)
× Φ 
→ F,

define FN0,N be the set of functions whose LG can be achieved471

by the algorithm A, i.e.,472

FN0,N =
{
f ∈ F̃N0,N | ∃φ ∈ ΦN , s.t. A (

f |[N0], φ
)
= f

}
.

Then it holds that473

lim
N→∞

∣∣∣F̃N0,N \ FN0,N

∣∣∣
|F̃N0,N |

= 1.

Proof. Sketch: The proof is based on a counting argument. For474

a given algorithm, a model learned from training instances up to475

scale N0 is determined by the restriction of the target function476

to {0, 1}[N0] together with the PRF implemented by the PE.477

Therefore, the number of functions that can achieve (N0, N)-LG478

is upper bounded by the number of such pairs, which grows as 479

2K(2N0+1−1)SN2
. 480

In contrast, the total number of Boolean functions up to length 481

N is 2K(2N+1−1), which grows doubly exponentially with N . 482

Hence the functions that can be learned from scale N0 data form 483

a negligible subset. Consequently, among the functions whose 484

CRC strictly increases from N0 to N , almost all cannot achieve 485

(N0, N)-LG with any PRFs. � 486

Theorem 1 states that even with full knowledge of the target 487

function, adapting PEs alone is insufficient to achieve LG for 488

almost all functions whose CRC grows from the smaller training 489

scale to the larger testing scale. As the proof of Theorem 1 shows, 490

the underlying reason is that the hypothesis space consistent with 491

the small-scale training data remains extremely large, while PEs 492

alone cannot provide enough information to identify the target 493

mapping. 494

The limitation in Theorem 1 is inherent to the expressive 495

power of PRFs and therefore applies to all models using PEs. 496

This limitation captures the case where the required operator set 497

grows with scale. However, as illustrated in Example 7, even 498

when the required operator set does not grow, LG may still fail 499

due to ambiguity in how the computation should be extended 500

across scales. We now formalize this second limitation in the 501

following Theorem 2. 502

Theorem 2 (Limitation of PEs for Non-Canonical Mappings): 503

Let FN be the set of all Boolean functions f : {0, 1}[N ] 
→ 504

{0, 1}K up to scale N . Consider an arbitrary but fixed autore- 505

gressive model sufficiently expressive to represent any function 506

in FN given an appropriate PE. Suppose that N0 : N 
→ N is a 507

function such that N0(n) < n for all n ∈ N (with slight abuse 508

of notation, we also write N0 to denote N0(N) in the theorem). 509

Define ˜̃FN0,N ⊆ FN be the set of all non-canonical mappings 510

with non-increasing CRC from N0 to N . For any learning 511

algorithm 512

A :
⋃
n≥1
P
(
{0, 1}[n] × {0, 1}K

)
× Φ 
→ F,

any mapping f ∈ ˜̃FN0,N , and any PRF φ ∈ ΦN , it holds that 513

A (
f |[N0], φ

) �= f.

Proof. Sketch: Assume that some PRF can achieve LG for 514

a non-canonical mapping. Let F be the autoregressive model 515

learned by the algorithm with the PRF. Then the model F 516

naturally induces a canonical CR of f , i.e., C={Cn}n∈[N ] where 517

Cn = {(n+ i, gn+i−1, (1, . . . , n+ i− 1))}1≤i≤K ,

gk(z1, . . . , zk) = F (z1, . . . , zk),

for all n = 1, . . . , N , and k = 1, . . . , N +K − 1. This contra- 518

dicts the non-canonicality of f . � 519

Theorem 2 shows that, for non-canonical mappings, PEs 520

cannot resolve the ambiguity in how the computation should be 521

extended across scales, and thus LG cannot be achieved. This 522

limitation stems from the scale-invariance of PRFs together with 523

the autoregressive nature of the model: the output at a given 524

position is determined by the prefix and therefore cannot adapt 525

when the required computation differs across scales. 526
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Theorems 1 and 2 together identify two limitations of PEs for527

LG: (i) mappings with increasing CRC, and (ii) non-canonical528

mappings. We next show that these limitations are tight: when529

neither occurs, LG can be achieved with PEs.530

B. Capabilities of PEs531

We now consider the case where neither limitation identified532

above applies, i.e., the CRC remains invariant across scales and533

the mapping is canonical. The following theorem shows that534

these conditions are sufficient for achieving LG with PEs.535

Theorem 3 (Capability of PEs): Let FN be the set of all536

Boolean functions f : {0, 1}[N ] 
→ {0, 1}K up to scale N . Sup-537

pose that N0 : N 
→ N satisfies N0(n) < n for all n ∈ N, and538

with slight abuse of notation write N0 for N0(N). Let Φ be the539

set of all PRFs, ΦN be the set of all PRFs up to N , and f |[n]540

represent the restricted mapping of f up to n, i.e.,541

f |[n] := {(x, f(x)) | x ∈ {0, 1}[n]}.
Define542

F̂N0,N := {f ∈ FN | CRC(f,N0) = CRC(f,N)

and f is canonical} .
Then there exists a reconstruction map543

Arec :
⋃
n≥1
P
(
{0, 1}[n] × {0, 1}K

)
× Φ 
→ F

such that for allN and f ∈ F̂N0,N , with someφf ∈ ΦN , it holds544

that545

Arec
(
f |[N0], φf

)
= f.

Proof. Sketch: The proof is constructive. For each canonical546

mapping with non-increasing CRC, we construct a PRF together547

with a reconstruction algorithm that recovers the mapping from548

its restriction to scale N0.549

For all N and f ∈ F̂N0,N , there exists a canonical CR Cf of550

f such that551

G(C, N0) = G(C, N).

This ensures that all unit operators are already observable from552

the training data, and it is possible to align them across different553

scales using a PRF.554

Now we are to construct a concrete PRF for the Cf . To555

formalize the construction for general mappings, we introduce556

the notion of a characterizing PRF, which serves as the key557

mechanism for aligning the computation across scales.558

Definition 6 (Characterizing PRF for CR): Suppose that C =559

{Cn} is a CR of a mapping f : Σ∗ 
→ Σ∗. Let φ : N× N 
→ N560

be a PRF and φ∗ ∈ φ(N× N) be a constant. We say that φ is a561

characterizing PRF for the CR C if it satisfies the following two562

conditions:563

1) (Consistency) For any m,n, and two tuples (i, g(i), Ii) ∈564

Cm and (i′, g(i
′), Ii′) ∈ Cn565

φ(i− 1, j) = φ(i′ − 1, j ′) �= φ∗,

Algorithm 1: Reconstruction algorithm Arec.

Input: A restricted mapping f |[N0], and a PRF φ

Output: A reconstructed CR Ĉ
1: Ĝ, Ĥ ← UNITOPERATORSETRECOVERY(f |[N0], φ),

where Ĝ is the unit operator set and Ĥ is the lookup
table

2: Ĉ ← CRRECONSTRUCTION(Ĝ, Ĥ)
3: returnthe reconstructed CR Ĉ

then it must hold that 566

g(i) = g(i
′) and I−1i (j) = I−1i′ (j ′),

where 567

I−1α (β) :=

{
k, if β is the k-th element in Iα,
+∞, otherwise.

2) (Distinctness) For all Cn ∈ C, if (i, g(i), Ii) ∈ Cn, then 568

j �∈ Ii; if and only if 569

φ(i− 1, j) = φ∗.

Intuitively, a characterizing PRF assigns identifiers to position 570

pairs such that unit operators and their input roles can be consis- 571

tently aligned across different scales. The consistency condition 572

ensures that identical identifiers correspond to the same operator 573

and input role, while the distinctness condition guarantees that 574

irrelevant positions remain distinguishable. 575

We first show the existence of characterzing PRF for the CR 576

Cf . We then construct an algorithm Arec (see Algorithm 1) that 577

can identify the target f with its restricted mapping up to scale 578

N0 and the characterizing PRF for the CR f . 579

The algorithm Arec recovers the set of unit operators 580

G(Cf , N0) and a lookup tableHf that identifies the correspond- 581

ing inputs for the unit operators across different scales (i.e., 582

UNITOPERATORSETRECOVERY; see Algorithm 2 in Appendix C, 583

available online). With the set of unit operators G(Cf , N0) and 584

the lookup table Hf , the algorithm Arec can reconstruct the 585

complete CR Cf (i.e., CRRECONSTRUCTION; see Algorithm 3 in 586

Appendix C, available online). The consistency and distinctness 587

properties of the characterizing PRF ensure that the reconstruc- 588

tion algorithm produces a CR equal to Cf . � 589

Theorem 3 shows that, for canonical mappings with non- 590

increasing CRC, LG can be achieved with PEs. The constructive 591

proof also suggests a practical design principle for PEs: selecting 592

a characterizing PRF corresponding to a canonical CR of the 593

mapping. While we do not explicitly implement Algorithm 1 to 594

reconstruct the CR, we demonstrate empirically in the next sec- 595

tion that PEs based on such characterizing PRFs can effectively 596

promote LG. 597

VI. EXPERIMENTS 598

We have shown that PEs can achieve LG for mappings that 599

are canonical and have non-increasing CRC. In particular, the 600

constructive proof of Theorem 3 suggests that a characterizing 601

PRF is sufficient for identifying the target mapping. 602
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Fig. 1. Evaluation results of models using different PEs across six tasks. Each
model is trained on 10,000 samples of scales 1–5 for 300 epochs, with evaluation
performed on 1,000 samples at each scale (1–20). Checkpoints are saved every 30
epochs. For each configuration, the plotted curve corresponds to the checkpoint
that achieves the best average performance across all scales.

While Algorithm 1 is not directly applicable to practical603

settings, this result provides a guiding principle for designing604

PEs: a charactering PRF for the canonical CR of non-increasing605

CRC should facilitate LG.606

To empirically validate this insight, we conduct experiments607

comparing three types of PEs across various reasoning tasks:608

Ideal PE (IPE), APE, and RPE. IPE is the PE whose PRF609

faithfully characterizes the canonical CR of the minimum unit610

operator set. APE and RPE are the most common PEs as the611

baselines in the experiments.612

We consider six tasks. For each task, the instances are all613

aligned to a target length to guarantee the existence of a charac-614

terizing PRF. Experimental results shown in Fig. 1 demonstrate615

that when the operators required at larger scales are already616

present within the training domain, IPE outperforms both APE617

and RPE, especially in the three relatively complicated tasks:618

Addition, Multiplication, and Division. More details regarding619

experimental setups and implementations are provided in Ap-620

pendix D.621

VII. EXTENSIONS622

The results in Sections V-B and VI establish that PEs can623

enable LG when the target mapping is canonical and has624

non-increasing CRC, provided that the underlying PRF char-625

acterizes a suitable CR.626

However, directly applying this insight in practice faces two 627

challenges. First, for non-canonical mappings, it may be im- 628

possible to construct a characterizing PRF, even when the CRC 629

does not increase. Second, designing task-specific PEs requires 630

substantial prior knowledge and is often impractical. 631

We introduce two extensions of PEs to address the two chal- 632

lenges respectively: the scale hint technique and learning-based 633

position embeddings. 634

A. Scale Hint Technique 635

In Section V-B, we established that LG is achievable when 636

the task has a canonical CR whose CRC does not increase from 637

training to testing scales, provided a suitable PRF characterizing 638

the corresponding CR. On the one hand, the canonicality is 639

essential for LG with PEs. On the other hand, the canonicality 640

does not seem inherent for the scaling challenge of LG as a 641

simple modification of the representation format can change the 642

canonicality. See the next example for an illustration. 643

Example 8: Consider the Addition task where the numbers 644

are only aligned scale-wisely, i.e., an instance of scale n is 645

x1 . . . xn + y1 . . . yn = z1 . . . zn zn+1,

for n = 1, . . . , N . For such an unaligned Addition task, no CR 646

C = {Cn} is canonical and thus the unaligned Addition mapping 647

is non-canonical. However, if the numbers are aligned to some 648

constant Ñ by padding with 0, then the mapping becomes 649

canonical. 650

Example 8 shows that a non-canonical mapping can be trans- 651

formed into a canonical one by modifying the representation 652

format, suggesting that the canonicality barrier is not intrinsic 653

to the task itself. 654

However, modifying the input representation is not always 655

feasible. Instead, we address this issue at the level of PEs by 656

allowing the PRF to vary across scales. 657

In practice, the scale of an instance is often known or can 658

be reasonably estimated. The core idea of the Scale Hint (SH) 659

technique is to leverage this information by augmenting the 660

PRF with the instance scale as an additional input. Formally, 661

we define the PRF with Scale Hint (PRF-SH) as a mapping 662

that explicitly incorporates the instance scale, i.e., φ : [N ]× 663

[N ]× [N ] 
→ [S] that maps the query position i, the key po- 664

sition j, and the instance scale n to some value φ(i, j, n). The 665

resulting position embedding is denoted as PE-SH. Analogous 666

to Definition 6, we can define when a PRF-SH characterizes 667

a CR. 668

Incorporating scale hints makes the PRF strictly more expres- 669

sive, enabling the characterization of a broader class of CRs. In 670

fact, the following Theorem 4 shows that PRF-SH is complete 671

for characterizing CRs of non-increasing CRC. 672

Theorem 4: For any CR C = {Cn} of non-increasing CRC, 673

there exists a corresponding PRF-SH that characterizes it. 674

Using PE-SH not only broadens the applicability but also 675

enables more compact and efficient representations, thus fa- 676

cilitating more effective learning. For example, consider the 677

Addition task. If we do not employ the scale hint, we need to 678
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Fig. 2. Comparison between IPE and IPE-SH in Addition, Multiplication (1 * N), and Division (N / 1). For IPE, we align input samples to scale 20, whereas
IPE-SH operates without scale alignment. Both models are trained on samples of scales 1–5 and evaluated on scales 5, 10, 15, 20 (the numbers in the subpations
mean the evaluation scales). For clarity, we present only the evaluation results on scales 16–20.

Fig. 3. Evaluation results of models with LBPE across three different Select tasks (SelectFirst, SelectMiddle, and SelectLast). Each model is trained on 1,000 Q3
samples of scales 1–10 for 2,000 epochs and evaluated on 1,000 samples at each scale 1–20. We save checkpoints every 20 epochs. For each configuration, we plot
the curve for the checkpoint of the best average performance across all scales.

align all the instances to the maximum target length:679

x1 . . . xn 0 . . . 0︸ ︷︷ ︸
N−n

+y1 . . . yn 0 . . . 0︸ ︷︷ ︸
N−n

= z1 . . . znzn+1 0 . . . 0︸ ︷︷ ︸
N−n

.

These redundant padding zeros increase computation and mem-680

ory usage and may confound the model’s ability to identify the681

correct positions and operators. By contrast, if we apply the scale682

hint, we can represent the instance as: 683

x1 . . . xn + y1 . . . yn = z1 . . . zn zn+1,

which significantly reduces overhead when n� N . Fig. 2 is a 684

comparison between IPE and IPE-SH in Multiplication and Di- 685

vision, respectively. The results demonstrate that incorporating 686
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Fig. 4. Visualization of the learned PRFs in the three Select tasks. For each
task, we show the predicted PRF values corresponding to the top three prediction
weights (ranked 1–3 from top to bottom) for each query position i and key
position j, where i ≤ j. “QP” and “KP” mean “query position” and “key
position”, respectively.

a scale hint accelerates convergence and improves LG perfor-687

mance. Moreover, since no target length is fixed, PE-SH enables688

more flexible length generalization, allowing extrapolation to689

larger-scale instances beyond the limits imposed by fixed-length690

alignment.691

B. Learning-Based Position Embeddings692

Thus far, we have demonstrated that handcrafting appropriate693

PEs (or PE-SH) enables LG whenever the CRC of the task does694

not increase from training to testing scales. However, practically695

speaking, perfect prior knowledge regarding the positional rela-696

tionships within a task is usually unavailable. Moreover, design-697

ing new handcrafted PEs for each individual task is prohibitively698

expensive.699

To address these limitations, we propose Learning-Based Po-700

sition Embeddings (LBPE), in which the PRF (or PRF-SH) itself701

is made into a learnable component. Importantly, the proposed702

LBPE differs fundamentally from existing learnable PEs in prior703

literature. Specifically, the conventional learnable PE has a fixed704

PRF and learns embedding vectors, whereas our LBPE method705

explicitly learns the PRF function itself.706

LBPE can be implemented either with or without learnable707

embedding vectors. Here, we present one implementation of708

LBPE utilizing learnable embedding vectors for simplicity. Let709

P ∈ R
S×d be the learnable embedding vectors and φ(i, j; θ) :710

[N ]× [N ] 
→ Δ[S] be the Learning-Based PRF (LBPRF), where711

i, j are the query and key positions respectively, S is an upper712

bound of the PRF value, and θ is the learnable parameter of the713

LBPRF block. Then the LBPE with the learnable parameters θ714

and P is715

LBPE(i, j; θ, P ) = P ᵀφ(i, j; θ).

For notation simplicity, we write LBPE(i, j; θ, P ) as LBPE(i, j)716

when this does not lead to misunderstanding.717

Fig. 5. Evaluation results of models with LBPE and LBPE-SH on various
tasks. Each model is trained on 10,000 samples from scales 1–5 for 10,000
epochs (equivalent to 100,000 steps under our hyperparameter setting). Check-
points are saved every 10,00 steps and evaluated on 1,000 samples at each scale
from 1 to 10. The curves are the evaluation results of the checkpoints achieving
the best average accuracies (over all scales).

We can simply replace any learnable PE with the above 718

LBPE. For instance, we can adapt a Transformer with key-only 719

RPE (i.e., the RPE is only added to the key embedding) to 720

use LBPE by replacing RPEi−j with LBPE(i, j). Denote the 721

learnable RPE at layer l by RPE(l)
i−j . The query-key weight α(l)

i,j 722

at layer l from 723

α
(l)
i,j =

(
h
(l−1)
j + RPE(l)

i−j
)ᵀ

W
(l)ᵀ
K W

(l)
Q h

(l−1)
i ,

becomes 724

α
(l)
i,j =

(
h
(l−1)
j + LBPE(i, j; θ(l), P (l))

)ᵀ
W

(l)ᵀ
K W

(l)
Q h

(l−1)
i .

However, we emphasize that LBPE is not restricted to this 725

particular approach; other forms of PE such as RoPE can also 726

be integrated into LBPE frameworks (see Appendix B, available 727

online). 728

We evaluate LBPE, implemented with learnable positional 729

encodings, on three Select tasks that involve identifying to- 730

kens at specific positions. Specifically, we consider SelectFirst, 731

SelectMiddle, and SelectLast, which correspond to selecting 732

x1, x�n/2�+1, and xn, respectively, given an input of the form 733

“x1 . . . xn =.” The results, presented in Fig. 4, show that APE 734

and RPE achieve LG only in SELECTFIRST and SELECTLAST, 735

respectively, whereas LBPE succeeds in all three tasks. Fig. 4 736

also visualizes the learned PRFs, revealing that LBPE adaptively 737



IE
EE P

ro
of

CHEN et al.: ON THE LIMITATIONS AND CAPABILITIES OF POSITION EMBEDDINGS FOR LENGTH GENERALIZATION 11

captures task-specific positional relationships that closely align738

with the characterizing PRFs of each task.739

Similarly, we can directly combine LBPE with the SH tech-740

nique, resulting in LBPE-SH:741

LBPE-SH(i, j, n; θ, P ) = P ᵀφ(i, j, n; θ).

For learning-based PEs, incorporating the SH technique can742

also enhance LG, similar to the effect observed with handcrafted743

PEs. As shown in Fig. 5, while both LBPE and LBPE-SH achieve744

LG in the Copy task, LBPE-SH outperforms LBPE in all other745

tasks except Parity.746

Although LBPE offers the flexibility to automatically learn747

diverse positional relationships, it is unrealistic to expect a748

single LBPE model to achieve LG universally across all tasks.749

Task-specific prior knowledge remains essential for guiding the750

design of learning modules, as different architectural choices751

inherently bias the model toward capturing particular types of752

positional relationships. We leave a systematic investigation of753

how different architectures induce distinct biases in LBPEs as754

an important direction for future work.755

VIII. CONCLUSION756

We analyze the role of PEs in LG. On the negative side,757

PEs have two fundamental limitations: they cannot achieve LG758

for mappings with increasing CRC or non-canonicality. On the759

positive side, PEs can enable LG when these conditions are760

absent. To effectively leverage PEs for LG, one should select a761

PE with a characterizing PRF. We further propose the scale hint762

technique, which overcomes the limitation for non-canonical763

mappings and extends the applicability of PEs to a wider range of764

tasks, as well as LBPE, which alleviates the need for handcrafted765

PE design for each task.766

Future Work: We establish only the theoretical feasibility of767

PEs for LG from a capability perspective. A rigorous theoret-768

ical characterization of their capabilities in practical models769

with learning algorithms remains an important direction for770

future work. While our analysis focuses on PRFs, the impact771

of different PE implementations warrants further investigation.772

Extending the scale hint technique to natural language tasks,773

where scales are less explicit, and understanding how model774

architectures influence the PRFs learned in LBPE are also775

promising directions for future research.776
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